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Preface
This volume is a collection of proceedings contributions for the 7-week program
Probing Nucleons and Nuclei in High Energy Collisions that was held at the In-
stitute for Nuclear Theory, Seattle, WA, USA, from October 1 until November
16, 2018. The program was dedicated to the physics of the Electron Ion Collider
(EIC), the world’s first polarized electron-nucleon (ep) and electron-nucleus (eA)
collider to be constructed in the USA. The 2015 Nuclear Science Advisory Commit-
tee (NSAC) Long Range Plan recommended EIC as the ”highest priority for new
facility construction”. In 2018 the science case for the EIC was strongly endorsed
in a report by the US National Academies of Science, Engineering and Medicine.
The primary goal of the EIC is to establish the precise multi-dimensional imaging
of quarks and gluons inside nucleons and nuclei. This includes (i) understanding
the spatial and momentum space structure of the nucleon through the studies of
TMDs (transverse momentum dependent distributions), GPD (generalized parton
distributions) and the Wigner distribution; (ii) determining the partonic origin of
the proton spin; (iii) exploring a new quantum chromodynamics (QCD) frontier of
ultra-strong gluon fields, with the potential to discover parton saturation — a new
form of gluon matter predicted to be common to all nuclei and nucleons.
The program brought together both theorists and experimentalists from Jef-
ferson Lab (JLab), Brookhaven National Laboratory (BNL) along with the na-
tional and international nuclear physics communities to assess and advance the
EIC physics. It summarized the progress in the field since the last INT workshop
on EIC in 2010, outlined important new directions for theoretical research in the
coming years and proposed new experimental measurements to be performed at the
EIC. The topics were organized week-by-week as follows:
Spin and Three-Dimensional Structure of the Nucleon:
Week I. This week was dedicated to various aspects of GPDs: theory, phenomenol-
ogy, lattice QCD results, models. Recent progress and efforts towards the
EIC were discussed. Particular attention was paid to the D-term and pres-
sure inside the nucleon, transversity GPDs, pion and kaon form factors,
PDFs and GPDs, higher twists, GPDs of the light nuclei, and Wigner func-
tions.
Week II. This week was dedicated to transverse spin structure and the physics of
TMDs. New developments in the fields related to the EIC were discussed
and summarized. This included improvements on TMD factorization proofs
and phenomenological implementations, results of soft collinear effective
theories, models, and lattice QCD computations. Sivers and Collins func-
tions received particular attention. We discussed higher-twist effects as well
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as the evolution of TMDs in Q2 and in energy, including the interplay of
small- and large-x physics.
Week III. This week was dedicated to the longitudinal spin structure and the pro-
ton PDFs, spin sum rules and the orbital angular momentum (OAM) of
the proton. We discussed the experimental and theoretical progress in lon-
gitudinal spin physics and possible EIC measurements of large-x PDFs.
Lattice QCD computations of spin components of the proton were a hot
topic, generating intense discussions.
Symposium:
Week IV. The central symposium took place in week 4. It involved researchers from
both the BNL and JLAB, along with the national and international EIC
communities, representing all the major topics of the program.
QCD Interactions inside the Nucleus:
Week V. This week was dedicated to moderate and large-x nuclear structure in eA
collisions. The traditional topics of nuclear PDFs, TMDs and GPDs were
discussed, along with the new developments in short-range nuclear correla-
tions and in jet physics, as well as in QED radiative corrections.
Week VI. This week was dedicated to small-x physics in eA collisions. Topics included
non-linear small-x evolution equations (LO, NLO, NNLO, collinear resum-
mation, etc.), particle production and correlations, diffraction and elastic
vector meson production. Discussions were particularly intense when the
small-x evolution at NLO took center stage.
Week VII. This week was dedicated to studying implications of what we would learn in
eA collisions at EIC for our understanding of pA and heavy ion collisions at
RHIC and LHC (and vice versa). EIC data would help us better constraint
initial conditions for heavy ion collisions, both in the event-averaged sense
and for the event-by-event fluctuations. Correlation functions measured at
EIC may shed light on whether long-range rapidity correlations observed in
pp, pA and AA collisions at LHC and RHIC are formed in the initial con-
ditions or result from the later-time dynamics. Jet quenching observables
in eA, pA and AA played a central role.
Conveners:
To help us organize and coordinate such an intense and diverse program, we have
employed the help of conveners, with a separate group of conveners working on each
week.
• First week conveners: Tanja Horn, Andreas Metz, Christian Weiss
May 13, 2020 1:25 ws-procs961x669 WSPC Proceedings - 9.61in x 6.69in book page 4
4
• Second week conveners: Harut Avakian, Alessandro Bacchetta, Daniel
Boer, Zhongbo Kang
• Third week conveners: Elke Aschenauer, Keh-Fei Liu, Ce´dric Lorce´
• Fifth and sixth week conveners: Giovanni Chirilli, Charles Hyde, Anna
Stasto, Thomas Ullrich, Bowen Xiao
• Seventh week conveners: Adrian Dumitru, Franc¸ois Gelis, Tuomas Lappi,
Yacine Mehtar-Tani
We (the organizers) are very grateful to all the conveners for their hard work!
Physics Questions Discussed
The key physics questions addressed by the program were as follows:
• How are the sea quarks and gluons, and their spins, distributed
in space and momentum inside the nucleon?
GPDs, TMDs and the Wigner distribution allow us to reveal the multi-
dimensional nucleon structure in impact parameter and momentum space.
The transverse spin polarization of the nucleon can be used as a crucial
tool helping us understand non-trivial spin-orbit partonic correlations in
the proton. Longitudinal spin structure of the nucleon will be definitely
explored at the EIC and the measurements at the EIC will allow us to
constrain the gluon spin contribution to the spin of the nucleon.
• Where does the saturation of gluon densities set in?
The large number of partons in a nucleus may result in strong gluon fields
leading to the phenomenon of gluon saturation, also known as the Color
Glass Condensate. This universal regime of high-energy QCD is described
by non-linear evolution equations. The program addressed the theoretical
and phenomenological progress in our understanding of gluon saturation
in ep, eA, along with proton–nucleus (pA) and nucleus–nucleus (AA) colli-
sions.
• How does the nuclear environment affect the distribution of
quarks and gluons and their interactions in nuclei?
Nuclear PDFs, TMDs, and GPDs are interesting and important beyond
small-x: the large-x structure of nuclei reflects non-trivial non-perturbative
QCD dynamics in a cold nuclear matter environment, possibly providing
essential information for our understanding of confinement. Cold nuclear
matter can serve as a testing ground for the energy loss calculations de-
scribing propagation of an energetic quark or gluon in quark-gluon plasma
(QGP) created in heavy ion collisions.
Materials of the program and videos of presentations can be found at this URL:
http://www.int.washington.edu/talks/WorkShops/int 18 3/
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We thank the Institute for Nuclear Theory at the University of Washington for
its kind hospitality and stimulating research environment. We are particularly in-
debted to Larry McLerran (the INT director), Kimberlee Choe, Cheryl McDaniel,
and Linda Vilett for helping us make this program a success. This program was
supported in part by the INT’s U.S. Department of Energy grant No. DE-FG02-
00ER41132. We are also grateful to the managements of BNL and JLab for the
financial support. Many thanks go to Tiffany Bowman from BNL for her tremen-
dous help with the program’s poster and logo, which are also displayed in these
proceedings.
We hope these proceedings will be useful to readers as a compilation of EIC-
related science at the end of the second decade of the XXI century. We anticipate
that significant further progress on the above physics topics will be achieved in the
next decades, particularly when EIC is built and starts producing data.
Yoshitaka Hatta
Yuri Kovchegov
Cyrille Marquet
Alexei Prokudin
(the program organizers)
January 1, 2020
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Week I
Exploring hadron structure with GPDs at EIC:
New topics in theory, experiment, interpretation
Tanja Horna, Andreas Metzb, Christian Weissc
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Exploring hadron structure with generalized parton distributions (GPDs) and related
concepts is an essential part of the physics program of the planned Electron-Ion Collider
(EIC). We discuss new topics in GPD physics (theory, experiment, interpretation) that
have emerged in the last years and could be included in the EIC program. This includes:
(a) D-term and QCD forces in the nucleon; (b) Transversity GPDs in pseudoscalar meson
production and high-mass pair production; (c) Pion and kaon form factors and GPDs;
(d) Transition distribution amplitudes and backward meson production; (e) Neutron
GPDs and nuclear modifications; (f) Nuclear GPDs and quark/gluon imaging of nuclei;
(g) Twist-3 GPDs and quark-gluon correlations; (h) Wigner functions and potential ob-
servables. We also comment on future theoretical developments needed for the GPD
program at EIC and emerging connections with other areas of nuclear physics. [Conven-
ers’ summary, Week 1 of INT Program INT-18-3]
Keywords: Generalized parton distributions, Electron-Ion Collider, hadron structure
1. Introduction
GPDs have emerged as an essential concept in the study of hadron structure in
QCD. They unify the concepts of elastic form factors and parton densities and de-
scribe the spatial distribution of quarks and gluons in hadrons. They also contain
information on the hadronic matrix elements of certain local QCD operators, partic-
ularly the QCD energy-momentum tensor and the angular momentum of quarks and
gluons. The experimental determination of the nucleon GPDs synthesizes results
of different types of measurements such as elastic eN scattering (FFs), inclusive
deep-inelastic eN scattering (PDFs), with the essential “new” information coming
from measurements of hard exclusive processes such as e+N → e′+M+N (M = γ,
meson) or γ+N → H+N (H = high-mass dilepton, hadron pair). Measurements of
such processes are presently being performed in dedicated fixed-target experiments
at JLab 12 GeV and at CERN COMPASS.
Exploring hadron structure with GPDs is one of the main objectives of a future
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EIC. The basic EIC science program as described in the 2011 INT Report1 and the
2012 White Paper2, and endorsed by the NAS Study, identifies several measure-
ments related to GPDs, in particular “quark/gluon imaging” of the nucleon with
deeply-virtual Compton scattering (DVCS) e+ p → e′ + γ + p and exclusive char-
monium production e+ p→ e′+J/ψ+ p. Beyond these basic measurements, many
more possible GPD-related measurements could be performed at EIC, realizing the
full potential of the GPD concepts and enabling novel physics studies. Identifying
such new measurements, assessing their feasibility, and integrating them in the EIC
science program has become a priority of the EIC community.
The 2018 INT Program “Probing Nucleons and Nuclei in High Energy Col-
lisions” hosted a 1-week workshop dedicated to the GPD program at EIC. The
objectives of the meeting were to (a) identify new GPD-related physics topics that
could be studied at the EIC (concepts, measurements, questions); (b) outline the
theoretical developments needed or planned in preparation for the EIC program;
(c) summarize the connections of GPD physics at EIC with other areas of nuclear
physics (theory, experiment). This article is the Convener’s summary of the main
results of the meeting. It reflects what was actually presented and discussed in the
week and is not intended to be a comprehensive summary of all relevant directions
in the field. For a detailed discussion of the various physics topics we refer to the
individual contributions in these proceedings and the presentations available online.
2. New GPD physics topics and EIC measurements
2.1. D-Term and QCD forces in the nucleon
Concepts: One interesting aspect of GPDs is their connection with the form factors
of the QCD energy-momentum tensor (EMT), which are of fundamental interest
and describe the “mechanical properties” of hadrons in QCD. The second moments
(x-weighted integrals) of the unpolarized nucleon GPDs H and E give access to the
three nucleon form factors of the traceless (spin-2) part of the EMT. The first two
form factors describe the distribution of momentum and angular momentum in the
nucleon and have been studied extensively for many years (Ji sum rule3, mechan-
ical interpretation, LQCD calculations, possible model-dependent extraction from
exclusive reaction data). The third form factor, D(t), related to the D-term in the
GPDs4, provides other essential information about nucleon structure in QCD and
has become an object of great interest recently.5,6 Its unique properties are: (a) The
“charge” D(0) can be considered the last unknown global property of nucleon; it is
as fundamental as the nucleon mass and spin, but contrary to the latter it is not
known a priori and has to be determined experimentally. (b) The t-dependence
of D(t) describes the spatial distribution of forces (pressure) in the nucleon in a
3D interpretation in the Breit frame.7 (c) The value of D(t) is closely related to
dynamical chiral symmetry breaking in QCD, the phenomenon which may play an
important role for the generation of the nucleon mass.
Measurements: The D-term can be obtained from the real part of the DVCS
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amplitude. It appears as the subtraction constant in the dispersion relation for
the DVCS amplitude (energy-independent part) and can be determined from the
experimental data without modeling or extraction of the GPDs. This circumstance
makes D(t) uniquely accessible and sets it apart from the other EMT form fac-
tors, which can only be determined through model-dependent GPD extraction.
A first experimental determination of the D-term from JLab data was recently
reported.8 At EIC the D-term could be determined using several types of mea-
surements: (a) DVCS, by extracting the real and imaginary parts of the DVCS
amplitude from the e + N → e′ + γ + N ′ beam-spin asymmetry and cross sec-
tion data, and determining the subtraction constant in the dispersion relation. In
particular, the EIC kinematic coverage would allow one to measure Im(DVCS) at
energies ν ∼ several 10 GeV, fixing the high-energy part of the dispersion inte-
gral and eliminating the associated uncertainty. (b) Timelike Compton scattering
(TCS), γ + N → (`+`−) + N ′.9 The cross-channel process to DVCS is especially
sensitive to Re(DVCS). In particular, the lepton charge asymmetry is accessible
through interchange of the leptons in the `+`− pair. (c) Possibly additional time-
like processes of (photo)production of a pair of particles with large invariant mass
Questions: (a) Are there alternative ways to access the D-term at EIC, e.g.
through meson production or large-mass pair production, complementing the access
through DVCS/TCS? (b) Can one give a 2-dimensional light-front interpretation
of the D-term form factor, complementing the 3-dimensional interpretation as the
pressure distribution in the Breit frame?
2.2. Transversity or chiral-odd GPDs
Concepts: The complete description of the nucleon’s partonic structure at the
twist-2 level involves not only the chiral-even or “helicity” GPDs, but also by the
chiral-odd or “transversity” GPDs.10 The study of transversity GPDs has become
a subject of great interest and is motivated by the following theoretical properties:
(a) The transversity GPDs provide new information on nucleon spin structure and
spin-orbit phenomena, such as the deformation of the quark spatial distributions
through correlations between the position vector (impact parameter) of the quark,
the spin of the quark, and (potentially) the spin of the nucleon. (b) Comparison
between helicity and transversity GPDs provides insight into dynamical chiral sym-
metry breaking in QCD. (c) The transversity GPDs are nonsinglets and exhibit
only weak scale dependence (no mixing with gluons), thus providing clean probes
of nonperturbative structure. (d) The nucleon tensor charge is calculable in LQCD
and of independent interest. (e) The transversity GPDs complement the infor-
mation on the transversity PDFs obtained from semi-inclusive DIS and polarized
proton-proton collisions.
Measurements: Transversity GPDs can be probed in hard exclusive processes
where the quark-level scattering process flips the quark helicity, e.g. through a
chiral-odd meson distribution amplitude. In the last years it was shown that exclu-
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sive pseudoscalar meson production (pi0, η) at large x (& 0.1) and moderate Q2 (.
10 GeV2) proceeds mainly through a helicity-flip quark process (involving the twist-
3 chiral-odd pion distribution amplitude), making it possible to use these processes
for the study of transversity GPDs.11–14 First experimental determinations of the
transversity GPDs have been performed using the JLab 6 GeV pi0 and η data.15
The EIC would allow to perform such measurements over a much wider kinematic
range, extending to x ∼ 10−2 and Q2 ∼ several 10 GeV2. The dominance of the
chiral-odd mechanism can be (and needs to be) studied with the EIC data them-
selves, using model-independent tests such as the relative size of the longitudinal
(L) and transverse (T) amplitudes inferred from the response functions. This will
definitively answer the question of the reaction mechanism and permit extraction
of the transversity GPDs with high precision.
Another proposed class of processes is the electroproduction of vector meson
pairs with large invariant mass, e + N → e′ + ρ1 + ρ2 + N ′ 16,17 or photon-meson
pairs e + N → e′ + γ + ρT + N ′ 18. Such measurements would become possible
for the first time with the kinematic coverage available at EIC. Their experimental
feasibility needs to be investigated.
Questions: (a) What is the region of dominance of the chiral-odd twist-3 mech-
anism in the T amplitude of pseudoscalar production? What can be inferred the-
oretically about the limits of this mechanism? (b) Can one observe the onset of
the asymptotically dominant chiral-even twist-2 mechanism in measurements with
EIC, e.g. by focusing on observables sensitive to the L amplitudes? (c) How large
are subasymptotic corrections to the production mechanism of γ + ρT pairs?
2.3. Pion and kaon form factors, PDFs, GPDs
Concepts: While pions and kaons, being Goldstone bosons of (dynamical) chiral
symmetry breaking (DCSB) in QCD, occupy a special role in nature, our under-
standing of their parton structure is very limited in comparison to the nucleon.
However, the EIC can provide very important and unique insights in that field,
which go beyond what is presently known from measurements at, for instance,
HERA and will also complement results from future experiments at JLab 12.19,20
Specifically, one could aim at measuring PDFs, form factors, and perhaps even
GPDs of these mesons. PDFs of mesons are interesting in their own right. A com-
parison between pion and kaon PDFs could also elucidate the role of strangeness in
hadron structure. Moreover, the PDFs of pions and kaons contain very important
information about their mass decomposition in QCD. Form factors depend on the
meson distribution amplitudes, which in turn could shed new light on the transi-
tion between non-perturbative and perturbative physics and, in particular, on the
role played by DCSB.21 The latter may be critical for understanding the origin of
the nucleon mass (see also Sec. 2.1). Experimental results for PDFs, form factors
and GPDs of pions and kaons could also be compared with first-principles calcula-
tions in lattice QCD, which represents another key motivation for measuring these
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quantities. Further motivations have been reported elsewhere.19,21
Measurements: The processes and the corresponding QCD tools for measuring
PDFs, FFs and GPDs of hadrons are of course well established. It is the lack of
a free meson target which represents the major complication in this research field.
But scattering off the nucleon’s meson cloud, which in the inclusive case is called
Sullivan process, may well allow one to gain information on the parton structure of
pions and kaons. This method was used in the past already. At EIC the relevant
processes would be19: (a) Inclusive forward hadron production in order to measure
meson PDFs. In the case of the pion one must consider e + p → e′ + X + n. (b)
Exclusive meson production for form factor measurements. A sample process is
e+ p→ e′ + pi+ + n. (c) GPDs of mesons could in principle be addressed via more
complicated processes such as, for instance, e+ p→ e′ + V + pi+ + n (V = ρ0, γ).
Questions: (a) A key challenge for all the aforementioned processes is the extrac-
tion of the meson-pole contribution which contains the scattering off a free meson
one is interested in. Valuable theoretical studies of this point are available al-
ready.22 (b) What is the meson flux factor? In this context, overlap with Drell-Yan
measurements such as those proposed for the CERN M2 beam line by the COM-
PASS++/AMBER Collaboration is expected to provide critical input. (c) Detailed
feasibility studies for EIC (including forward tagging) are needed, but important
progress in that regard has already been made.19,20
2.4. Transition distribution amplitudes
Concepts: Baryon-to-meson transition distribution amplitudes (TDAs) extend the
concepts of GPDs and distribution amplitudes.23,24 As such they contain new valu-
able information on the parton structure of hadrons. TDAs appear in the QCD
description of certain exclusive processes in hadron-hadron collisions, and also for
backward-angle (small u, large t) hard exclusive meson production in lepton-nucleon
scattering.25,26 Related experiments on meson (pi, ω) electro-production were re-
cently completed at Jefferson Lab27,28.
Measurements and questions: (a) Also at EIC one would look for meson produc-
tion in the backward direction.29 Detailed feasibility studies for this specific kine-
matics are yet to be performed. (b) Can one make progress on modeling of TDAs
by going beyond the valence quark structure?25,30 (c) Can one further sharpen
the physics content of TDAs, perhaps by going to impact parameter space like is
often done in the case of GPDs?31 (d) Does QCD factorization hold for backward-
angle meson production? In this context it would already be a very important step
forward to work out the process at one-loop accuracy.
2.5. Neutron GPDs and nuclear modifications
Concepts: The study of nucleon GPDs requires measurements of hard exclusive
processes on the neutron as well as the proton. Both neutron and proton data are
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needed to determine the flavor composition of the GPDs and separate singlet and
nonsinglet GPDs in studies of QCD evolution. The extraction of the free neutron
GPDs from measurements on light nuclei (D, 3He) requires elimination/correction of
nuclear binding effects.32 Detection of the low-energy nuclear breakup state (spec-
tator nucleon tagging) controls the nuclear configuration during the high-energy
process and permits a differential treatment of nuclear binding effects, greatly sim-
plifying the extraction of free neutron GPDs. The technique also allows one to
study nuclear modifications of the GPDs (EMC effect, shadowing, antishadowing)
in controled nuclear configurations.
Measurements: Neutron GPDs are measured in quasi-free DVCS on the D and
3He nuclei in fixed-target experiments at JLab 12. Spectator tagging with special
detectors is planned for inclusive DIS on the D (BoNUS) and can be extended to
exclusive processes (Marathon), but is challenging and limited in spectator momen-
tum coverage. The EIC would enable a comprehensive program of neutron GPD
measurements and nuclear modification studies, including: (a) Measurements of
quasi-free DVCS on polarized light nuclei, e + A → e′ + γ + N ′ + X(A − 1) (A =
D, 3He); (b) Measurements of DVCS and meson production on the deuteron with
spectator proton tagging, e+ D→ e′ + γ +X + p, or possibly neutron tagging; (c)
Measurements of DVCS and meson production on 3He with the nuclear breakup
measurements, e.g., quasi-two body breakup e +3 He → e′ + γ + p + D. (d) Mea-
surements of the isospin dependence of nuclear modifications (PDFs/GPDs) using
mirror nuclei 3He vs 3H.
Questions: (a) Forward detector requirements for spectator tagging and nuclear
breakup measurements? (b) Feasibility of neutron spectator tagging (efficiency,
resolution) for bound proton structure measurements? (c) Magnitude and kinematic
dependence of final-state interactions for exclusive processes with spectator tagging
(theoretical estimates)? (d) Theoretical calculations of nuclear breakup in high-
energy processes with A ≥ 3 nuclei (light-front methods, input from low-energy
nuclear structure)?
2.6. Nuclear GPDs and quark/gluon imaging of nuclei
Concepts: Understanding the origin of nuclear binding from QCD is one of the prime
objectives of nuclear physics. Hard scattering processes on nuclei allow one to probe
the structure of the nucleus directly in terms of the fundamental QCD degrees of
freedom. In particular, coherent exclusive processes on light nuclei (DVCS, meson
productions) can be used to measure the nuclear GPDs and construct the trans-
verse distribution of quarks and gluons in the the nucleus (“nuclear quark-gluon
imaging”). The resulting distributions can reveal novel spin-orbit effects (deforma-
tion of the transverse quark/gluon distributions through nuclear spin) and provide
new insight into the dynamics of nuclear shadowing at small x (thickness or impact
parameter dependence).33 Comparison of different transverse distributions (gluons
vs. quarks, spin/flavor dependence) offers direct information on the properties of
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the nuclear bound state in QCD.
Measurements: Exploratory measurements of DVCS on 4He are performed with
JLab 12. The EIC would enable a unique program of quark-gluon imaging of
polarized light nuclei using a variety of processes and targets: (a) Coherent DVCS
on polarized light nuclei, e+A→ e′+γ+A′, using A = D (spin-1), 3He (spin-1/2),
4He (spin-0) for a comprehensive study of polarization effects. The 4He nucleus
as a spin-0 system is particularly simple and possesses only unpolarized quark and
gluon GPDs. (b) Coherent heavy quarkonium and vector meson production on light
nuclei, e+ A→ e′ + V + A′ (V = J/ψ, φ, ...), to measure nuclear gluon GPDs and
study the impact parameter dependence of shadowing.
Questions: (a) Simulations of coherent nuclear scattering with EIC forward de-
tectors and quantitative requirements (forward detector resolution, ion beam mo-
mentum spread)? (b) Theoretical calculations of nuclear GPDs using light-front
nuclear structure methods32,33. (c) Hadronic final-state interactions (deviations
from color transparency) in coherent meson production on nuclei.
2.7. Twist-3 GPDs and quark-gluon correlations
Concepts: The study of many-body systems (nuclear, atomic) usually proceeds from
single-particle densities to multi-particle correlations (or from 1-body to 2-body op-
erators). Correlations are of special significance because they provide insight into
the microscopic interactions in the system. In QCD the single-particle densities
are the twist-2 PDFs/GPDs, while particle correlations are encoded in matrix el-
ements of higher-twist operators. Of particular interest are the twist-3 operators,
because (a) their renormalization properties are well understood; (b) their matrix
elements can be connected with color forces34 and the QCD vacuum structure (e.g.
instantons)35; (c) LQCD calculations of twist-3 matrix elements is possible with
non-perturbative operator renormalization. The extraction of twist-3 matrix ele-
ments from hard processes is challenging because their contributions to observables
are usually power-suppressed, and/or because they can only be isolated after sub-
tracting kinematic twist-2 contributions (Wandzura-Wilczek approximation). Ex-
perimental twist-3 studies so far have focused on the spin structure function g2.
36,37
Recently the properties of twist-3 GPDs have come into focus, raising the prospect
of experimental studies of quark-gluon correlations through exclusive processes.
Measurements and questions: The EIC would greatly expand the possibilities
for experimental studies of twist-3 quark-gluon correlations. One approach would
use inclusive spin structure measurements and focus on (a) improving the accuracy
of the extraction of the twist-3 spin structure function g2−gtwist-22 ; in particular, en-
abling theoretical analysis of the full x-dependence rather than just the moment d2;
(b) a combined analysis of g1 data (including power corrections) and g2 data. An-
other approach could focus on studying twist-3 quark-gluon correlations through
hard exclusive processes such as DVCS. The sensitivity of DVCS observables to
twist-3 GPDs and the practical possibility of their extraction need to be investi-
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gated.38 Also, the interpretation of twist-3 GPDs needs to be developed (zero-mode
contributions in light-front correlations, spatial distributions).
2.8. Wigner functions in QCD
Concepts: Partonic Wigner functions unify the concepts of TMDs and GPDs and en-
code the most general description of the one-body quark/gluon structure of hadrons
in QCD.39–43 They may allow for 5D imaging of hadrons, have a direct (and intu-
itive) connection with quark/gluon orbital angular momentum40,44,45, and provide
access to spin-orbit correlations that are similar to the ones in atomic systems like
the hydrogen atom. The Fourier transforms of Wigner functions, typically called
generalized TMDs46, appear in the QCD description of certain observables. Gen-
erally, the field of partonic Wigner functions and GTMDs, in which a number of
interesting developments have happened over the past few years, may play an im-
portant role in the EIC physics program.
Measurements: At EIC, Wigner functions could in principle be addressed via
diffractive exclusive dijet production in both ep and eA scattering.47,48 While this
process gives access to Wigner functions for gluons, the only presently known ob-
servable for quark Wigner functions requires hadronic collisions.49
Questions: (a) Can one establish a QCD factorization theorem for exclusive
processes that are sensitive to transverse parton momenta? Adressing this question
requires, in particular, a careful analysis of soft gluon radiation. (b) Can dijet
production be measured at EIC with sufficient accuracy? (c) Can one identify other
processes in ep/eA through which Wigner functions could be studied? Of special
interest in this context are observables that are sensitive to the quark sector.
3. Theoretical developments for GPD program at EIC
Several developments in the theory and simulation tools for hard exclusive processes
are needed in order to support the planned experimental program at EIC. Here we
merely list some of them:
(a) Develop a DVCS code for amplitudes and cross sections at NLO accuracy, pub-
licly available, with GPD input in the x-representation, e.g. within the PARTONS
framework50.
(b) Perform a quantitative assessment of twist-3 effects in DVCS observables, includ-
ing kinematic and dynamical twist-3 operators (Wandzura-Wilczek, quark-gluon
correlations), and the possible sensitivity to quark-gluon correlations.
(c) Develop a realistic description of light vector meson production in collinear fac-
torization at NLO accuracy, including consistent scale setting and possibly log(1/x)
resummation. Develop a method for including finite-size/higher-twist corrections in
meson production, and establish correspondence with LO formulations that include
finite-size effects in coordinate representation51 (finite dipole size) or momentum
representation52 (Sudakov form factor).
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(d) Explore the applicability of NRQCD methods to exclusive heavy quarkonium
photo/electroproduction at EIC.61 Possible points of interest are tests of the uni-
versality of the NRQCD matrix elements, and better insight into the bound-state
structure and production mechanism through the Q2-dependence.
4. Connections with other areas
The study of GPDs and related concepts at EIC has many connections with other
fields of nuclear physics, which could be strengthened and exploited for intellectual
gain or practical uses:
Lattice QCD: (a) the EMT form factors (second moments of GPDs) are acces-
sible as nucleon matrix elements of local operators using standard LQCD meth-
ods. (b) Exploratory calculations of x-dependent quasi/pseudo-GPDs are being
performed.53–58 (c) Precise LQCD calculations of the pion distribution amplitude
are available. (d) Chiral-odd PDFs/GPDs and the tensor charge are comparatively
easily calculated in LQCD (non-singlets, no mixing with gluons).59,60 (e) Twist-3
quark-gluon correlations are computable with non-perturbative renormalization.
Nonrelativistic QCD (NRQCD): NRQCD matrix elements used in inclusive
heavy quarkonium production in pp/pA may be used/tested/measured in exclu-
sive production in ep/γp61
Multiparton interactions in pp collisions (MPI): (a) The transverse geometry of
pp collisions (impact parameter representation, nucleon GPDs) plays an essential
role in the calculation of MPI rates and the identification of MPI events62–64. (b)
Two-body parton correlations are a natural extension of the concept of GPDs,
opening the prospect of joint modeling.65
Ultraperipheral pA/AA collisions (UPCs): UPCs enable measurements of high-
energy γp/γA scattering using the Weizsa¨cker-Williams photons created by the field
of a heavy nucleus, with active experimental programs at LHC and RHIC. Hard
processes can be studied through final states with a large mass scale (dijets, heavy
quarkonia, etc). UPCs deliver the highest available energies for electromagnetic
processes, W 2(UPC at LHC) ∼ (10− 30)W 2(HERA) and complement and precede
the EIC program. Particular UPC measurements of interest for EIC are: (a) Mea-
surements of nucleon GPDs with heavy quarkonium photoproduction, including the
search for non-linear effects at x . 10−5; (b) Coherent nuclear processes as a way
to study nuclear shadowing.
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On large mass γ − γ and γ − meson photoproduction
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Enlarging the set of hard exclusive reactions to be studied in the framework of QCD
collinear factorization opens new possibilities to access generalized parton distributions
(GPDs). We studied the photoproduction of a large invariant mass photon-photon or
photon-meson pair in the generalized Bjorken regime which may be accessible both at
JLab and at the EIC.
Keywords: GPD, transversity, EIC
1. Introduction
Deeply virtual Compton scattering (DVCS) has proven to be a promising tool to
study the three dimensional arrangement of quarks and gluons in the nucleon1. The
crossed reaction, the photoproduction of a timelike highly virtual photon which ma-
terializes in a large invariant mass lepton pair (dubbed TCS for timelike Compton
scattering) is under study at JLab. Its amplitude shares many features with the
DVCS amplitude2 but with significant and interesting differences3–5 due to the
analytic behavior in the large scale Q2 measuring the virtuality of the incoming
(q2 = −Q2) or outgoing (q2 = +Q2) photon. In order to enlarge the set of ex-
perimental data allowing the extraction of GPDs, we studied the generalization
of TCS to the case of the photoproduction of large invariant mass photon-photon
and photon-meson pairs. Although factorization of GPDs from a perturbatively
calculable coefficient function has not yet been proven for these processes, they
are a natural extension of the current picture in the framework of collinear QCD
factorization.
2. γN → γγN ′
The photoproduction of a photon pair6 shares with DVCS and TCS the nice feature
to be a purely electromagnetic amplitude at the Born level. Charge parity however
selects a complementary set of GPDs, namely the charge parity - odd GPDs related
to the valence part of quark PDFs, with no contribution from the gluon GPDs. The
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Fig. 1. Diagrams contributing to the coefficient function for γγ production at the Born level.
analytic form of the Born amplitude calculated from the graphs shown on Fig. 1 is
very peculiar since the coefficient function turns out to be proportional to δ(x± ξ)
leading through the usual momentum fraction integration to a scattering amplitude
proportional to the GPDs taken at the border values x = ±ξ. For illustration,
Fig. 2 displays the diphoton invariant squared mass dependence of the unpolarized
differential cross section on a proton at t = tmin and sγN = 20 (resp. 100, 10
6)
GeV2 (full, resp. dashed, dash-dotted multiplied by 105).
2 3 4 5 6 7 8 9
0.0
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1.5
2.0
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3.5
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dt
dM
gg2
@pbGeV
-
4 D
Fig. 2. M2γγ dependence of the unpolarized differential cross-section for the photoproduction of
a diphoton on a proton (left panel) or neutron (right panel) at t = tmin and sγN = 20 (resp.
100, 106) GeV2 (full, resp. dashed, dash-dotted multiplied by 105).
3. γN → γρN ′ : the quest for transversity GPDs
The photoproduction of a γρ pair7 has the rare feature of being sensitive to chiral-
odd transversity quark GPDs at the leading twist level, because of the leading twist
chiral-odd distribution amplitude of the transversely polarized vector meson. In-
deed, except for higher twist amplitudes which suffer from end-point divergences
and heavy meson neutrino production amplitudes8,9 which may be difficult to mea-
sure, one needs exclusive processes with more particules in the final state to access
transversity GPDs10–13.
We show on Fig. 3 the cross section for the production of a transversely polarized
ρ in conjunction with a photon, on a proton or a neutron target. The curves show the
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sensitivity to the transversity GPD parametrization. Cross sections are sufficiently
high for the process to be measurable at JLab7.
Introduction Access to GPDs through a 3 body final state Non-perturbative ingredients Computation Results Conclusion
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Fig. 3. Energy dependence f the integrated cross section for a photon and a transversely polarized
ρ meson production, on a proton (left panel) or neutron (right panel) target. The γρ pair is
required to have an invariant mass squared larger than 2 GeV2. The solid red and dashed blue
curves correspond to different parametrization of the transversity GPDs.
4. γN → γpiN ′
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Fig. 4. Left panel : the differential cross section for γpi+ production on a proton target at
sγN = 20 GeV
2, t = tmin, and M
2
γpi = 3 (resp.4, 5, 6) GeV
2 for the black (resp. red, blue, green)
curves. The solid and dashed curves correspond to two different parametrization of the axial
GPDs. Right panel : the same curves for γpi− production on a neutron target.
Since deep electroproduction of a pi meson has been shown to resist at moderate
Q2 to leading twist dominance in the factorization framework, it has been tempting
to put the blame on the peculiar chiral behavior of the higher twist (chiral-odd)
pion DA as compared with the leading twist (chiral even) pion DA. However, the
dominance of higher twist contributions may not be a common feature of all exclu-
sive amplitudes involving the pion DA. To check this idea, we propose14 to study
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the related process γN → γpiN ′ where the same pion DAs appear. It turns out
that the axial nature of the pion leading twist DA infers a high sensitivity of the
amplitudes to the axial GPDs H˜(x, ξ, t) as shown on Fig. 4 where the cross sections
for the reaction γp→ γpi+n and γn→ γpi−p are displayed for two different sets of
axial GPDs. The rates are of the same order as for the γρ case and we thus expect
these reactions to be measurable at JLab.
5. Conclusions
The processes discussed here, because of the absence of gluon and sea quark contri-
butions are not enhanced at high photon energy (or small skewness ξ) and they are
thus more accessible at JLab than at EIC. However, since a high energy electron
beam is also an intense source of medium energy quasi real photons (q2 ≈ 0), with
fractions of energy y = q.pk.p = 0(10
−3), (k and p being the initial electron and nucleon
momenta), one may expect the γγ and γρL channels to be accessible at moderate
values of sγN . Prospects at higher values of sγN (and smaller values of the skewness
ξ) are brighter for the γpi0 channel which benefits from the contributions of small ξ
sea-quark and gluon GPDs.
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Baryon-to-meson Transition Distribution Amplitudes extend both the concepts of gener-
alized parton distributions and baryon distribution amplitudes encoding valuable com-
plementary information on the 3-dimensional hadronic structure. The recent analysis
of backward meson electroproduction at JLab supports the hope to perform femto-
photography of hadrons from a brand new perspective and in particular opens a new
domain for EIC experiments.
Keywords: QCD, TDA, EIC
1. Introduction
Baryon-to-meson Transition Distribution Amplitudes1 (TDAs) are matrix elements
of a three quark operator between a baryon and a meson states. Since the cor-
responding operator carries the quantum numbers of a baryon, baryon-to-meson
TDAs allow the exploration of the baryonic content of a nucleon. This is comple-
mentary to the information one can obtain from generalized parton distributions
(GPDs), with the operator carrying the quantum numbers of mesons. Similarly
to the case of GPDs, by Fourier transforming baryon-to-meson TDAs to the im-
pact parameter space, one obtains additional insight on the baryon structure in the
transverse plane.
The nonlocal three quark (antiquark) operator on the light cone (n2 = 0) oc-
curring in the definition of baryon-to-meson TDAs reads (gauge links are omitted):
Oˆαβγρτχ (λ1n, λ2n, λ3n) = εc1c2c3Ψ
c1α
ρ (λ1n)Ψ
c2β
τ (λ2n)Ψ
c3γ
χ (λ3n), (1)
where α, β, γ stand for the quark (antiquark) flavor indices, ρ, τ , χ denote the
Dirac spinor indices and ci stand for the color indices. Baryon-to-meson TDAs
2,3,
share common features both with baryon distribution amplitudes (DAs), introduced
as baryon-to-vacuum matrix elements of the same operators, and with generalized
parton distributions (GPDs), since the matrix element in question depends on the
longitudinal momentum transfer ∆+ = (pM − p1) · n between a baryon N(p1) and
a meson M(pM) characterized by the skewness variable ξ = − (pM−p1)·n(pM+p1)·n and by
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the transverse momentum transfer ~∆T . The collinear QCD factorization property,
Fig. 1. At large Q2 = −q2 for the near-backward angles (i.e. for small −u = −(p1 − ppi)2), the
γ∗(q)N(p1)→ pi(ppi)N ′(p2) amplitude factorizes into a convolution of a coefficient function (CF)
with a baryon DA and a baryon-to-meson TDA.
which ensures the validity of the GPD-based description of hard exclusive near-
forward meson electroproduction reactions, may be extended to the complementary
near-backward kinematical regime provided that the Ψ¯Ψ operator is replaced by
Oˆαβγρτχ (λ1n, λ2n, λ3n). This results in the reaction mechanism sketched in Fig. 1
with a GPD replaced by baryon-to-meson TDA and baryon DA replacing meson
DA.
2. The physical picture
The physical picture encoded in baryon-to-meson TDAs is conceptually close to that
contained in baryon GPDs and baryon DAs. Baryon-to-meson TDAs characterize
partonic correlations inside a baryon and give access to the momentum distribution
of the baryonic number inside a baryon. The same operator also defines the nucleon
DA, which can be seen as a limiting case of baryon-to-meson TDAs with the meson
state replaced by the vacuum. In the language of the Fock state decomposition, the
leading twist baryon-to-meson TDAs are not restricted to the lowest Fock state as
the leading twist DAs. They rather probe the non-minimal Fock components with
an additional quark-antiquark pair:
|Nucleon〉 = |ΨΨΨ〉+ |ΨΨΨ; Ψ¯Ψ〉+ .... ; |M〉 = |Ψ¯Ψ〉+ |Ψ¯Ψ; Ψ¯Ψ〉+ .... (2)
depending on the particular support region in question (see Fig. 2).
3. JLab lessons
The first experimental indications of the validity of the TDA concept have been re-
cently presented5,6. The left panel of Fig. 3 shows the results of the Q2-dependence
of σT +  σL (ε is the virtual photon linear polarization parameter) obtained by
the CLAS collaboration at JLab for the ep→ e′npi+ reaction in relatively large Q2
May 13, 2020 1:25 ws-procs961x669 WSPC Proceedings - 9.61in x 6.69in book page 18
18
Fig. 2. Interpretation of baryon-to-meson TDAs at low normalization scale. Small vertical arrows
show the flow of the momentum. (a): Contribution in the ERBL region (all xi are positive); (b):
Contribution in the DGLAP I region (one of xi is negative). (c): Contribution in the DGLAP II
region (two xi are negative).
(> 1.7 GeV2) and small-|u| domain (〈−u〉 = 0.5 GeV2) above the resonance region
(W 2 = (q + p1)
2 > 4 GeV2), i.e. close to the “near backward” kinematical regime
in which the TDA formalism is potentially applicable. As anticipated, the cross
sections has a strong Q2-dependence. The data are compared to the theoretical
predictions of σT from the cross channel nucleon pole exchange piN TDA model
suggested in Ref.7. The curves show the results of three theoretical calculations
using different input phenomenological solutions for nucleon DAs with their uncer-
tainties represented by the bands. The crucial point is that the TDA formalism
involves a dominance of the transverse amplitude. Therefore, in order to be able
to claim the validity of the TDA approach it is necessary to separate σT from σL
and check that σT  σL. This goal has been fulfilled by the Hall C experiment6 at
JLab, which measured the reaction ep → e′p′ω in a similar kinematic range. The
data shown on the right panel of Fig. 3 show indeed that σT dominates over σL
for sufficiently large values of Q2, as anticipated by the collinear QCD factorization
approach8.
Fig. 3. Left panel: TheQ2 dependence of the (γ∗p→ pi+n) backward cross section σU = σT+εσL
measured by CLAS27 (circles) compared to the QCD prediction (colored bands) with three models
of TDAs. Right panel: The Q2 dependence of the longitudinal (squares) and transverse (circles)
cross sections σL,T (γ
∗p→ ωp) (in µb GeV−2) as measured at Hall C in JLab6.
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4. Perspectives for EIC
TDAs are opening a new window on the study of the 3-dimensional structure of
nucleons and recent experimental analysis of backward meson electroproduction
hints that this concept may be applicable at moderate values of Q2. Clearly a more
detailed experimental analysis is required for the confirmation of relevance of TDAs
concept for analysis of hard processes. Testing the validity of the collinear factorized
description of hard backward meson electroproduction reactions at the energies of
Jlab@12 GeV will help to elaborate a unified and consistent approach for hard
exclusive reactions. Moreover, backward DVCS is also a very interesting channel to
be explored; it is a source of new information on the D-term form factor analytically
continued to large −t. Let us stress also that TDAs are natural concepts to be used
for the description of nuclear break-up reaction - such as deuteron electrodissociation
- which may be interesting to visualize the partonic content of light nuclei. Let us
also note that the P¯ANDA experiment at GSI-FAIR9 will provide opportunities to
access the cross conjugated counterparts of the reaction depicted on Fig. 1 and test
the universality of baryon-to-meson TDAs10,11.
Although detailed predictions have not yet been worked out for higher energies,
one can anticipate that studies at the electron-ion collider (EIC) will allow this
new domain physics to be further explored. Higher Q2 should be accessible in a
domain of moderate γ∗N energies, i.e. rather small values of the usual y variable
and not too small values of ξ. The peculiar EIC kinematics, as compared to fixed
target experiments, allows in principle a thorough analysis of the backward region
pertinent to TDA studies. More phenomenological prospective studies are clearly
needed.
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Coherent deeply virtual Compton scattering off He nuclei
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The status of realistic calculations of nuclear generalized parton distributions, entering
the theoretical description of coherent deeply virtual Compton scattering off nuclei, is
reviewed for trinucleons and for 4He, also in view of forthcoming measurements at the
Jefferson Laboratory and at the future Electron Ion Collider.
Keywords: exclusive processes, nuclear imaging, few-body systems
1. Introduction
Nuclear modifications of the nucleon parton structures, discovered by the European
Muon Collaboration1 several decades ago, cannot be explained by means of inclu-
sive measurements only. One of the possible ways out is to perform nuclear imaging,
now possible for the first time through deeply virtual Compton scattering (DVCS)
and deeply-virtual meson production, using the tool of generalized parton distri-
butions (GPDs) (see Refs2,3 for recent reports). The comparison of the transverse
spatial quark and gluon distributions in nuclei or bound nucleons (to be obtained
in coherent or incoherent DVCS, respectively) to the corresponding quantities in
free nucleons, will allow ultimately a pictorial representation of the EMC effect.
The relevance of non-nucleonic degrees of freedom, as addressed in Ref.4, or the
change of size for bound nucleons, will be observed. The most discussed sector of
the EMC effect is the valence region at intermediate Q2, which will be investigated
by Jefferson Lab (JLab) at 12 GeV. For the lightest nuclei, 2H, 3He, 4He, sophisti-
cated calculations of conventional effects, although challenging, are possible. This
would allow one to distinguish them from exotic ones, likely responsible for the
observed EMC behavior. Without realistic benchmark calculations, making use of
wave functions obtained as exact solution of the Schro¨dinger equation using real-
istic nucleon nucleon potentials and three-body forces whenever appropriate, the
interpretation of experimental data is difficult. Among few-body nuclei, in this talk
we will concentrate in three- and four-body systems.
2. Coherent DVCS off 3He
For the coherent channel of DVCS, the one where the nucleus does not break up
(see Fig. 1 for a representation of the process with a generic A nucleus, in the
handbag approximation, i.e., with the interaction occurring on a leading quark),
due to very small cross sections, the measurements addressed in the Introduction
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Fig. 1. Coherent DVCS process off a nucleus A in the handbag approximation.
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Fig. 2. Estimate of nuclear effects on 3He GPD for the d(u) flavor, full (dashed) line. The effect
is given by the difference of the curves with respect to one.
are very difficult. In between the 2H nucleus, very interesting for its rich spin
structure and for the the possible extraction of neutron information, and 4He, ideal
to study nuclear effects, being deeply-bound, scalar and isoscalar, with a simple
description of its spin and flavor structure, 3He provides an opportunity to study the
A dependence of nuclear effects, and it could give easy access to neutron polarization
properties, due to its specific spin structure. In addition, being isospin-1/2, it
guarantees that flavor dependence of nuclear effects can be studied, in particular
if parallel measurements on 3H targets, likely possible at the Electron Ion Collider
(EIC), were performed5. A complete realistic study of leading twist DVCS requires
the evaluation of nuclear GPDs. From the theoretical point of view, conventional
effects for nuclear systems are seen in a plane wave impulse approximation (IA)
analysis, i.e., with the struck quark belonging to one nucleon in the target, and
disregarding possible final state interaction effects between this nucleon and the
remnants. This requires the evaluation of realistic non-diagonal spectral functions6.
For 3He, a complete analysis using the AV18 nucleon-nucleon (NN) potential is
available5–9. Nuclear GPDs are found to be sensitive to details of the used NN
interaction. In particular, nuclear effects are found to grow with the momentum
transfer to the target, ∆2, and with the longitudinal momentum asymmetry of
the process (parametrized by the so-called skewness variable, ξ). In 3He, nuclear
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Fig. 3. 4He azimuthal (with respect to the angle φ between lepton and nuclear planes) beam-spin
asymmetry ALU (φ): results of Ref.
13 (red stars) compared with data (black squares)14.
effects are found to be bigger for the d flavor than for the u one (see Fig. 2), a
prediction of a realistic impulse approximation (IA), where also violations of nuclear
charge symmetry are considered in the AV18 NN interaction, which could be tested
experimentally. Besides, the dependence on the excitation energy of the nuclear
recoiling system in the IA description, parametrized by the so-called removal energy,
is found to be bigger in nuclear GPDs than in inclusive observables. Anyway, it is
also found that close to the forward limit the information on neutron polarization
can be safely extracted from 3He data and workable extraction formulae have been
proposed in this sense7–9. Measurements for 3He and 3H are not planned, but could
be considered as extensions of the impressive ALERT detector project at JLab
1210,11, at least in the unpolarized sector. Polarized measurements, which could
access neutron angular momentum information7–9, seem very unlikely at JLab, due
to the difficulty of arranging a polarized target and a recoil detector in the same
experimental setup, but are in principle accessible at the EIC, where the extension
to lower x regions will be also possible12.
3. Coherent DVCS off 4He
Despite the difficulty of measuring coherent DVCS off nuclei, due to small cross-
sections, the first data for coherent DVCS off 4He collected at JLab in the 6 GeV
setup have been published14. A new impressive program is on the way at JLab, car-
ried on by the CLAS collaboration with the ALERT detector project10,11. A study
for DVCS off 4He with nuclear ingredients of the same quality of those summarized
above for 3He is still missing and should be done, to update existing calculations,
performed long time ago15,16. The evaluation of a realistic spectral functions of 4He,
using state-of-the-art NN potentials, will require in particular the wave function of
a nuclear three-body scattering state, which is a really challenging few-body prob-
lem. An encouraging calculation has been recently performed for coherent DVCS
off 4He13, with the aim to describe the CLAS data14, as a relevant intermediate
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step towards a rigorous realistic evaluation. A model of the nuclear non-diagonal
spectral function, based on the momentum distribution corresponding to the AV18
NN interaction17, has been used in the actual IA calculation. In particular the
spectral function is exact in its ground state part (when the remnant is a bound
three-body system) and modelled in the complicated excited sector. As a test of
the procedure, typical results are found for the nuclear form factor and for nuclear
parton distributions, in proper limits. Nuclear GPD and the actual observable,
the so-called, Compton form factor (CFF) are evaluated using a well known GPD
model to take into account the nucleonic information18. As can be seen in Fig. 3, a
very good agreement is found with the data, for the so-called beam-spin asymmetry,
theoretically obtained in terms of the CFF, in turn evaluated from the GPD. One
can conclude that a careful analysis of the reaction mechanism in terms of basic
conventional ingredients is successful and that the present experimental accuracy
does not require the use of exotic arguments, such as dynamical off-shellness. More
refined nuclear calculations will be certainly necessary for the expected improved
accuracy of the next generation of experiments at JLab, with the 12 GeV electron
beam and high luminosity, and, above all, at the EIC. Very recent results for the
incoherent channel are reported in19, where an encouraging comparison with data
from JLab20 is presented.
This work was supported in part by the STRONG-2020 project of the European
Unions Horizon 2020 research and innovation programme under grant agreement
No 824093, and by the project “Deeply Virtual Compton Scattering off 4He”, in
the programme FRB of the University of Perugia.
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We discuss recent attempts to extract deeply virtual Compton scattering form factors
with emphasis on their uncertainties, which turn out to be most reliably provided by
method of neural networks.
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1. Introduction
Partonic structure of the nucleon, as encoded by generalized parton distributions
(GPDs), is essentially non-perturbative. As such, main avenue to its determina-
tion is extraction from experimental data, mostly from measurements of deeply
virtual Compton scattering (DVCS), which is a subprocess of electroproduction
of real photon off nucleon. Still, more than a decade after the first such fitting
attempts1, we have only partial phenomenological knowledge of GPDs. (Recent
review is available in Ref. 2.) Furthermore, although assessment of uncertainties is
indispensable part of any quantitative scientific result, authors of global GPD fits
usually hesitated to discuss error bands of extracted functions. It was understood
that standard simple propagation of experimental uncertainties is not enough. GPD
functions depend in a rather unknown manner on three kinematic variables (aver-
age and transferred parton longitudinal momentum fractions, x and ξ, and nucleon
momentum transfer squared t), which makes the problem very complex from the
data-analysis standpoint, and the very choice of fitting parametrization introduces
unknown and possibly dominant uncertainty.
2. DVCS subtraction constant
Important role of the choice of the parametrization may be illustrated by recent
attempts to determine the subtraction constant ∆(t) of DVCS dispersion relation,
ReH(ξ, t) = ∆(t) + 1
pi
P.V.
∫ 1
0
dx
(
1
ξ − x −
1
ξ + x
)
ImH(x, t) , (1)
that is of great phenomenological interest since it is closely related to the pressure
in the nucleon3,4. Compton form factor (CFF) H(ξ, t) in Eq. (1) is a convolution of
GPD H(x, ξ, t) with the known hard scattering amplitude and is, being dependent
on two variables only, more easy extraction target. Still, ∆(t) resulting from fits to
CLAS DVCS data5, came out with very different uncertainty estimation, depending
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on whether relatively rigid ansatz6 for H was used7 or it was parametrized by
completely flexible neural networks8, see Fig. 1.
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Fig. 1. Imaginary and real part of CFF H resulting from fitting different parametrizations to the
essentially the same data.
3. Neural network fits
In the lack of general procedure for assessment of systematic uncertainties coming
from the choice of fitting ansatz, one convenient approach is using the parametriza-
tion by neural networks, which is known not to introduce any such systematic error.
After the early proof of concept9, first global neural network determination of CFFs
was reported in Ref. 10, demonstrating the power of this approach.
Similarly, in the framework of neural net approach, we attempted to address the
question of which of the four leading order CFFs, H, E , H˜, and E˜ (or, more accu-
rately, eight sub-CFFs which are the real and imaginary parts of these four), can be
reliably extracted from the given data. To this end, we used the stepwise regression
method proposed in Ref. 11, where the number of sub-CFFs is gradually increased
and all combinations are tried, until there is no statistically significant improvement
in the description of the data. Representative subset of global DVCS data was used,
with various beam and target, spin and charge asymmetries measured by HER-
MES12–14, and helicity independent and dependent cross-sections measured by Hall
A and CLAS JLab collaborations5,15, where JLab data was Fourier-transformed,
so that we fitted to the total of 128 harmonics.
Results, displayed on Figs. 2 and 3, show that from the present data only ImH,
Im H˜, and Re E can be reliably extracted, with maybe some ambiguous hints of
ReH or Im E . This is similar to the conclusions of Ref. 11, which used method of
local fits (which is also resistant to the problem of choice of the ansatz function).
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Fig. 2. Neural network extraction of dominant CFFs from DVCS data. Results for various sets
of CFFs are consistent in the data region (left) and also when extrapolated outside of the data
region (right). Dispersion relation constraints were not used.
4. Conclusion
How to reliably determine uncertainties of GPD or CFF functions extracted by
fitting of ansatz function is an important open question for this area of research.
At the moment, the best confidence is provided by the method of neural networks.
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1. Introduction
Matrix elements of the EMT1 yield fundamental particle properties like mass and
spin as well as the D-term2 which is related to the stress-tensor components of the
EMT and gives access to mechanical properties of the system3,4. EMT form factors
can be accessed through studies of generalized parton distributions (GPDs) in hard
exclusive reactions5,6. While a model-independent extraction of GPDs is a chal-
lenging long-term task, accessing information on the D-term may be possible sooner
thanks to its relation to the subtraction constant in fixed-t dispersion relations in
deeply virtual Compton scattering (DVCS)3,7. The physics of EMT form factors
has important applications. The purpose of this article is to provide an overview of
the latest developments and experimental status.
2. EMT form factors of hadrons
The nucleon form factors of the symmetric EMT Tˆµν = Tˆ
Q
µν + Tˆ
G
µν are defined as
〈p′, s′|Tˆµν(0)|p, s〉 = u¯′
[
A(t)
γ{µPν}
2
+B(t)
i P{µσν}ρ∆ρ
4m
+D(t)
∆µ∆ν − gµν∆2
4m
]
u ,
(1)
with P = 12 (p
′ + p), ∆ = p′ − p, t = ∆2, a{µbν} = aµbν + aνbµ and a covariant
normalization of the states is used with the nucleon spinors u¯(p, s)u(p, s) = 2m.
Spin-0 hadrons like the pion have only the 2 total EMT form factors A(t) and D(t).
Hadrons with spin J ≥ 1 have more form factors8,9.
The quark and gluon QCD operators Tˆ aµν (a = Q, G) are each gauge invariant.
Their form factors Aa(t, µ), etc depend on renormalization scale µ and additional
form factors appear, e.g. as the structure m c¯a(t, µ) gµν in (1), with
∑
a c¯
a(t, µ) = 0.
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3. Relation to GPDs and 2D interpretation
GPDs provide a practical way to access EMT form factors through the DVCS
process eN → e′N ′γ or hard exclusive meson production. For the nucleon the
second Mellin moments of unpolarized GPDs yield∫
dx xHa(x, ξ, t) = Aa(t) + ξ2Da(t),
∫
dx xEa(x, ξ, t) = Ba(t)− ξ2Da(t). (2)
The Fourier transform Ha(x, b⊥) =
∫
d2∆⊥/(2pi)2 e−i
~∆⊥~b⊥ Ha(x, ξ,−~∆2⊥)|ξ=0 is
the probability to find a parton carrying the momentum fraction x and located at
the distance b⊥ from the hadron’s (transverse) center-of-mass on the lightcone10.
The 2D interpretation of EMT form factors was also discussed11.
4. The static EMT and 3D interpretation
In the Breit frame characterized by P = (E, 0, 0, 0) and ∆ = (0, ~∆) with t = −~∆2
and E =
√
m2 + ~∆2/4 one can define the static EMT3
T aµν(~r,~s) =
∫
d3~∆
(2pi)32E
e−i ~r∆〈p′|Tˆ aµν(0)|p〉, (3)
where ~s is the polarization vector of the states |p〉, |p′〉 in the respective rest frames.
The 00-component of (3) is the energy density which only can be defined for the
total system, and yields
∫
d3r T00(r) = m. Decomposition of the nucleon mass in
terms of quark and gluon contributions was discussed in12. The 0k-components
yield the spatial distribution of the nucleon spin density J ia(~r,~s) = 
ijkrjT 0ka (~r,~s).
This 3D density has a monopole term3, and a quadrupole term13 which are related
to each other14. The ij-components of (3) define the stress tensor which can be
decomposed in contributions from shear forces s(r) and pressure p(r) as follows3
T ij(~r) =
(
rirj
r2
− 1
3
δij
)
s(r) + δij p(r) . (4)
For the nucleon the 3D interpretation is subject to small relativistic corrections15
and becomes exact in the large-Nc limit. The shear forces can be defined separately
for quarks and gluons in terms of DQ,G(t). For the “partial” pressures from quarks
and gluons one also needs c¯Q,G(t, µ).
EMT conservation relates s(r) and p(r) as 23 s
′(r) + 2r s(r) + p
′(r) = 0. Notice
that s(r) = 0 would imply p(r) = constant and isotropic matter, cf. (4). Thus,
the shear forces are responsible for structure formation11. Another consequence of
EMT conservation is the von Laue condition17,∫ ∞
0
dr r2p(r) = 0, (5)
implying that p(r) must have at least one node. In all model studies so far p(r)
was found positive in the inner region (repulsion towards outside) and negative in
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the outer region (attraction towards inside). The D-term can be expressed in two
equivalent ways as D = − 415 m
∫
d3r r2 s(r) = m
∫
d3r r2 p(r). The stress tensor in
(4) has two eigenvalues related to normal (dFr) and tangential (dFφ, dFθ) forces
dFr
dSr
=
2
3
s(r) + p(r),
dFθ
dSθ
=
dFφ
dSφ
= −1
3
s(r) + p(r) (6)
with eigenvectors ~er and ~eθ,φ. The degeneracy is lifted for spin J ≥ 1. In a stable
system the normal force dFr/dSr =
2
3s(r) + p(r) > 0. Otherwise the system would
collapse. This mechanical stability requirement can be written as
∫ R
0
dr r2p(r) > 0
(for any R), thus complementing the von Laue condition (5). It also determines the
D-term of a stable system to be negative18, D < 0. The positivity of 23s(r) + p(r)
allows us to define the mechanical radius19
〈r2〉mech =
∫
d3r r2
[
2
3s(r) + p(r)
]∫
d3r
[
2
3s(r) + p(r)
] = 6D∫ 0
−∞ dt D(t)
. (7)
Interestingly the mechanical radius is given by an “anti-derivative” of D(t) at t = 0
unlike e.g. the proton mean charge square radius 〈r2〉charge = 6G′E(0)/GE(0) given
in terms of the electric form factor GE(t).
One can also consider forces in lower-dimensional subsystems4. The 2D pressure
p(2D)(r) = − 13s(r) + p(r) satisfies
∫∞
0
dr r p(2D)(r) = 0 and corresponds to the
tangential forces in (6). Similarly the 1D pressure p(1D)(r) = − 43s(r)+p(r) satisfies∫∞
0
dr p(1D)(r) = 0. Generically, for a spherically symmetric mechanical system in
nD one can express its pressure and shear forces in terms of pressure in kD spherical
subsystem as follows:
p(nD)(r) =
k
n
p(kD)(r) +
k(n− k)
n
1
rk
∫ r
0
dr′ r′ k−1p(kD)(r′), (8)
s(nD)(r) = − k
n− 1 p
(kD)(r) +
k2
n− 1
1
rk
∫ r
0
dr′ r′ k−1p(kD)(r′). (9)
Such relations can be useful, e.g. in holographic approaches to QCD. The concepts
can be generalized to higher spins9. The energy density and pressure in the center
of a hadron are given by4
T00(0) =
m
4pi2
∫ 0
−∞
dt
√−t
[
A(t)− t
4m2
D(t)
]
, p(0) =
1
24pi2m
∫ 0
−∞
dt
√−t tD(t).
(10)
5. The D-term in theory and experiment
In contrast to the constraints A(0) = 1 and B(0) = 0 resulting from properties of
the states under Lorentz transformations20, the form factor D(t) is not constrained
(not even at t = 0) by general principles. It is not related to external properties
like Lorentz transformations but reflects internal dynamics inside the hadron. The
value D = D(0) is therefore not known for (nearly) any particle.
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Fig. 1. Pressure in chiral quark soliton (χQSM)26 and realization of the von Laue condition (5).
In free field theories one finds D = −1 for free Klein Gordon fields1,15, and
D = 0 for free Dirac fields21. For Goldstone bosons of spontaneous chiral symmetry
breaking it is predicted in the chiral limit that DGoldstone = −1 from soft pion
theorems for EMT form factors22 or pion GPDs2. Corrections due to finite masses
are expected to be small for pions and larger for kaons and η 15,23.
For large nuclei in the liquid drop model3 p(r) = p0θ(r − R) − p0R3 δ(r − R)
and s(r) = γδ(r − R) with nucleus radius R = R0A1/3 and surface tension γ
related by the Kelvin relation p0 = 2γ/R
24. It is predicted 〈r2〉mech = 35R2 and
D = − 45 mγ 4pi3 R4 ∝ A7/3 which is supported in Walecka model25.
The D-term of the nucleon was studied in the chiral quark soliton model26
which predicts D ≈ −3.5 and 〈r2〉mech ≈ 0.75 〈r2〉charge. Studies were also reported
in Skyrme models including nuclear medium corrections27, bag model28, a Nambu–
Jona-Lasinio diquark approach29, using dispersion relations30, chiral perturbation
theory31, lattice QCD32, and QCD lightcone sum rules33. D-terms of mesons34,
Q-balls35, photons36 and ∆-resonance18 were also studied.
A first extraction of the quark contribution to the pion D-term from the BELLE
data37 on γ∗γ → 2pi0 gave38 DQ(0) ≈ −0.75 with unestimated uncertainties.
For the D-term of the nucleon phenomenological fits indicate that DQ < 0 with
large uncertainties39. The D-term can be accessed in DVCS with help of fixed-
t dispersion relations3,7 which relate the real and imaginary parts of the com-
plex DVCS Compton form factors with a subtraction constant ∆(t, µ) related to
DQ(t, µ) = 25 ∆(t, µ)/(e
2
u + e
2
d) =
18
25 ∆(t, µ) under certain assumptions (large-Nc
limit, µ → ∞). An analysis of the JLab data40 performed under such assump-
tions and additional constraints gave a first insight on ∆(t, µ) of the nucleon41.
Relaxing these assumptions and constraints at the current stage yields much larger
uncertainties42 though the method in principle works.
6. Applications and Conclusions
The EMT form factors have important applications including hard exclusive reac-
tions, the description of hadrons in strong gravitational fields, hadronic decays of
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heavy quarkonia22, and the description of exotic hadrons with hidden charm as
hadroquarkonia18,43.
Unlike the EMT form factors A(t) and B(t) related to the generators of the
Poincare´ group and ultimately to the mass and spin of a particle, the form factor
D(t) is related to the internal forces and opens a new window for studies of the
hadron structure and visualization of internal hadronic forces.
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This article briefly reviews an attempt to extract the generalized parton distributions
(GPDs) from meson electroproduction data and discusses their applications such as their
use in calculations of other hard exclusive processes, their behavior in the transverse
position space or the evaluation of the parton angular momenta.
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The GPDs which encode the soft physics, are not calculable from first principles
as yet with the exception of some of their lowest moments evaluated from lattice
QCD. Thus, the GPDs have to be modeled or parametrized in order to fit experi-
mental data on meson-electroproduction data. Very profitable is the extraction of
the GPDs from experiment in analogy to the determination of the familiar parton
densities (PDFs). In a series of papers1–5 we have attempted such a GPD analysis
using meson electroproduction data (ρ0, φ, pi+,0 and η). The GPDs are constructed
from the double distribution representation6 where the double distribution is as-
sumed to be a product of a zero-skewness GPD and a weight function that generates
the skewness (ξ) dependence. The zero-skewness GPDs are parametrized as
Ki(x, ξ = 0, t) = ki(x) exp [tfi(x)] (1)
where the ξ = t = 0 limit, ki(x), is a PDF in some cases (for the GPDs H, H˜,HT )
or parametrized like the PDFs. For small −t it suffices to employ a simple profile
function that bears similarity to the t-dependence of a Regge-pole contribution
fRi(x) = α
′
i lnx+Bi (2)
where α′i and Bi are parameters. For large −t (larger than about 1 GeV2) a more
complicate profile function is required, e.g.7,8 (similar profiles are proposed in9,10):
fDKi(x) = (α
′
i lnx+Bi)(1− x)3 +Aix(1− x)2 . (3)
The GPDs are to be convoluted with suitable subprocess amplitudes which in
principle can be computed perturbatively. It turns out however that the leading-
twist amplitudes do not suffer. From experiment11,12 we learned that there are
strong contributions from transversely polarized virtual photons. Moreover, also
a leading-twist calculation of the longitudinal amplitude fails except at very large
values of Q2 ( larger than about 50 GeV2). In fact, the transverse size of the
meson cannot be ignored as has been pointed out in13 long time ago. We have
have modeled its effect by quark transverse momenta in the subprocess whereas
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the emission and reabsorption of partons by the proton is treated collinearly to
the proton momenta. Sudakov suppressions are also taken into account. Since
the Sudakov factor, S, involves a resummation of all orders of perturbation theory
in next-to-leading-log approximation14 which can only effectively be performed in
the impact parameter (b⊥) space, canonically conjugated to the quark transverse
momentum space, we are forced to work in a b-space
H0λ,0λ =
∫
dτd2b⊥Ψˆ(τ, b2⊥)Fˆ0λ,0λ(x, ξ, τ,Q2,b⊥)αs(µR) exp [−S(τ,b⊥, Q2)] (4)
where Fˆ and Ψ denote the Fourier transforms of the hard scattering kernel and the
meson’s light-cone wave function, respectively. For the latter one a Gaussian in b⊥ is
used with a parameter that desribes the transverse size of the meson. This approach
also allows to calculate the amplitudes for transitions from a transverse photon, γ∗T ,
to a likewise polarized vector meson, VT , as well as those for γ
∗
T → VL(P ) transitions.
In the latter case a twist-3 meson wave function is required.
The current state of the GPD extraction is the following:
The GPDs H and E for valence quarks are determined in an analysis of the nuclear
form factors7,8 and are subsequently used in the analyses of the electroproduction
data. From the longitudinal cross section data on ρ0 and φ production for Q2 ≥
3 GeV2 and W ≥ 4 GeV (ξ <∼ 0.1, −t<∼ 0.5 GeV2) H for gluons and sea quarks is
fixed2. The contribution from E is negligible in the longitudinal cross section at
small −t, the other GPDs do not contribute. The transverse size parameter, aV , in
the meson wave function are adjusted to the data. With E for valence quarks and
H for quarks and gluons at disposal also the transverse cross sections for ρ0 and φ
production as well as many spin density matrix elements can be computed3.
From the analysis of cross section and polarization data on pi and η produc-
tion15,16 we learned about the GPDs H˜,HT and E¯T for valence quarks
4,5. There
is no clear signal in the data for contributions from E˜. For pi+ production there is
also an important contribution from the pion pole which is treated as a one-pion
exchange contribution. The available data on meson elecroproduction do not pro-
vide information on the GPDs E˜, E˜,HT and E¯T for gluons and sea quarks; ET and
E˜T are yet completely unknown.
The Fourier transform (FT) of the zero-skewness GPD (1) reads (t = −∆2⊥)
ki(x,b) =
∫
d2∆⊥
(2pi)2
e−ib·∆⊥Ki(x, ξ = 0, t) =
1
4pi
ki(x)
fi(x)
exp [−b2/(4fi(x))] . (5)
It has been shown17,18 that these FTs, or better combinations of these FTs, have a
density interpretation. For instance, qa(x,b), the FT of Ha(x, ξ = 0, t), describes
the density of unpolarized quarks of flavor a in an unpolarized proton while qa± =
1/2[qa(x,b)±∆qa(x,b)] is the density of flavor a quarks with helicity (anti-) parallel
to the proton helicity (∆q is the FT of H˜). It can readily been shown8,19 that the
small −t electroproduction data (−t<∼ 1 GeV2) are only sensitive to the GPDs in
the small x-region (x<∼ 0.1). For their large x-behavior information from sources
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other than electroproduction is required. As an example the ratio of the FTs, qu, of
Hu obtained with either the profile function (2) or (3), is shown in Fig. 1. Both the
versions of Hu describe equally well the electroproduction data but they drastically
differ at large x and large −t. Only with the profile function (3) is Hu well in
agreement with the large −t proton form factor data. In Fig. 1 the functions q±
for valence quarks are displayed at x = 0.6. In the case at hand the required large
−t information comes from the nucleon’s axial form factor and from the helicity
correlation KLL in wide-angle Compton scattering
19.
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Fig. 1. Left: The ratio of quv (x, b
2) for the Regge-like profile function (2) and for (3) at x =
0.05(0.2, 0.6) solid (dashed, dotted) line. The scale is 2 GeV.
Fig. 2. Right: The impact parameter distributions for valence quarks with definite helicities at
x = 0.6 (in fm−2). q±(x, b2) is evaluated from the profile function (3). The scale is 2 GeV.
The universality property of the GPDs, i.e. their process independence, now
allows to calculate several other hard exclusive processes. Among them are lepton-
pair production in exclusive processes (time-like DVCS20, pi−p → l+l−n21) and
neutrino meson production22,23 for which no data are available so far. Also ω and
kaon production have been predicted24,25 and reasonable agreement with the avail-
able data has been found. An example is shown in Fig. 3. Another process which
can now be calculated free of parameters, is DVCS. A leading-twist calculation26
leads to very good agreement with the DVCS cross section and polarization data
except for Jlab kinematics. In this region higher-twist corrections, at least those
of kinematical origin are required27. Interestingly, some modulations of the DVCS
asymmetry measured with a transversely polarized target provide some, admittedly
rough, information on the GPD E for sea quarks (assuming a flavor symmetric sea).
This information in combination with positivity bounds and the sum rule for the
second moments, ea20, of E allows for an evaluation of the parton angular momenta
Ja =
1
2
[
qq20 + e
a
20
]
, Jg =
1
2
[
g20 + e
g
20
]
. (6)
The results for J in dependence on the scale are displayed in Fig. 4.
Summary: I briefly reported on the present status of the extraction of the GPDs
from meson electroproduction data. Needless to say that this first attempt requires
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γ∗p→ KΛ
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Fig. 3. Left: The forward longitudinal (circles) and transverse (triangles) cross section for γ∗p→
K+Λ. Full (open) symbols represent the data (predictions). References to data can be found in25.
Fig. 4. Right: The evolution of the parton angular momenta. The second moments of H (qa20,
g20) are evaluated from the ABM11 (NLO) PDFs.
improvements. More and more accurate data which will come from Jlab12 and
perhaps from the EIC, will help. With the GPDs at disposal one can predict other
hard space- and time-like exclusive processes and study many propertie of the GPDs.
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The generalized parton distributions (GPDs) can be calculated from the corresponding
quasi-GPDs through the large-momentum effective theory approach. Using operator
product expansion, we strictly derive the factorization formula which matches the quasi-
GPDs to GPDs. We also calculate the one-loop matching coefficients for the quasi-GPDs
in the MS and a regularization-independent momentum subtraction scheme. These re-
sults will lay the foundation for a systematic extraction of GPDs from lattice QCD.
Keywords: Quasi GPD; LaMET; Nonperturbative renormalization; Matching.
1. Introduction
Over the past few years, lattice QCD has made remarkable progress towards the
calculation of the x-dependence of parton distribution functions (PDFs). Among
them, the large-momentum effective theory (LaMET)1,2 has gained the most inter-
est and been implemented in the lattice calculation of isovector PDFs of different
spin structures (for reviews see Refs. 3–5). The factorization formula for the PDF
has been proven6–8, and the perturbative matching coefficients in the factorization
formulas have been derived for quasi-PDFs8,9. A nonperturbative renormaliza-
tion of the quasi-PDF in the regularization-independent momentum subtraction
(RI/MOM) scheme has been performed on the lattice10,11, and their matching to
the MS PDF has been well understood at one-loop order12–14.
As for the GPDs, the factorizaiton of quasi-GPDs into GPDs have been studied
at one-loop order for the isovector quark case with different spin structures15,16, and
the one-loop matching coefficients were obtained in a transverse momentum cutoff
scheme. Due to the linear power divergence in the quasi-GPDs, this scheme is not
suitable in the lattice implementation. Therefore, the renormalization and matching
of the nonsinglet quark quasi-GPDs are re-examined in the RI/MOM scheme17,
with the matching coefficient calculated at one-loop order. In this writing, we
present the derivation and results in Ref. 17.
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2. Definitions and conventions
The parent function for the nonsinglet quark GPDs, which we call parent-GPD for
simplicity, is defined from the Fourier transform of the off-forward matrix element
of a light-cone correlator,
F (Γ¯, x, ξ, t, µ)=
∫
dζ−
4pi
e−ixζ
−P+〈P ′′S′′|ψ¯(ζ−
2
)
Γ¯λaW+
(ζ−
2
,−ζ
−
2
)
ψ
(−ζ−
2
)|P ′S′〉 , (1)
where x ∈ [−1, 1], the light-cone coordinates ζ± = (ζt ± ζz)/√2, and the hadron
state |P ′S′〉 (|P ′′S′′〉) is denoted by its momentum and spin. The parent-GPD
is defined in the MS scheme and µ is the renormalization scale. The kinematic
variables are defined as
∆ ≡ P ′′ − P ′, t ≡ ∆2, ξ ≡ −P
′′+ − P ′+
P ′′+ + P ′+
= − ∆
+
2P+
, (2)
where without loss of generality we choose a particular Lorentz frame so that the
average momentum Pµ ≡ (P ′′µ + P ′µ)/2 = (P t, 0, 0, P z), and only consider the
case with 0 < ξ < 1. Γ¯ = γ+, γ+γ5, and iσ
+⊥ = γ⊥γ+ correspond to the un-
polarized, helicity, and transversity parent-GPDs, respectively. λ is a Gell-Mann
matrix in flavor space, e.g., λ3 corresponds to flavor isovector (u− d) distribution.
W+
(
ζ−
2 ,− ζ
−
2
)
is a lightlike Wilson line connecting −ζ−/2 to ζ−/2.
The GPDs are defined as form factors of the parent-GPD, which we do not
specify here. As we shall see, the matching coefficient is universal for all the GPDs
defined from the same bilinear operator.
To calculate the quark GPDs within LaMET, we consider a quark quasi-parent-
GPD defined from an equal-time correlator:
F˜ (Γ, x, ξ˜, t, P z, µ˜)=
2P z
N
∫
dz
4pi
eixzP
z 〈P ′′S′′|ψ¯(z
2
)
ΓλaWz
(z
2
,−z
2
)
ψ
(− z
2
)|P ′S′〉 , (3)
where µ˜ is the renormalization scale in a particular scheme, and N is a normalization
factor that depends on the choice of Γ. In order to minimize operator mixing on
lattice12,18,19, we choose Γ = γt, γzγ5, and iσ
z⊥ for the unpolarized, helicity, and
transversity quasi-GPDs, which all correspond to the same normalization factor
N = 2P t. Wz(z2, z1) is a spacelike Wilson line that connects z1 to z2.
The kinematic variables are similar to those in Eq. (2) except that the “quasi”
skewness parameter
ξ˜ = −P
′′z − P ′z
P ′′z + P ′z
= − ∆
z
2P z
= ξ +O
(
M2
P 2z
)
, (4)
which is equal to ξ up to power corrections. From now on we will replace ξ˜ with ξ
by assuming that the power corrections are small.
3. Operator product expansion and the factorization formula
In this section, we derive the explicit form of the factorization formula for the
quasi-GPDs using the OPE of the nonlocal quark bilinear O˜(Γ, z) = ψ¯ΓWzψ. The
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same method has been used for the “lattice cross section”7 and quasi-PDF8, which
are both forward matrix elements of a nonlocal gauge-invariant operator. In the
off-forward case, the matrix element of O˜(Γ, z) at leading twist approximation is
〈P ′|O˜(γz, z, µ)|P 〉 =2P z
∞∑
n=0
Cn(µ
2z2)Fn(−zP z)
n∑
m=0
Bnm(µ) ξn
×
∫ 1
−1
dyC3/2m
(y
ξ
)
F (γ+, y, ξ, t, µ) +O(M2
P 2z
,
t
P 2z
, z2Λ2QCD
)
, (5)
where Fn(−zP z) are partial wave polynomials whose explicit forms are known in the
conformal OPE20, and C
3/2
m (x) are Gegenbauer polynomials. Bnm(µ) diagonalize
the renormalization group equations for the conformal operators21,22. The higher-
twist terms contribute to O(z2Λ2QCD). Then we can Fourier transform Eq. 5 from
z to xP z to obtain the quasi-GPD and its factorization formula,
F˜ (γz, x, ξ, t, P z, µ) =
∫ 1
−1
dy
|ξ| C¯γz
(x
ξ
,
y
ξ
,
µ
ξP z
)
F (γ+, y, ξ, t, µ) +O(1/P 2z ) ,
=
∫ 1
−1
dy
|y|Cγz
(x
y
,
ξ
y
,
µ
yP z
)
F (γ+, y, ξ, t, µ) +O(1/P 2z ) , (6)
where the defintions of the two matching coefficients C¯ and C are given in Ref.
17. The second form in Eq. 6 was postulated in Refs. 15,16. Based on Eq. 6, we
can infer that the matching coefficients for all the quasi-GPDs must be the same.
Similar formulas can also be derived for the helicity and transversity cases.
The factorization formulas in Eq. 6 are similar to the evolution equations for
the GPDs23,24. Notably, at zero skewness ξ = 0, we have
F˜ (γz, x, 0, t, P z, µ) =
∫ 1
−1
dy
|y|Cγz
(
x
y
, 0,
µ
yP z
)
F (γ+, y, 0, t, µ) +O(1/P 2z ) , (7)
where the matching kernel Cγz (x/y, 0, µ/(yP
z)) is exactly the same matching co-
efficient for the MS quasi-PDF8, even when t 6= 0. Moreover, in the forward limit
ξ → 0 and t→ 0, Eq. 7 is exactly the factorization formula for the MS quasi-PDF8.
On the other hand, in the limit ξ → 1 and t → 0, we obtain the factorization
formula for the quasi distribution amplitude (DA),
F˜ (γz, x, 1, t = 0, P z, µ) =
∫ 1
−1
dy C¯γz
(
x, y,
µ
P z
)
F (γ+, y, 1, t = 0, µ)+O(1/P 2z ) , (8)
whose explicit form has been postulated in Refs. 25–27.
4. Renormalization and matching in the RI/MOM scheme
Since the UV divergence of the quasi-GPD only depends on the operator O˜(Γ, z),
not on the external states, we can choose the same renormalization factors as those
for the quasi-PDF to renormalize the quasi-GPDs. These renormalization factors
have been nonperturbatively calculated on the lattice10,11, and their contributions
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to the matching as counter-terms have also been calculated at one-loop order in
continumm perturbation theory12–14.
When the hadron momentum P z is much greater than M and ΛQCD, the
RI/MOM quasi-GPD can be matched onto the MS GPD through the factoriza-
tion formula8,13
F˜ (Γ, x, ξ, t, P z, pR)=
∫ 1
−1
dy
|y|CΓ
(x
y
,
ξ
y
,r,
yP z
µ
,
yP z
pzR
)
F (Γ¯, y, ξ, t, µ) +O(1/P 2z ) , (9)
where r = (pR)
2/(pzR)
2, and
CΓ
(
x, ξ, r,
pz
µ
,
pz
pzR
)
=δ(1− x) + C(1)B
(
Γ, x, ξ,
pz
µ
,
µ
µ′
)− C(1)CT (Γ, x, r, pzpzR ,µRµ′ ) , (10)
with
C
(1)
B
(
Γ, x, ξ,
pz
µ
,
µ
µ′
)
=f1
(
Γ, x, ξ,
pz
µ
)
+
+δΓ,iσz⊥δ(1−x)
αsCF
4pi
[
−1
ε
+ln
(
µ2
µ′2
)]
, (11)
where the subscript B denotes “bare” for the quasi-GPD, and ε regulates the ultra-
violet (UV) divergence. The results for f1 can be found in Ref. 17. The matching
coefficients reduce to those for the quasi-PDFs8,28 when ξ = 0 even if t 6= 0, as
well as those for the DAs27 by the replacement ξ → 1/(2y − 1), x/ξ → 2x− 1, and
pz → pz/215.
As we argued in Sec. 4, we can use the renormalization factor for the quasi-
PDF to renormalize the quasi-GPD, which leads to the same one-loop RI/MOM
counterterm13,14. Finally, with the replacements x → x/y, ξ → ξ/y, and pz →
yP z 8,13, we obtain the RI/MOM matching coefficient,
C
(1)
Γ
(x
y
,
ξ
y
, r,
yP z
µ
,
yP z
pzR
)
=
[
f1
(
Γ,
x
y
,
ξ
y
,
yP z
µ
)− ∣∣∣∣yP zpzR
∣∣∣∣ f2(Γ, yP zpzR (xy − 1)+ 1, r)
]
+
+ δΓ,iσz⊥δ
(
1− x
y
)
αsCF
4pi
ln
(
µ2
µ2R
)
+O(α2s) , (12)
where f2(Γ, x, r) for different spin structures can be found in Refs. 14,28.
5. Conclusion
Within the framework of LaMET, we have derived the one-loop matching coeffi-
cients that match the isovector quark quasi-GPDs in the RI/MOM scheme to GPDs
in the MS scheme for different spin structures. We also presented a rigorous deriva-
tion of the factorization formula for isovector quark quasi-GPDs based on OPE. As
a result, for quasi-GPDs with zero skewness the matching coefficient is the same
as that for the quasi-PDF. Our results will be used to extract the isovector quark
GPDs from lattice calculations of the corresponding quasi-GPDs.
May 13, 2020 1:25 ws-procs961x669 WSPC Proceedings - 9.61in x 6.69in book page 44
44
Acknowledgments
This work was supported by the U.S. Department of Energy, Office of Science, Office
of Nuclear Physics, from DE-SC0011090, DE-SC0012704 and within the framework
of the TMD Topical Collaboration.
References
1. X. Ji, Parton Physics on a Euclidean Lattice, Phys. Rev. Lett. 110, p. 262002 (2013).
2. X. Ji, Parton Physics from Large-Momentum Effective Field Theory, Sci. China Phys.
Mech. Astron. 57, 1407 (2014).
3. C. Monahan, Recent Developments in x-dependent Structure Calculations, PoS LAT-
TICE2018, p. 018 (2018).
4. K. Cichy and M. Constantinou, A guide to light-cone PDFs from Lattice QCD: an
overview of approaches, techniques and results, Adv. High Energy Phys. 2019, p.
3036904 (2019).
5. Y. Zhao, Unraveling high-energy hadron structures with lattice QCD, Int. J. Mod.
Phys. A33, p. 1830033 (2019).
6. Y.-Q. Ma and J.-W. Qiu, Extracting Parton Distribution Functions from Lattice QCD
Calculations, Phys. Rev. D98, p. 074021 (2018).
7. Y.-Q. Ma and J.-W. Qiu, Exploring Partonic Structure of Hadrons Using ab initio
Lattice QCD Calculations, Phys. Rev. Lett. 120, p. 022003 (2018).
8. T. Izubuchi, X. Ji, L. Jin, I. W. Stewart and Y. Zhao, Factorization Theorem Relating
Euclidean and Light-Cone Parton Distributions, Phys. Rev. D98, p. 056004 (2018).
9. X. Xiong, X. Ji, J.-H. Zhang and Y. Zhao, One-loop matching for parton distributions:
Nonsinglet case, Phys. Rev. D90, p. 014051 (2014).
10. C. Alexandrou, K. Cichy, M. Constantinou, K. Hadjiyiannakou, K. Jansen,
H. Panagopoulos and F. Steffens, A complete non-perturbative renormalization pre-
scription for quasi-PDFs, Nucl. Phys. B923, 394 (2017).
11. J.-W. Chen, T. Ishikawa, L. Jin, H.-W. Lin, Y.-B. Yang, J.-H. Zhang and Y. Zhao,
Parton distribution function with nonperturbative renormalization from lattice QCD,
Phys. Rev. D97, p. 014505 (2018).
12. M. Constantinou and H. Panagopoulos, Perturbative renormalization of quasi-parton
distribution functions, Phys. Rev. D96, p. 054506 (2017).
13. I. W. Stewart and Y. Zhao, Matching the quasiparton distribution in a momentum
subtraction scheme, Phys. Rev. D97, p. 054512 (2018).
14. Y.-S. Liu, J.-W. Chen, L. Jin, H.-W. Lin, Y.-B. Yang, J.-H. Zhang and Y. Zhao, Unpo-
larized quark distribution from lattice QCD: A systematic analysis of renormalization
and matching (2018).
15. X. Ji, A. Schfer, X. Xiong and J.-H. Zhang, One-Loop Matching for Generalized
Parton Distributions, Phys. Rev. D92, p. 014039 (2015).
16. X. Xiong and J.-H. Zhang, One-loop matching for transversity generalized parton
distribution, Phys. Rev. D92, p. 054037 (2015).
17. Y.-S. Liu, W. Wang, J. Xu, Q.-A. Zhang, J.-H. Zhang, S. Zhao and Y. Zhao, Matching
Quasi Generalized Parton Distributions in the RI/MOM scheme (2019).
18. J. Green, K. Jansen and F. Steffens, Nonperturbative Renormalization of Nonlocal
Quark Bilinears for Parton Quasidistribution Functions on the Lattice Using an Aux-
iliary Field, Phys. Rev. Lett. 121, p. 022004 (2018).
19. J.-W. Chen, T. Ishikawa, L. Jin, H.-W. Lin, Y.-B. Yang, J.-H. Zhang and Y. Zhao,
Symmetry Properties of Nonlocal Quark Bilinear Operators on a Lattice (2017).
May 13, 2020 1:25 ws-procs961x669 WSPC Proceedings - 9.61in x 6.69in book page 45
45
20. V. Braun and D. Mueller, Exclusive processes in position space and the pion distri-
bution amplitude, Eur. Phys. J. C55, 349 (2008).
21. V. M. Braun, G. P. Korchemsky and D. Mueller, The Uses of conformal symmetry in
QCD, Prog. Part. Nucl. Phys. 51, 311 (2003).
22. D. Mueller, Conformal constraints and the evolution of the nonsinglet meson distri-
bution amplitude, Phys. Rev. D49, 2525 (1994).
23. D. Mller, D. Robaschik, B. Geyer, F. M. Dittes and J. Ho?eji, Wave functions, evolu-
tion equations and evolution kernels from light ray operators of QCD, Fortsch. Phys.
42, 101 (1994).
24. X.-D. Ji, Deeply virtual Compton scattering, Phys. Rev. D55, 7114 (1997).
25. J.-H. Zhang, J.-W. Chen, X. Ji, L. Jin and H.-W. Lin, Pion Distribution Amplitude
from Lattice QCD, Phys. Rev. D95, p. 094514 (2017).
26. J. Xu, Q.-A. Zhang and S. Zhao, Light-cone distribution amplitudes of vector meson
in a large momentum effective theory, Phys. Rev. D97, p. 114026 (2018).
27. Y.-S. Liu, W. Wang, J. Xu, Q.-A. Zhang, S. Zhao and Y. Zhao, Matching the Quasi
Meson Distribution Amplitude in RI/MOM scheme (2018).
28. Y.-S. Liu, J.-W. Chen, L. Jin, R. Li, H.-W. Lin, Y.-B. Yang, J.-H. Zhang and
Y. Zhao, Nucleon Transversity Distribution at the Physical Pion Mass from Lattice
QCD (2018).
May 13, 2020 1:25 ws-procs961x669 WSPC Proceedings - 9.61in x 6.69in book page 46
46
Nuclear shadowing in exclusive processes
Vadim Guzey∗
National Research Center “Kurchatov Institute”, Petersburg Nuclear Physics Institute (PNPI),
Gatchina, 188300, Russia
Department of Physics, University of Jyva¨skyla¨, P.O. Box 35, 40014 University of Jyva¨skyla¨,
Finland
Helsinki Institute of Physics, P.O. Box 64, 00014 University of Helsinki, Finland
1E-mail: guzey va@pnpi.nrcki.ru
Department of Physics, University of Jyva¨skyla¨, P.O. Box 35, 40014 University of Jyva¨skyla¨,
Finland
We show that exclusive photoproduction of J/ψ in ultraperipheral collisions of heavy
ions at the LHC constrains the nuclear gluon density at small x and gives evidence of
large nuclear gluon shadowing.
Keywords: Nuclear parton distributions, nuclear shadowing, heavy-ion ultraperipheral
collisions, exclusive J/ψ photoproduction.
1. Introduction
Nuclear parton distribution functions (nPDFs) are fundamental quantities of QCD,
which describe quark and gluon distributions in nuclei as a function of the light-cone
momentum fraction x at a resolution scale µ. These distributions quantify so-called
cold nuclear matter effects (deviations of nPDFs from the sum of free proton and
neutron PDFs) and are also needed for quantitative estimates of the onset of the
gluon saturation, which are essential for phenomenology of hard processes with
nuclei at the Relativistic Heavy Ion Collider (RHIC), the Large Hadron Collider
(LHC), and the future Electron-Ion Collider (EIC), the Future Circular Collider
(FCC), and the Large Hadron-Electron Collider (LHeC).
Within the framework of the QCD collinear factorization, nPDFs are determined
using available data on lepton deep inelastic scattering (DIS) on fixed nuclear tar-
gets and selected hard processes in deuteron-nucleus scattering at RHIC (inclusive
pion production) and proton-nucleus scattering at the LHC (gauge boson and dijet
production). Unfortunately, it does not constrain well nPDFs, which as a result
are known with large uncertainties.1–7 This is especially acute for small x, where
nPDFs are expected to be suppressed due to nuclear shadowing. The improvement
in the determination of nPDFs using the LHC Run 2 data is rather modest.8,9 In
the future, nPDFs – especially the poorly known gluon density – will be constrained
very well at an EIC taking advantage of its wide kinematic coverage and measure-
ments of the longitudinal FAL (x,Q
2) and the charm F c2 (x,Q
2) nuclear structure
functions.10
Another possibility to constrain nPDFs at small x is provided by ultraperipheral
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collisions (UPCs) of heavy ions at the LHC, which give an opportunity to study
real photon-nucleus scattering at unprecedentedly high energies.11. In particular,
coherent photoproduction of J/ψ on nuclei directly probes the nuclear gluon den-
sity.12–14 In the remainder of this contribution, we explain how this process can be
used to obtain new constraints on the nuclear gluon density at small x.
2. Gluon nuclear shadowing from coherent J/ψ photoproduction
on nuclei
In UPCs heavy ions interact at large impact parameters b 2RA (RA is the effective
radius of colliding nuclei) so that the strong interaction is suppressed and the in-
teraction proceeds via the exchange of quasi-real photons (the Weizsa¨cker-Williams
method of equivalent photons). The cross section of coherent J/ψ photoproduction
in UPCs of ions A reads
dσAA→AAJ/ψ(y)
dy
= Nγ/A(y)σγA→J/ψA(y) +Nγ/A(−y)σγA→J/ψA(−y) , (1)
where Nγ/A(y) is the photon flux known from QED; σγA→J/ψA is the photopro-
duction cross section; y = ln[W 2γp/(2γLmNMJ/ψ)] is the J/ψ rapidity; Wγp is the
invariant photon-nucleon energy. Since each ion can serve as a source of photons
and as a target, there are two terms in Eq. (1) corresponding to contributions of
high-energy and low-energy photons, respectively.
In the leading logarithmic approximation (LLA) of perturbative QCD and the
non-relativistic (static) approximation for the charmonium wave function, the cross
section of exclusive J/ψ photoproduction is proportional to the gluon density
squared.12 Applying this to the nuclear target, one obtains13,14
σγA→J/ψA(Wγp) = κ2A/N
dσγp→J/ψp(Wγp, t = 0)
dt
[
gA(x, µ
2)
AgN (x, µ2)
]2
ΦA(t) , (2)
where gA(x, µ
2) and gN (x, µ
2) are the nucleus and nucleon gluon densities, respec-
tively; x = M2J/ψ/W
2
γp; dσγp→J/ψp/dt is the cross section on the proton, which has
been measured in the relevant kinematics at HERA and by the LHCb collabora-
tion; ΦA(t) =
∫
dt|FA(t)|2 is calculated using the nuclear form factor FA(t); the
parameter κA/N = 0.9− 0.95 corrects for the effect of skewness, see the discussion
in Sec. 3. It is useful to define the nuclear suppression factor of SPb,
SPb(Wγp) =
[
σγA→J/ψA(Wγp)
σIAγA→J/ψA(Wγp)
]1/2
= κA/N
gA(x, µ
2)
AgN (x, µ2)
, (3)
where σIAγA→J/ψA is the cross section calculated in the impulse approximation,
which implies no nuclear modifications of nPDFs. The left-hand side of Eq. (3)
can be evaluated model-independently using the LHC UPC data and parametriza-
tions of dσγp→J/ψp(Wγp, t = 0)/dt and FA(t); the gluon shadowing ratio Rg =
gA(x, µ
2)/[AgN (x, µ
2)] in the right-hand side of Eq. (3) is predicted by global QCD
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Fig. 1. The nuclear suppression factor of SPb for coherent J/ψ photoproduction in Pb-Pb UPCs
at 2.76 TeV: the values extracted from the ALICE and CMS data vs. predictions of global QCD
fits of nPDFs and the leading twist nuclear shadowing model, see Ref. 14 for details.
fits of nPDFs and the leading twist model of nuclear shadowing15. Figure 1 shows
the comparison of values of SPb extracted from the ALICE and CMS data with the
theoretical predictions, see Ref. 14 for details. As one can see from the figure, the
good agreement with ALICE and CMS data on coherent J/ψ photoproduction in
Pb-Pb UPCs at 2.76 TeV gives direct evidence of large gluon nuclear shadowing,
Rg(x = 0.001, µ
2 = 3 GeV2) ≈ 0.6.
3. Discussion and conclusions
There has been a wealth of theoretical investigations of exclusive J/ψ photoproduc-
tion in pQCD with the aim to go beyond the LLA used in Ref. 12. To stay within the
collinear factorization framework, we note the recent next-to-leading order (NLO)
calculation in the framework of generalized parton distributions (GPDs).16,17 Not
only NLO corrections were found to be very large at small x, but also GPDs in
general differ from PDFs. Hence, it remains a challenge to rigorously employ the
UPC data on exclusive J/ψ photoproduction on nuclei in global fits on nPDFs. In
our analysis, we used a model-dependent connection between the gluon GPD and
the usual gluon density, which resulted in the factor of κA/N in Eqs. (2) and (3).
At the same time, photoproduction of dijets in UPCs probes nPDFs directly, but at
significantly higher values of the resolution scale, where nuclear modifications are
smaller.18,19
In conclusion, exclusive photoproduction of charmonia and inclusive photopro-
duction of dijets in heavy-ion UPCs give an excellent opportunity to constrain
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nPDFs at small x in the nuclear shadowing region.
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A general QCD light front formalism to compute many-body color charge correlation
functions due to quarks in the proton was constructed1. These enable new studies
of color charge distributions in the nucleon. The analogies between such correlation
functions to electric and magnetization charge densities in the proton and also to nucleon-
nucleon correlations in the nucleus are discussed. Including the color charge correlations
leads naturally to the removal of infrared divergences that occurs in two- and three-gluon
exchange interactions in qq¯-proton scattering. Extensions to include gluonic color charge
correlations are discussed.
Keywords: Electric charge density, magnetization density, color charge density
1. Introduction
This talk is concerned with a basic question: Where is the color charge located in
a nucleon, or in a nucleus? A related question: Is the color charge distribution the
same as the charge distribution? We know that this cannot be the case because the
integral of the color charge density must vanish because of color neutrality. Instead
one must be concerned with matrix elements of powers of the color charge density
operators such as ρ2 and ρ3. Thus moments must be constructed and understood.
This talk is a new way of looking at nucleon and nuclear structure. The formalism1
can be thought of as an extension of the Mclerran-Venugopalan (MV) model for
relativistic heavy ion physics2–4 to nucleon structure.
2. Electromagnetic Charge Densities and Correlations
I set the stage by discussing electromagnetic charge densities within the light-front
formalism5–8. The electromagnetic current density is given by Jµ =
∑
q eq q¯γ
µq
where q represents the quark flavor. One forms the current density from the J+
operator acting in an eigenstate of transverse position R:
ρ∞(x−,b) = 〈p+,R, λ|
∑
q
eqq
†
+(x
−,b)q+(x−,b)|p+,R, λ〉, (1)
where the longitudinal (transverse) spatial coordinates are x− ∝ (t − z) (b), and
q+ ∝ γ0γ+q is the independent quark-field operator. The value of p+ must be very
large because of the inherent sum over all of the proton’s transverse momenta. The
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transverse density can then be constructed from the Dirac form factor F1 as:
ρ(b) =
∫
dx−ρ∞(x−,b) =
∫
QdQ
2pi
F1(Q
2)J0(Qb). (2)
Results are shown in the cited references and in the talk posted on the INT website
http://www.int.washington.edu/talks/WorkShops/int−18−3.
Another question can be asked: given a u-quark at a position (x−,b), what is
the probability P (∆x−,∆b) that a d-quark is a distance (∆x−,∆b) away? This
given by
P (∆x−,∆b) = 〈p+R, λ|
∫
dx−d2bρu(x−,b)ρd(x− + ∆x−,b + ∆b)|p+Rλ〉 (3)
where ρq(x
−,b) ≡ eqq†+(x−,b)q+(x−, r⊥). This represents a correlation function,
the matrix-element of a two-quark operator that enters in the evaluation of the
two-photon-exchange matrix element. The matrix element of Eq.(3) is analogous
to the short-ranged nucleon-nucleon correlations that are now under investigation.
See e.g.9,10. Interactions between high energy particles and the proton are governed
by two-gluon exchanges, so that probing quark-quark correlations might be easier
than with two-photon exchanges.
3. Color Charge Density Operator
The color charge density operator is given by
ρa(x) = ψ¯i,f (x) γ
+ ψj,f (x)(t
a)ij + gluon terms, (4)
where a is the color index and ta, a = 1− 8 are the generators of the fundamental
representation of color-SU(3) normalized as tr tatb = δab/2. The interesting matrix
elements in the proton are 〈 |ρa(x)|〉, 〈 |ρa(x)ρb(y)|〉, 〈 |ρa(x)ρb(y)ρc(y)|〉. The use of
moments of the color charge density originated in the MV model, which shows how
observables may be computed in terms of moments of ρa.
A few details are presented. When using light-front dynamics, quark-fields at
x+ = 0 are expanded in terms of creation and destruction operators. The present
evaluation ignores the presence of anti-quarks in the proton. Then using r = (x−,b)
ρa(r) = 2P+
∑
λ,λ′
∫
dxqd
2q
16pi3
√
xq
b†q,i,λe
iq·r
∫
dxpd
2p
16pi3
√
xp
bp,j,λ′e
−ip·r (ta)ij δλλ′ . (5)
It is interesting to evaluate this operator in the infinite momentum frame (IMF),
P+ → ∞. Then, the expression limP+→∞ P+ei(xq−xp)P+r− appears. Taking the
limit carefully1, we found that ρa contains a factor 2piδ(xp−xq)δ(r−). Thus in the
IMF the color-charge-density operator takes on the characteristics of a very thin
disk. In particular, the color charge per unit area is given by matrix elements of
ρa(x−,b) = δ(x−)
∫
d2k
(2pi)2
eik·b
∫ ∞
0
dq+
q+
∫
d2q
16pi3
∑
λ
b†
xq,~q−~k,i,λ bxq,~q,j,λ (t
a)ij .(6)
May 13, 2020 1:25 ws-procs961x669 WSPC Proceedings - 9.61in x 6.69in book page 52
52
The two-dimensional Fourier transform ρa(x−,~k⊥) is used also. The notation
〈O 〉K⊥ =
〈
P+, ~K⊥
∣∣∣O ∣∣∣P+, ~P⊥ = 0〉
〈K|P 〉 (7)
is used in the following.
4. Color Charge Correlations
Evaluations were made using light front wave functions for a 3-quark Fock state1.
The first result is that 〈ρa(x−,b)〉K⊥ = 0 as expected for a color singlet. But the
obvious result raises a question. Consider the matrix element of ρa for a Fock space
component of proton: |3q,G〉. Would the matrix element still vanish? The sum of
quark and gluon densities must vanish, so any non-zero contribution to the color
charge density from the quarks would be cancelled by the contribution from the
gluons. That it is highly likely that 〈3q,G|ρa(x−,b)|3q,G〉 would not vanish can be
seen immediately by considering color SU(2). In this case, the situation is analogous
to that of the nucleon’s pion cloud, which gives the neutron a non-vanishing charge
density even though the total charge is zero11.
The next step was to evaluate the two-quark color charge density: 〈 ρ˜a( ~K⊥ −
~k⊥) ρ˜b(~k⊥) 〉K⊥ = 12 δab(G1( ~K⊥) − G2(~k, ~K⊥)) ≡ 12 δabG(~k⊥,K⊥). The first term
occurs when both density operators act on the same quark, and the second occurs
when the action is on two different quarks. The limit of forward scattering is
~K⊥ = 0 and then G(~k, 0) = 1−G2(~k, 0). Note that taking k⊥ = 0 yields G(0, 0) = 0,
a consequence of color neutrality, necessary to suppress infrared divergences that
would come from gluon propagators.
A simple three-quark wave function12 was used to evaluate G(~k, 0). The result
is shown in Fig. 1.
� � � � �
���
���
���
���
���
G(k, 0)
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Fig. 1. G(~k, 0). Cancellation at k = 0 is needed to prevent infrared divergences from appearing.
Space limitations prevent me from saying much more, but it’s all included in1.
See also13 for an interesting application of the formalism.
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5. Summary
Ref.1 provides a new way of looking at proton structure that involves using mo-
ments of the color charge density operator. Quadratic and cubic correlation func-
tions in the proton have been constructed for 3-quark light-front wave functions.
The formalism is general so that evaluations can be made for more complicated
wave functions. The quadratic correlator (ρaρb) corresponds to Pomeron exchange,
and the cubic correlator (ρaρbρc) corresponds to Odderon exchange. The present
formalism complements the standard GPD formalism.
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Model Calculations of Euclidean Correlators
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Studying light-cone parton distribution functions (PDFs) through Euclidean correlators
in lattice QCD is currently a very active field of research. In particular, the parton
quasi-distributions (quasi-PDFs) have attracted a lot of attention. Quasi-PDFs converge
to their respective standard distributions in the limit of infinite hadron momentum.
We explore the quasi-distribution approach for twist-2 generalized parton distributions
(GPDs) in a frequently used diquark spectator model. Our main focus is to test how
well the quasi-distributions agree with their light-cone counterparts for finite hadron
momenta. We also discuss model-independent results for moments of quasi-distributions.
Keywords: Euclidean parton correlators; quasi-PDFs; quasi-GPDs; spectator models
1. Introduction
Quasi-PDFs put forward by Ji1 are at the forefront of numerical calculations of the
partonic structure of strongly interacting systems. They are defined through spatial
(Euclidean) correlation functions and thus are directly calculable in lattice QCD. We
have investigated this new approach by calculating (eight) twist-2 GPDs in a scalar
diquark model (SDM)2,3. In this short write-up of the talk, we mainly concentrate
on the unpolarized quasi-GPD HQ which corresponds to the standard GPD H.
All the numerical features discussed subsequently are robust and not specific to
this distribution function. Related model calculations of Euclidean correlators are
available as well4–10.
2. Quasi-GPDs: Definition and Analytical Results
Quasi-GPDs are defined through an equal-time spatial correlation function1,2,
1
2
∫
dz3
2pi
eik·z〈p′, λ′|ψ¯
(
− z2
)
ΓWQ
(
− z
2
,
z
2
)
ψ
(z
2
)
|p, λ〉
∣∣∣∣
z0=0,~z⊥=~0⊥
, (1)
whereWQ denotes a Wilson line. The unpolarized quasi-GPDs HQ(0/3) and EQ(0/3)
are defined through the choice Γ = γ0/3. More details on the definition of quasi-
GPDs can be found elsewhere2,3. Quasi-GPDs are functions of four kinematical
variables: the average parton momentum fraction x = k
3
P 3 , the (standard) skewness
ξ, t = (p − p′)2 (or the transverse momentum transfer |~∆⊥|), and the average z-
component of the hadron momentum P 3. Note that x differs from k
+
P+ that appears
for light-cone GPDs. The support for the quasi-GPDs is given by −∞ < x < ∞.
We also use the quantity δ =
√
1 + M
2−t/4
(P 3)2 (with M denoting the hadron mass),
which shows up in the relation P 0 = δP 3.
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Fig. 1. Left panel: Quasi-PDF f1,Q(0) as a function of x for different values of P
3. The black
curve represents the light-cone PDF f1. Right panel: Relative difference between f1,Q(0) and f1
as a function of x for different values of P 3.
We now consider quasi-GPDs in the scalar diquark model (SDM), whose main
parameters are the nucleon-quark-diquark coupling g, the quark mass mq, and the
diquark mass ms. Here we quote the analytical result for the quasi-GPD HQ
2,3,
HQ(0)(x, ξ, t;P
3) =
i g2P 3
(2pi)4
∫
dk0 d2~k⊥
NH(0)
DGPD
, (2)
where the numerator reads
NH(0) = δ(k
0)2 − 2
P 3
[
x(P 3)2 −mqM − x t
4
− 1
2
δξt
~k⊥ · ~∆⊥
~∆2⊥
]
k0
+ δ
[
x2(P 3)2 + ~k2⊥ +m
2
q + (1− 2x)
t
4
− δξt
~k⊥ · ~∆⊥
~∆2⊥
]
. (3)
When performing
∫
dk0 via contour integration, one can verify that the position of
the k0-poles never switch half planes. This implies that the quasi-GPDs are contin-
uous functions of x, which differs from light-cone GPDs which can be discontinuous
at the cross-over points x = ± ξ 11. Also, we have verified the consistency check
that all quasi-GPDs reduce to the corresponding light-cone GPDs for P 3 →∞.
3. Numerical Results in Scalar Diquark Model
Our numerical results are largely insensitive to variations of the model parame-
ters2,3. We first discuss the unpolarized quasi-PDF f1,Q(0), which is the forward
limit of HQ(0) — see Fig. 1. For larger values of P
3, there is a good agreement
between quasi and light-cone PDF over a wide range of x. However, considerable
discrepancies appear as x → 0 and x → 1. The discrepancies around x = 0 can
be expected2. The relative difference Rf1(0)(x;P
3) =
f1(x)−f1,Q(0)(x;P 3)
f1(x)
in Fig. 1
better illustrates, in particular, the discrepancies at large x, which are partly due to
the mismatch between the parton momentum fractions appearing in the light-cone
PDFs and the quasi-PDFs3.
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Fig. 2. Left panel: Quasi-GPD HQ(0) as a function of x for ξ = 0.1 and different values of P
3.
The limits of the ERBL region are indicated by vertical dashed lines. Right panel: HQ(0) as
a function of x in the ERBL region for different values of P 3 and for ξ = 0.01. Black curves
represents the light-cone GPD H.
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Fig. 3. Left panel: Comparison of the skewness variables ξ , ξ˜3 and ξ˜0 for P 3 = 2 GeV and
|~∆⊥| = 0 GeV. Right panel: Relative difference between HQ(0) and H for three different definitions
of the skewness variable.
The quasi-GPD HQ(0) for ξ = 0.1 is shown in Fig. 2. Generally, we have explored
the range 0.01 ≤ ξ ≤ 0.4. The convergence problem at large x persists for all the
quasi-GPDs. There is a tendency of the discrepancies at large x to increase when
ξ gets larger, where the significance of this feature depends on the GPD under
consideration2,3. In Fig. 2 we also show HQ(0) for just the ERBL region for ξ = 0.4.
For large ξ, we observe a good agreement between quasi-GPDs and the light-cone
GPDs for a large fraction of the ERBL region. This outcome suggests that lattice
calculations could provide very valuable information in the ERBL region. On the
other hand, for small ξ one finds significant deviations between the quasi-GPDs and
the light-cone GPDs in the ERBL region2,3. So far we have used the same skewness
variable ξ for the light-cone GPDs and the quasi-GPDs. But for the quasi-GPDs
one could also consider the “quasi-skewness” variables ξ˜3 = − ∆32P 3 and ξ˜0 = − ∆
0
2P 0 .
Though they differ from ξ by a higher-twist effect, the numerical difference can be
large as shown in Fig. 3. As also shown in Fig. 3, ignoring the higher-twist effect
and using ξ˜3 leads to a better convergence of HQ(0) for most of the DGLAP region.
The same holds for most (spin-dependent) quasi-GPDs though not all2,3.
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4. Moments of Quasi-Distributions
It is instructive to consider Mellin moments of quasi-GPDs. Including a flavor index
‘q’ one finds the model-independent relation3
1∫
−1
dxHq(x, ξ, t)=
∞∫
−∞
dx
1
δ
HqQ(0)(x, ξ, t;P
3)=
∞∫
−∞
dxHqQ(3)(x, ξ, t;P
3)=F q1 (t) , (4)
where F1 is the Dirac form factor. It is remarkable that the P
3-dependence of
HQ drops out in the lowest moment. However, one must divide HQ(0) by the fac-
tor δ in order to arrive at this result. Similar considerations apply for the other
quasi-GPDs, where the need of properly including the factor δ has been over-
looked in most of the previous papers on quasi-distributions3. For the second
moment of the quasi-GPDs we find, in close analogy to the celebrated expression
1∫
−1
dxx
(
Hq(x, ξ, t) + Eq(x, ξ, t)
)
= Aq(t) + Bq(t) where Aq(0) + Bq(0) = Jq is the
total angular momentum for the quark flavor ‘q’,
∞∫
−∞
dxx
(
HqQ(3)(x, ξ, t;P
3) + EqQ(3)(x, ξ, t;P
3)
)
= Aq(t) +Bq(t) . (5)
The second moment of HQ(3) + EQ(3) is therefore directly related to the angular
momentum of quarks, while the corresponding relation for HQ(0) + EQ(0) contains
in addition a higher-twist contributions3. Generally, the model-independent ex-
pressions for the moments of the quasi-distributions may be useful for studying the
systematic uncertainties of results from lattice QCD, especially due to the fact that
the P 3-dependence of the moments is either computable or nonexistent.
Acknowledgments
This work has been supported by the National Science Foundation under grant
number PHY-1812359, and by the U.S. Department of Energy, Office of Science,
Office of Nuclear Physics, within the framework of the TMD Topical Collaboration.
References
1. X. Ji, Phys. Rev. Lett. 110, 262002 (2013).
2. S. Bhattacharya, C. Cocuzza and A. Metz, Phys. Lett. B 788, 453 (2019).
3. S. Bhattacharya, C. Cocuzza and A. Metz, arXiv:1903.05721 [hep-ph].
4. L. Gamberg, Z. B. Kang, I. Vitev and H. Xing, Phys. Lett. B 743, 112 (2015).
5. A. Bacchetta, M. Radici, B. Pasquini and X. Xiong, Phys. Rev. D 95, 014036 (2017).
6. S. i. Nam, Mod. Phys. Lett. A 32, 1750218 (2017).
7. W. Broniowski and E. Ruiz Arriola, Phys. Lett. B 773, 385 (2017).
8. T. J. Hobbs, Phys. Rev. D 97, 054028 (2018).
9. W. Broniowski and E. Ruiz Arriola, Phys. Rev. D 97, 034031 (2018).
10. S. S. Xu, L. Chang, C. D. Roberts and H. S. Zong, Phys. Rev. D 97, 094014 (2018).
11. F. Aslan et al, Phys. Rev. D 98, 014038 (2018).
May 13, 2020 1:25 ws-procs961x669 WSPC Proceedings - 9.61in x 6.69in book page 58
58
Experimental Investigations of Hadron Structure
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Pions and kaons occupy a special role in nature and thus have a central role in our
current description of nucleon and nuclear structure. The pion is the lightest quark
system, with a single valence quark and a single valence antiquark. It is also the particle
responsible for the long range character of the strong interaction that binds the atomic
nucleus together. A general belief is that the rules governing the strong interaction are
left-right, i.e. chirally, symmetric. If this were true, the pion would have no mass. The
chiral symmetry of massless Quantum Chromodynamics (QCD) is broken dynamically
by quark-gluon interactions and explicitly by inclusion of light quark masses, giving
the pion and kaon mass. The pion and kaon are thus seen as the key to confirm the
mechanism that dynamically generates nearly all of the mass of hadrons and central to
the effort to understand hadron structure.
1. Introduction
This talk is based on References1,2 and focused on measurements using the Sullivan
process and includes the current status, upcoming measurements at the 12 GeV
Jefferson Lab, and future prospects at the Electron-Ion Collider. Specific measure-
ments discussed are those of the pion and kaon form factors, as well as pion and
kaon parton distribution functions and pion generalized distribution functions.
2. Role of the proton’s pion cloud
The electron deep-inelastic-scattering off the meson cloud of a nucleon target is
called the Sullivan process. The Sullivan process can provide reliable access to a
meson target as t becomes space-like if the pole associated with the ground-state
meson (t-pole) remains the dominant feature of the process and the structure of the
related correlation evolves slowly and smoothly with virtuality. The experiments
will provide data covering a range in −t, particularly low −t, to check if these condi-
tions are satisfied empirically, and compare with phenomenological and theoretical
expectations. Theoretically, a recent calculation3 explored the circumstances under
which these conditions should be satisfied and found to −t=0.6 GeV2,all changes in
pion structure are modest so that a well-constrained experimental analysis should be
reliable. Similar analyses for the kaon indicate that Sullivan processes can provide
a valid kaon target for −t ≤ 0.9 GeV2.
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3. Pion and Kaon Form Factors
The elastic electromagnetic form factors of the charged pion and kaon, Fpi(Q
2) and
FK(Q
2), are a rich source of insights into basic features of hadron structure, such as
the roles played by confinement and DCSB in fixing the hadron’s size, determining
its mass, and defining the transition from the strong- to perturbative-QCD domains.
Studies during the last decade, based on JLab 6-GeV measurements, have gen-
erated confidence in the reliability of pion electroproduction as a tool for pion form
factor extractions. Measurements in Hall C4 confirmed that with a photon virtual-
ity of 2.45 GeV2, one is still far from the resolution region where the pion behaves
like a simple quark/anti-quark pair, i.e. far from the asymptotic limit. However,
this perception is based on the assumption that the asymptotic form of the pi-
ons valence quark parton distribution amplitude (PDA) is valid at Q2=2.45 GeV2.
Modern calculations show that this discrepancy could be explained by using a pion
valence quark PDA evaluated at a scale appropriate to the experiment. Confirming
these calculations empirically would be a great step towards our understanding of
QCD.
Forthcoming measurements at the 12-GeV JLab5 taking advantage of the new
SHMS system and particle identification detectors6 will deliver pion form factor
data to Q2=6.0 GeV2 with high precision, and to 8.5 GeV2 with somewhat larger
experimental and theoretical uncertainties. Extractions of the kaon form factor may
be possible up to Q2=5.5 GeV2 from completed 12-GeV experiment E12-09-0117.
The Electron-Ion Collider provides the facilities to extend measurements of the
pion form factor even further probing deep into the region where Fpi(Q
2) exhibits
strong sensitivity to both emergent mass generation via DCSB and the evolution
of this effect with scale. Shown in Fig. 1 projected EIC pion form factor data as
extracted from a combination of electron-proton and electron-deuteron scattering,
each with an integrated luminosity of 20 fb−1 – black stars with error bars. Also
shown are projected JLab 12-GeV data from a Rosenbluth-separation technique –
orange diamonds and green triangle. The long-dashed green curve is a monopole
form factor whose scale is determined by the pion radius.
4. Validation of the exclusive reaction mechanism
To validate the meson factorisation theorems and potentially extract flavour sepa-
rated GPDs from experiment, one has measure the separated longitudinal (L) and
transverse (T) cross sections and their t and Q2 dependencies. Only L/T separated
cross sections can unambigously show the dominance of longitudinal or transverse
photons and allow one to determine possible correlations in t and Q2. The onset of
factorisation for light mesons may be expected earlier than for heavier ones. Recent
calculations predict the onset for pions and kaons in the 5-10 GeV2 regime, a region
accessible with 12 GeV JLab experiments5,7. Experiment E12-19-0065 will provide
essential constraints on Generalized Parton Distributions (GPDs) central to the 12
GeV program. If σT is confirmed to be large, it could subsequently allow for a
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detailed investigation of transversity GPDs. If, on the other hand, σL is measured
to be larger than expected, this would allow for probing the usual GPDs. Fur-
thermore, the Neutral Particle Spectrometer9 will allow for precision (coincidence)
cross section measurements of neutral particles (γ and pi0)10.
5. Pion and Kaon PDFs
The mass of the pion is roughly 140 MeV, of the kaon 493 MeV, and of the proton
939 MeV. In the chiral limit, the mass of the proton is entirely given by the trace
anomaly in QCD. The mass of the pion has, in this same limit, either no contribution
at all from the trace anomaly or, more likely, a cancellation of terms occurs in order
to ensure the pion is massless. Beyond the chiral limit, a decomposition of the proton
mass budget has been suggested, expressing contributions from quark and gluon
energy and quark masses. With the various quark (flavor) and gluon distributions
in the proton reasonably well known, the largest uncertainty here lies with the
trace anomaly contribution. For the pion, further guidance on the magnitude of
quark and gluon energy can, as for the proton, be determined from measurements
of the pion and kaon structure functions, with resulting constraints on quark and
gluon PDFs, over a large range of xpi and momentum-transfer squared, Q
2. This is
accessible for the EIC, roughly covering down to xpi = 10
−3 at Q2 = 1 GeV2 and
up to xpi = 1 at Q
2 = 1000 GeV2.
The projected brightness for a high-luminosity EIC is nearly three
orders-of-magnitude above that of HERA, 1034 e-nucleons/cm2/s versus 1031 e-
nucleons/cm2/s, with an acceptance essentially covering the full forward region.
With a suitable detector configuration, access to high xpi (→ 1) will be possi-
ble, allowing overlap with fixed-target experiments11–13. Overlap with Drell-Yan
measurements such as those proposed for the CERN M2 beam line by the COM-
PASS++/AMBER collaboration will settle the unknown pion flux factor associated
with the Sullivan process measurements. A sample EIC extraction of valence quark,
sea quark and gluon PDFs in the pion, at a scale Q2 = 10 GeV2 is shown in Fig. 1.
The extraction is done with the following assumptions on PDFs: the u PDF equals
the d¯ PDF in the pion and the u¯ PDF is the same as the other sea quark PDFs
(d, s and s¯). The extraction at xpi < 10
−2, at this Q2 scale, is constrained by the
existing HERA data.
Kaon structure was not studied at HERA; but the ratio of kaon structure func-
tion (under the condition of a Λ detection) to the proton structure function at small
−t is similar to that for the pion Sullivan process (∼ 10−3). Hence, one would antic-
ipate both pion and kaon structure function measurements as functions of (t, x,Q2)
at a high-luminosity (1034 or more) EIC to be of similar statistical precision as
the well-known, textbook HERA proton F2 structure function measurements. One
should therefore be able to constrain the gluon distributions in the pion and kaon.
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Fig. 1. Projections for pion form factor (left) and structure function (right) measurements at
JLab and EIC.
6. Summary
A striking feature of the strong interaction is its emergent 1-GeV mass-scale, as ex-
hibited in the masses of protons, neutrons and numerous other everyday hadronic
bound states. In sharp contrast, the energy associated with the gluons and quarks
confined inside the strong interaction’s Nambu-Goldstone bosons, such as the pion
and kaon, is not so readily apparent. Pion and kaon structure can be measured
at JLab 12 GeV and EIC through the Sullivan process, which necessarily means
mesons are accessed off-shell. Nevertheless, recent experimental and phenomeno-
logical work strongly indicates that, under certain achievable kinematic conditions,
the Sullivan process provides reliable access to a true meson target. JLab 12 GeV
will dramatically improve the pion and kaon electroproduction data set making pos-
sible the extraction of meson form factors and the interpretation of 12 GeV JLab
GPD data. The planned Electron-Ion Collider provides unique opportunities to
map pion and kaon structure over a wide kinematic range. Measurement of pion
and kaon structure functions and their generalized parton distributions will render
insights into quark and gluon energy contributions to hadron masses. Measurement
of the charged-pion form factor up to Q2 ≈ 35 GeV2, which can be quantitatively
related to emergent-mass acquisition from dynamical chiral symmetry breaking.
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We discuss the leading-twist quark Wigner distributions in the nucleon, both in the
T-even and T-odd sectors, considering all the possible configurations of the quark and
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distribution in the transverse phase space, providing a transparent interpretation of the
spin-spin and spin-orbit correlations of quarks and nucleons encoded in these functions.
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1. Wigner functions: definition and properties
The concept of Wigner distributions has been borrowed from quantum mechan-
ics to study the partonic structure of the nucleon in the phase-space. The six
dimensional version of these phase-space distributions has been discussed for the
first time in Refs.1,2, using a definition in the Breit frame whose physical inter-
pretation is plagued by relativistic corrections. To avoid this problem, one can
use the light-front formalism by integrating over the longitudinal spatial dimension
and then introduce five-dimensional phase-space distributions3, which depend on
two position and three momentum coordinates. In this case the Wigner distribu-
tions appear as the two-dimensional Fourier transforms of generalized transverse
momentum dependent parton distributions (GTMDs)4–6, which reduce to gener-
alized parton distributions (GPDs) and transverse momentum dependent parton
distributions (TMDs) in particular limits. However, the GTMDs contain richer
physics than TMDs and GPDs combined, as they carry information about the cor-
relations between the quark momentum (x,kT ) and transverse space position bT ,
which cannot be accessed by separately studying TMDs or GPDs. Currently, the
best hope to access the GTMDs is for the gluon contribution in the low-x 7–11 and
intermediate-x12 regimes, while a single process has been identified sofar for the
quark sector13.
The quark GTMD correlator is defined as4,6
W abΛ′Λ ≡
∫
dk−
∫
d4z
(2pi)4
eik·z 〈P + ∆2 ,Λ′|ψb(− z2 )W ψa( z2 )|P − ∆2 ,Λ〉|z+=0, (1)
where W is an appropriate Wilson line ensuring color gauge invariance, k is the
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quark average four-momentum conjugate to the quark field separation z, and |p,Λ〉
is the spin-1/2 target state with four-momentum p and light-front helicity Λ. A
proper definition of the GTMDs should include also a soft-factor contribution14.
However, it is not relevant for the following multipole analysis.
We choose to work in the symmetric frame defined by Pµ = p
′µ+pµ
2 =
[P+, P−,0T ]. At leading twist and for a spin 1/2 target, one can interpret
WSSq =
1
8
∑
Λ′,Λ
(1+ S · σ)ΛΛ′ Tr[WΛ′ΛΓSq ], (2)
with ΓSq = γ
+ + SqL γ
+γ5 + S
qj
T iσ
j+
T γ5, as the GTMD correlator describing the
distribution of quarks with polarization Sq inside a target with polarization S.
The corresponding phase-space distribution is obtained by Fourier transform3
ρSSq (x,kT , bT ; Pˆ , η) =
∫
d2∆T
(2pi)2
e−i∆T ·bT WSSq (P, k,∆)
∣∣
∆+=0
, (3)
and can be interpreted as giving the quasi-probability of finding a quark with po-
larization Sq, transverse position bT and light-front momentum (xP
+,kT ) inside a
spin-1/2 target with polarization S 3. The parameter η indicates whether W goes
to +∞− or −∞−. Because of the hermiticity property of the GTMD correlator (1),
these phase-space distributions are always real-valued, consistently with their quasi-
probabilistic interpretation. There are 16 independent polarization configura-
tions3,6 corresponding to 16 independent linear combinations of GTMDs4,6. By
construction, the real and imaginary parts of these GTMDs have opposite behavior
under naive time-reversal (T) transformation. Similarly, each Wigner distribution
can be separated into naive T-even and T-odd contributions, ρSSq = ρ
e
SSq + ρ
o
SSq ,
with ρe,oSSq (x,kT , bT ; Pˆ , η) = ±ρe,oSSq (x,kT , bT ; Pˆ ,−η) = ±ρe,oSSq (x,−kT , bT ;−Pˆ , η).
We can interpret the T-even contributions as describing the intrinsic distribution
of quarks inside the target, whereas the naive T-odd contributions describe how
initial- and final-state interactions modify these distributions.
The relativistic phase-space distribution is linear in S and Sq
ρSSq = ρUU + SL ρLU + S
q
L ρUL + SLS
q
L ρLL
+SiT (ρT iU + S
q
L ρT iL) + S
qi
T (ρUT i + SL ρLT i) + S
i
TS
qj
T ρT iT j , (4)
and can further be decomposed into two-dimensional multipoles in both kT and bT
spaces15. While there is no limit in the multipole order, parity and time-reversal
give constraints on the allowed multipoles. It is therefore more appropriate to
decompose the Wigner distributions ρX as follows
ρX(x,kT , bT ; Pˆ , η) =
∑
mk,mb
ρ
(mk,mb)
X (x,kT , bT ; Pˆ , η), (X = UU,LU, . . . ) ,
ρ
(mk,mb)
X (x,kT , bT ; Pˆ , η) = B
(mk,mb)
X (kˆT , bˆT ; Pˆ , η)C
(mk,mb)
X [x,k
2
T , (kT · bT )2, b2T ],
where B
(mk,mb)
X are the basic (or simplest) multipoles allowed by parity (P) and
time-reversal symmetries, multiplied by the coefficient functions C
(mk,mb)
X , which
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Table 1. Correlations between target polarization (SL,ST ),
quark polarization (SqL,S
q
T ) and quark OAM (`
q
L, `
q
T )
encoded in the various phase-space distributions ρX .
ρX U L Tx Ty
U 〈1〉 〈SqL`qL〉 〈Sqx`qx〉 〈Sqy`qy〉
L 〈SL`qL〉 〈SLSqL〉 〈SL`qLSqx`qx〉 〈SL`qLSqy`qy〉
Tx 〈Sx`qx〉 〈Sx`qxSqL`qL〉 〈SxSqx〉 〈Sx`qxSqy`qy〉
Ty 〈Sy`qy〉 〈Sy`qySqL`qL〉 〈Sy`qySqx`qx〉 〈SySqy〉
depend on P- and T-invariant variables only. The couple of integers (mk,mb) gives
the basic multipole order in both kT and bT spaces. All the contributions ρX can
be understood as encoding all the possible correlations between target and quark
angular momenta, see Table 1.
2. Results and relation to the orbital angular momentum
In order to obtain a two-dimensional representation of the Wigner functions, we
integrate these phase-space distributions over x and discretize the polar coordinates
of bT . We also set η = +1 and choose Pˆ ≡ P /|P | = ez = (0, 0, 1) so that
bˆT = (cosφb, sinφb, 0) and kˆT = (cosφk, sinφk, 0). The resulting transverse phase-
space distributions are then represented as sets of distributions in kT -space
ρX(kT | bT ) =
∫
dx ρX(x,kT , bT ; Pˆ = ez, η = +1)
∣∣
bT fixed
, (5)
with the origin of axes lying on circles of radius |bT | at polar angle φb in impact-
parameter space. This representation of transverse phase space has the advantage
of making the multipole structure in both kT and bT spaces particularly clear in a
model independent way. For example, the basic multipole B
(mk,mb)
X will be repre-
sented by a mk-pole in transverse-momentum space at any transverse position bT ,
with the orientation determined by mb and φb = arg bˆT . The nucleon structure
information from various model calculations is encoded in the weight of the coeffi-
cient functions C
(mk,mb)
X . In the following, we will show results from the light-front
constituent quark model16 only for a couple of multipole structures only. The com-
plete discussion can be found in Ref.15. In particular, we choose to represent only
eight points in impact-parameter space lying on a circle with radius |bT | = 0.4 fm
and φb = kpi/4 with k ∈ Z. Furthermore, the kT -distributions are normalized to
the absolute maximal value over the whole circle in impact-parameter space.
The simplest multipole is with mk = mb = 0. It appears in ρ
e
X with X =
UU,LL, TT associated to the respective spin structures 1, SLS
q
L and (ST · SqT ).
These spin-spin correlations survive integration over kT and bT ; they are respec-
tively related to (H, H˜,HT ) in the GPD sector and to (f1, g1, h1) in the TMD sector.
Contrary to these GPDs and TMDs, ρeX is not circularly symmetric, see Fig. 1. The
reason is that ρeX also contains information about the correlation between kT and
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Fig. 1. The (0, 0) (left) and (1, 1) (right) multipoles appearing in ρeUU and ρ
e
LU , respectively. See
text for more details.
bT (encoded in the coefficient functions C
e
X through the (bˆT · kˆT )2 dependence)
which is lost under integration over kT or bT
3.
The next multipoles we discuss here are the ones with mk = mb = 1. Since
mk = mb, these multipoles are invariant under rotation about the longitudinal
direction. They appear in ρeX withX = UL,LU and ρ
o
X withX = UU,LL, TT, TT
′.
In ρeX and ρ
o
TT ′ , the kT -dipole is oriented along the polar direction S
q
L(bˆT × kˆT )L,
SL(bˆT × kˆT )L and (ST × SqT )L(bˆT × kˆT )L. In ρoX with X = UU,LL, TT , the
kT -dipole is oriented along the radial direction (bˆT · kˆT ), SLSqL(bˆT · kˆT ) and (ST ·
SqT )(bˆT · kˆT ). None of these structures survive integration over kT or bT , and
therefore represent completely new information which is not accessible via GPDs
or TMDs at leading twist. Clearly, ρeX is related to the orbital motion of quarks
correlated with the longitudinal polarization3,17–20. In particular, the kT -dipole in
ρ
(1,1)
LU signals the presence of a net longitudinal component of quark orbital angular
momentum (OAM) correlated with the target longitudinal polarization SL (see
Fig. 1). By reversing the target longitudinal polarization SL, one reverses also the
orbital flow. The coefficient function C
(1,1)
LU then gives the amount of longitudinal
quark OAM in a longitudinally polarized target 〈SL`qL〉3. As a matter of fact, the
quark/gluon OAM can be obtained from the ρLU distribution as
3,18,19
Lq,gz =
∫
dx d2kT d
2bT (bT × kT )z ρLU (x,kT , bT ; Pˆ = ez, η). (6)
This relation coincides with treating the Wigner functions as if they were classical
distributions, with the quark/gluon OAM calculated from the integral over phase
space of the quark/gluon distribution in a longitudinally polarized nucleon multi-
plied by the naive OAM operator (bT×kT )z. Depending on the shape of the Wilson
line, one obtains different definitions for the OAM in Eq. (6)21,22. The gauge-
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invariant canonical OAM is obtained from Eqs. (1)-(3) using a staple-like gauge
link connecting the points −z/2 and +z/2 via the intermediary points −z/2+η∞−
and z/2 + η∞− by straight lines. In the light-front gauge A+ = 0, this definition
reduces to the Jaffe-Manohar OAM23, irrespective of whether the staple is future
or past-pointing. If we connect the points −z/2 and +z/2 by a direct straight
Wilson line, we obtain the kinetic OAM associated with the OAM operator corre-
sponding to the Ji decomposition24 and to the Ji-Xiong-Yuan24 definition of the
gauge-invariant gluon OAM. The x-dependent integrand in Eq. (6) can also be
interpreted as density of total longitudinal OAM3,18.
In terms of GTMDs, Eq. (6) can also be written as (using the notation of Ref.4)
Lz = −
∫
dxd2kT
k2T
M2
F1,4(x, 0,k
2
T , 0, 0). (7)
This relation has been exploited to provide the first results in lattice QCD for the
canonical OAM in comparison with the kinetic OAM25.
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We calculate twist-3 parton ditribution functions (PDFs) using cut and uncut diagrams.
Uncut diagrams lead to a Dirac delta function term. No such term appears when cut
diagrams are used. We show that a δ(x) is necessary to satisfy the Lorentz invariance
relations of twist-3 PDFs, except for the Burkhardt-Cottingham sum rule in QCD.
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1. Introduction
In the scalar diquark model (SDM) and quark target model (QTM), twist-3 gener-
alized parton distributions (GPDs) exhibit discontinuities at the points where the
DGLAP and ERBL regions meet (x = ±ξ)1. In the forward limit, these discon-
tinuities can grow into Dirac delta functions (δ(x))1,2. While none of the twist-2
PDFs exhibit these types of singularities in both models, all twist-3 PDFs, with
the exception of g2(x) in the QTM, contain such singularities. As we will show in
section 3, this δ(x) is necessary to satisfy the Lorentz invariance relations and the
sum rules for twist-3 PDFs, except the Burkhardt-Cottingham sum rule in QCD6.
This paper is organized as follows; in section 2, we investigate the two methods
to calculate the PDFs, ’cut’ and ’uncut’ diagrams, and show that there is difference
between the two approaches and one violates Lorentz invariance relations (LIR).
Violations of sum rules involving higher twist PDFs is investigated in section 3.
2. Lorentz invarince relations
Lorentz invariance, applied to the integral Iµ ≡ ∫ d4k kµ
(k2 −m2)2 δ[(P − k)
2 − λ2]
implies Iµ ∝ Pµ as Pµ is the only 4-vector in this problem. Thus for Iµ the
appropriate Lorentz invariance relation (LIR) reads,
I+
P+
− I
−
P−
= 0. (1)
In the following, we will analyze this LIR in the SDM (in which the three valence
quarks of the nucleon are considered to be in a bound state of a single quark and
a scalar diquark) using bothcut diagrams and using uncut diagrams. We pretend
that we are analysing a PDF where the factor kµ arises from the Dirac numerators.
In the forward limit, the model can be represented using a cut diagram as in
FIG.1 or an uncut diagram as in FIG. 2. Using cut diagrams, the spectator propa-
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Fig. 1. Cut diagram Fig. 2. Uncut diagram
gator is replaced by δ
(
(p− k)2 − λ2) thus enforcing the mass-shell condition. Using
uncut diagrams for the spectator line, the usual Feynman propagator is used and
the energy integrals are performed using complex contour integration - picking up
the pole of the spectator propagator. Naively, the two methods should thus yield
the same results. However, a subtle difference may arise at x = 0 corresponding to
infinite light-cone energy for the active quark. In the literature, PDFs are calcu-
lated using either diagram. As we will show that, even though, both methods are
equivalent and yield identical PDFs for nonzero x, a difference manifests itself at
higher orders. This difference originates from the δ(x) term which is present only in
the higher order PDFs and revealed when an uncut diagram is used. Such a term is
not present in the calculations made by using cut diagrams! As we shall show, the
δ(x) term is essential to satisfy the LIR involving twist-3 distributions and therefore
the right approach is to calculate higher order PDFs is to use uncut diagrams.
2.1. Cut Diagrams
When cut diagrams are used, Iµ ≡ Iµcut is obtained as,
Iµcut ≡ P+
∫ 1
0
dx
∫
d4k δ(k+ − xP+) k
µ
(k2 −m2)2 δ[(P − k)
2 − λ2]. (2)
Here P is the nucleon, k is the quark momentum, M,m, λ are the nucleon, quark
and scalar diquark mass respectively. The k+ integral in Eq. (2) is evaluated using
δ(k+ − xP+), while the k− intergral is evaluated by using the identity
δ[(P − k)2 − λ2] = 1
2P+(1− x)δ
(
k− − M
2
2P+
+
k2⊥ + λ
2
2P+(1− x)
)
. (3)
Consequently, one finds for µ = + and µ = − respectively,
I+cut
P+
≡ 1
2
∫
d2k⊥
∫ 1
0
dx
x(1− x)
(k2⊥ + ω)2
, (4)
I−cut
P−
≡ 1
P−
∫
d2k⊥
∫ 1
0
dx
M2(1− x)− k2⊥ − λ2
4P+(k2⊥ + ω)2
, (5)
where, ω = −x(1− x)M2 + (1− x)m2 + xλ2. Hence, the LIR(1) is violated
I+cut
P+
− I
−
cut
P−
=
1
2M2
∫
d2k⊥
∫ 1
0
dx
−(1− x)2M2 + k2⊥ + λ2
(k2⊥ + ω)2
=
1
2M2
∫
d2k⊥
1
k2⊥ +m2
. (6)
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2.2. Uncut Diagrams
However when uncut diagrams are used, where Iµ ≡ Iµuncut is defined as,
Iµuncut ≡ P+
∫ 1
0
dx
∫
d4k δ(k+ − xP+) k
µ
(k2 −m2 + i)2
i
[(P − k)2 − λ2 + i] . (7)
The k+ integral in (7) is again taken using δ(k+− xP+). However, in this case,
the k− integral is taken using residue method. For µ = +, we obtain,
I+uncut
P+
= pi
∫
d2k⊥
∫ 1
0
dx
x(1− x)
(k2⊥ + ω)2
. (8)
For µ = −, before taking the k− integral, we use the algebraic identity to rewrite
the term in the numerator,
k− =
M2
2P+
− (k
2
⊥ + λ
2)
2P+(1− x) −
[(P − k)2 − λ2]
2P+(1− x) . (9)
The last term in Eq.(9) cancels the spectator propagator in the denominator leading
to two different types of k− integrals in the expression for I−uncut,
I−uncut=
i
2P+
∫ 1
0
dx
1− x
∫
d2k⊥
{∫
dk−
M2(1− x)− k2⊥ − λ2
(k2 −m2 + i)2[(P−k)2 − λ2 + i]
−
∫
dk−
(k2 −m2 + i)2
}
(10)
The k− integral in Eq.(10), leads to a delta function7,∫
dk−
(k2 −m2 + i)2 =
ipi
k2⊥ +m2
δ(k+). (11)
Using this result, and taking the k− integrals in Eq.(10) we obtain,
I−uncut
P+
=
pi
2P+2
∫
d2k⊥
[ ∫ 1
0
dx
M2(1− x)− k2⊥ − λ2
(k2⊥ + ω)2
+
1
k2⊥ +m2
]
, (12)
which equals Eq. (8), i.e. the LIR (1) is satisfied when uncut diagrams are used.
The reason one method results in a violation of the LIR while other does not is
the appearance of δ(x) term which is revealed only when an uncut diagram is used.
Cut diagrams do not include the point x = 0, and miss the δ(x) term at this point.
3. Violation Of Sum Rules
The point x = 0 is not experimentally accessible in DIS since it corresponds to
P · q → ∞ and thus δ(x) cannot be seen. Any relation involving a twist 3 PDF
containing a δ(x) would appear to be violated. Nevertheless, there is no doubt
in the validity of these sum rules because they are direct consequences of Lorentz
invariance. Therefore, the violation of the sum rules from the experimental data
would provide an indirect evidence on the existence of the Dirac delta functions.
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The most famous Lorentz invariance relation between a twist 2 PDF (g1(x)) and
a twist 3 PDF (gT (x)) is the Burkhardt-Cottingham sum rule
6,∫ 1
−1
dxg1(x) =
∫ 1
−1
dxgT (x). (13)
A similar relation is the h-sum rule, where the l.h.s. is equal to the tensor charge∫ 1
−1
dxh1(x) =
∫ 1
−1
dxhL(x). (14)
Another sum rule including a twist-3 PDF is the σ-term sum rule, which provides
a relation between quark mass m and nucleon mass M ,
∫ 1
−1
dxe(x) =
1
2M
〈P |ψ(0)ψ(0)|P 〉 = d
dm
M. (15)
If any of the twist 3 PDFs above contain a δ(x) term, experimental measurements
would not be able to confirm the sum rule in ) and claim their violation.
4. Summary and Discussion
Twist-3 PDFs contain a δ(x) in both QTM and SDM only with the exception of
g2(x) in the QTM. These δ(x) terms are not related to the twist-2 (WW) parts of
the twist-3 PDFs but contributes both the qgq correlation and mass terms. Since
x = 0 is not experimentally accesible, violations of the sum rules containing twist-3
PDFs and GPDs from the experimental data would provide an indirect evidence on
the existence of these δ(x) contributions.
Using cut or uncut diagrams to calculate PDFs from models leads to the same
result for x 6= 0. However, there is a difference between the two approaches for
higher orders. Cut diagrams exclude x = 0 point and hence miss the δ(x) terms.
Therefore higher twist distributions calculated with cut digrams do not satisfy LIR.
In order to restore it, one needs to include x = 0 point by using an uncut diagram.
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Deeply Virtual Compton Scattering (DVCS) is considered as the “golden channel” for
accessing Generalised Parton Distributions, which contain information on the 3D imag-
ing of the nucleon, the composition of its spin and pressure distributions within it. We
present a summary of the recent, ongoing and future DVCS measurements in the va-
lence quark region accessible at Jefferson Lab and in the sea-quark region reached by
COMPASS, and their implication for the study of nucleon structure.
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1. Deeply Virtual Compton Scattering
DVCS is a process in which a lepton scatters from a quark within a nucleon, mini-
mally perturbing it, and a high energy photon is produced as a result. At leading-
order and leading-twist (twist-2, where twist is given by powers of
√
Q−2 in the
scattering amplitude), DVCS provides access to four chiral-even GPDs, each a func-
tion of Q2, x (the nucleon’s longitudinal momentum fraction carried by the struck
quark), ξ (half the change in x as a result of the scattering) and t (squared four-
momentum change of the nucleon): Eq, E˜q, Hq and H˜q. These are accessible
indirectly through the complex Compton Form Factors (CFFs), the real parts of
which are given by an integral of the corresponding GPD across x and parametrise
the DVCS cross-section, beam-charge and double-spin asymmetries, while the imag-
inary parts are the values of the GPD at the points where x = ξ and parametrise
single-spin asymmetries1. Different CFFs dominate different observables – a wide
range of measurements across a large kinematic range is therefore required to fully
constrain GPDs.
The eN → e′N ′γ interaction, however well reconstructed, necessarily includes
the Bethe-Heitler (BH) process, where the photon is radiated by the incoming or
scattered electron. BH interferes with DVCS at the amplitude level but its con-
tribution can be calculated from the well-known Form Factors and QED. Since
BH usually dominates over that of DVCS, the BH-DVCS interference term in the
cross-section is often used to extract the DVCS amplitude.
2. Experimental facilities: Jefferson Lab and COMPASS
Jefferson Lab (JLab) in Virginia, USA, has recently upgraded its electron beam
accelerator from 6 GeV to 12 GeV maximum energy, with 11 GeV deliverable to
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the three experimental halls focussed on the study of nucleon structure: A, B and
C. The detectors in the three halls enable complementary measurements of elec-
tron scattering to be performed. Hall B housed CLAS (CEBAF Large Acceptance
Spectrometer) and now houses the upgraded CLAS12, which provides almost full
angular coverage and detection of charged and neutral particles at luminosities of
1035 cm−2s−1 (a factor of 10 higher than CLAS). DVCS measurements from Hall
B include cross-sections and asymmetries across a very wide range of phase space.
Halls A and C, in contrast, contain movable high-resolution spectrometer arms,
which are combined with calorimeter arrays for the detection of photos in DVCS.
The recoiling nucleon is usually reconstructed through missing mass. As such, the
phase space covered is limited, however the instrumentation can accept 103 higher
currents than hall B, resulting in high-precision measurements of cross-sections at
well-defined kinematic points.
While JLab provides access to the valence region, the COMPASS (Compact
Muon and Proton Apparatus for Structure and Spectroscopy) experiment, which
uses a tertiary 160 GeV polarised µ+/− beam from the SPS beamline at Cern, en-
ables measurement in the sea-quark region. The DVCS programme at COMPASS-
II, which is in operation since 2012, uses an unpolarised liquid H2 target and in-
cludes one month of data-taking in 2012 and six months in 2016-17. Spectrometers,
time-of-flight detectors and calorimeters allow a fully exclusive reconstruction of the
DVCS process.
3. JLab in 6 GeV era
The first high-precision DVCS cross-sections on the proton, which are dominated by
the real part of the H CFF, were measured in Hall A at fixed Bjorken-x, xB = 0.36,
and threeQ2 points (1.5, 1.9 and 2.3 GeV2). The observed rough scaling of the CFFs
across the limited range of Q2 supported the assumption that factorisation holds at
this moderate Q2. The strong deviation of the unpolarised BH-DVCS cross-section
from BH calculation indicated that the pure DVCS term in the cross-section could
be separable from the interference term. This was enabled in a dedicated experiment
with beam energies Ee = 4.5 and 5.6 GeV using a generalised Rosenbluth technique
which made use of the fact that the pure DVCS term in the cross-section scales
as E2e , while the BH-DVCS interference term scales as E
3
e . The simultaneous fit
could be significantly improved by the inclusion of either higher-order or higher-
twist effects. While the sensitivity of the data was insufficient to resolve between
these two scenarios, it suggested that we may be seeing effects of gluon vertices in
the interaction2.
While flavour separation of GPDs may be achieved through related processes
such as hard-exclusive meson production, in DVCS it is only possible via measure-
ments on both proton and neutron targets. Rosenbluth separation of cross-section
terms for DVCS on the neutron (using a liquid D2 target) is currently underway in
Hall A. It follows a first measurement of beam-spin asymmetry in neutron-DVCS3,
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which is dominated by the GPD E, the least known and least constrained of the
CFFs, but which presents particular interest in the study of the spin composition
of the nucleon. The total angular momentum, Jq, for each quark-flavour can be
expressed in terms of integrals over GPDs H and E via Ji’s relation1. In combi-
nation with the known contribution of intrinsic quark spin to that of the nucleon,
a determination of Jq would reveal the completely unknown contribution of quark
orbital angular momentum.
An extensive experimental programme using CLAS and both unpolarised liquid
H2
4 and longitudinally polarised NH3 targets
5 yielded cross-sections, beam-spin
(dominated by the imaginary part of H), target-spin and double-spin asymmetries
(both dominated by Im(H˜) and Im(H)), binned finely across a wide range of xB
(0.1-0.5), Q2 (1-4 GeV2) and t (0.1-0.5 GeV2). The polarised target experiment in
particular enabled a simultaneous fit to all three asymmetries, at the same kine-
matic points. Since the imaginary part of a CFF gives the GPD at a particular
value of x, it provides the most direct access to tomographic information on the
nucleon: a steep slope in its exponential dependence on t indicates a smaller range
in transverse spatial distribution. Extraction of CFFs was carried out both in local
and global fits. One of the main local fits applied to the observables minimised
model-dependence by setting CFFs as free parameters with ranges within ±5 times
the VGG model predictions for them6. Global fits used models constrained by
other measurements to simultaneously fit the entire available world data-set, for ex-
ample using the PARTONS framework7. While a mapping of spatial distributions
vs momentum fraction x is still heavily model-dependent, there is an indication
that valence quarks are more centered in the nucleon, while sea quarks are spread
across a wider transverse area8. Constraints from the measurements at JLab at 11
GeV and in the quark-gluon sea region using the EIC are crucial to complete 3D
tomographic imaging of the nucleon.
A relation of GPD H to mechanical properties of the nucleon, encoded in the
Gravitational Form Factors of its energy-momentum tensor, provides access to pre-
viously completely unprobed aspects of nucleon structure, such as pressure and
shear forces9. While the constraints of current data are insufficient for a model-
independent extraction of pressure distributions10, the additional measurements
from JLab at 11 GeV and EIC will enable this radically novel perspective on nu-
cleon structure.
4. JLab in 11 GeV era
The programme for halls A and C in the new, extended regions of phase space made
accessible by the JLab energy increase makes use of the upgraded spectrometer arms
for the detection of scattered electrons and includes experiments with an unpolarised
liquid H2 target. With measurements at Ee of 6.6, 8.8 and 11 GeV, scans in Q
2 (∼
2−10) and xB (∼ 0.2−0.6), the aim is to separate the azimuthal, energy and helicity
dependencies of the pure DVCS and BH-DVCS interference terms across a wide
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kinematic range11. The precision of the data will greatly constrain the extraction of
CFFs and shed light on possible higher-twist or higher-order effects. Hall A started
taking data in spring 2017. The first CLAS12 experiment ran in 2018 with an
unpolarised LH2 target. DVCS asymmetries and cross-sections are currently under
analysis. The programme likewise includes measurements at 6.6 and 8.8 GeV, at 11
GeV on an unpolarised LD2 target to allow access to neutron-DVCS (the beam-spin
asymmetry in which is particularly sensitive to different contributions of Jq in this
kinematic regime) and at 11 GeV on longitudinally polarised NH3 and ND3 targets,
for access to target-spin and double-spin asymmetries in proton- and neutron-DVCS.
A transversely polarised HD target is under development, which will give access to
E on the proton – crucial to enable flavour-separation in combination with beam-
asymmetry measurements in neutron-DVCS. The partonic structure of nuclei will
be studied in coherent DVCS on 4He and d using a recoil detector ALERT currently
under construction, which will be integrated with CLAS1212.
5. COMPASS
The DVCS programme at COMPASS has been focussed on extraction of cross-
sections in the sea-quark regime. While BH provides almost all the signal at very
low xB (< 0.01), DVCS begins to dominate at xB > 0.03. 2012 data was used to
extract a slope parameter for the exponential dependence of the DVCS cross-section
on t, which, within the framework of the model, can be converted into a transverse
extension of the partons13. Analysis of the 2016-17 data, which will increase the
statistics by a factor of 10, is underway. COMPASS-II will come to an end in
2021 and proposals are under development for measurements with a transversely-
polarised target in the future COMPASS-III/AMBER programme. The study of
the deep quark-gluon sea awaits the construction of the Electron-Ion Collider, which
will provide invaluable constraints on quark and gluon GPDs in the low-x region.
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Heavy quarkonium production offers not only unique perspectives into the formation of
QCD bound states, but also an excellent probe sensitive to both the short-distance as well
as long-distance dynamics of QCD, due to its multiple and well-separated momentum
scales. In this talk, I discuss how the production of heavy quarkonia could fulfill this
dual role at the proposed Electron-Ion Collider.
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1. Introduction
The production of heavy quarkonia is still one of the most fascinating subjects in
strong interaction physics after the discovery of J/ψ over 45-year ago1. With the
heavy quark mass mQ  ΛQCD, the inclusive production of a pair of heavy quarks is
an essentially perturbatively calculable process, which provides a controllable short-
distance probe, while the subsequent evolution of the pair into a quarkonium is
nonperturbative. Different treatments of the nonperturbative transformation from
a heavy quark pair to a bound quarkonium have led to various theoretical mod-
els for quarkonium production, most notably, the non-relativistic QCD (NRQCD)
model1,2. Although the NRQCD treatment of heavy quarkonium production3 is by
far the most theoretically sound and phenomenologically successful1,4–6, there have
been notable surprises and anomalies in describing new data7.
With its high luminosity, polarized lepton and hadron beams, as well as beams
of heavy ions, the proposed Electron-Ion Collider (EIC) could be a new and ideal
facility to produce and study heavy quarkonia. By varying the momentum of a pro-
duced heavy quarkonium, due to the time dilation, we could control the formation
time of this heavy quarkonium from a pair of produced heavy quarks, allowing us
to study how this pair to interact with the medium around it during its formation
process. With the perturbative nature of producing the heavy quark pairs, momen-
tum dependence of heavy quarkonium production in lepton-nuclei collisions at the
EIC energies could offer a controllable observable to use nuclei as the femtometer
sized detectors to probe the underline mechanism of color neutralization and for-
mation of QCD bound states. With the dominance of gluon initiated subprocesses,
exclusive production of heavy quarkonia in the lepton-hadron diffractive scatter-
ing at the EIC energies, both near and away from the threshold of producing the
quarkonia, could provide a unique way to explore the hadron’s gluonic structure.
With the ability to control the hard scale in lepton-hadron scattering, relative to
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the heavy quark mass, heavy quarkonium production at the EIC energies could
provide wealthy opportunities to study QCD and strong interaction dynamics.
2. Inclusive production and factorization
In order to produce a heavy quarkonium, the energy exchange in the collisions has
to be larger than the invariant mass of the produced quark pair (≥ 2mQ), and
therefore, the pairs are effectively produced at a distance scale ∆r ≤ 1/2mQ ≤
0.1 fm for charmonia or 0.025 fm for bottomonia. Since the binding energy of a
heavy quarkonium of mass M ∼ 2mQ is much less than heavy quark mass, (M2 −
4m2Q)/4m
2
Q  1, the transition from the pair to a meson is sensitive to soft physics.
The quantum interference between the production of the heavy quark pairs and
the transition process is powerly suppressed by the heavy quark mass, and the
production rate for a heavy quarkonium state, H, up to corrections in powers of
1/mQ, could be factorized as,
σA+B→H+X ≈
∑
n
∫
dΓQQ¯ σA+B→QQ¯[n]+X(ΓQQ¯,mQ) FQQ¯[n]→H(ΓQQ¯) (1)
with a sum over possible QQ¯[n] states and an integration over available QQ¯ phase
space dΓQQ¯ for producing a bound quarkonium. In Eq. (1), σA+B→QQ¯[n]+X rep-
resents the production of a pair of on-shell heavy quarks and should be calculable
in perturbative QCD8; and the FQQ¯[n]→H represent a set of nonperturbative tran-
sition probabilities for the pair of heavy quark (ψ) and antiquark (χ) in the state
QQ¯[n] to transform into a quarkonium state H, and are proportional to the Fourier
transform of following non-local matrix elements∑
N
〈0|χ†(y1)Kn ψ(y2)|H +N〉〈H +N |ψ†(y˜2)K′n χ(y˜1)|0〉 , (2)
where yi(y˜i), i = 1, 2 are coordinates, and Kn and K′n are local combinations of color
and spin matrices for the QQ¯ state [n]. A proper insertion of Wilson lines to make
the operators in Eq. (2) gauge invariant is implicit9. The debate on the production
mechanism has been effectively focusing on what is the best “approximation” for the
FQQ¯[n]→H to represent the transition from the pair to the meson. Predictive power
of the factorization in Eq. (1) relies on the universality or process independence of
the non-local function, FQQ¯[n]→H(ΓQQ¯) or its various approximations.
The factorization formula in Eq. (2) is an approximation and can be violated by
any leading power soft gluon interactions or color exchange between the FQQ¯[n]→H
and initial-state hadron A (and/or B) or any measured final-state hadron(s). Such
factorization breaking interaction are suppressed if the “invariant mass” of the two-
body system made of the observed heavy quarkonium and any identified hadron(s) is
so much larger than the mass of heavy quarkonium. In the lepton-hadron scattering
at the EIC energies, this necessary condition effectively limits to the events in which
the quarkonium has a large relative transverse momentum away from the beam
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hadron, or it has a large rapidity and/or transverse momentum difference from any
observed final-state hadron.
3. Transverse momentum dependence of quarkonium production
Transverse momentum distribution of heavy quarkonium produced in a lepton-
hadron collisions depends on the choice of frame. In the lepton-hadron head-on
frame, if the quarkonium transverse momentum pT  mQ, the produced heavy
quarkonium should be sufficiently far away from the beam jet and the factorization
in Eq. (1) should be valid10
Ep
dσPQCDl+h→H(p)+X
d3p
≈
∑
f
Ec
dσˆl+h→f(pc)+X
d3pc
⊗Df→H(z;mQ)
+
∑
[QQ¯(κ)]
Ec
dσˆl+h→[QQ¯(κ)](pc)+X
d3pc
⊗D[QQ¯(κ)]→H(z, u, v;mQ) , (3)
where the 1st term on the right-hand side is the leading power in 1/pT and the
2nd gives the dominant contribution at the 1st sub-leading power, and pc = p/z
in the 1st, pc = pQ + pQ in the 2
nd, and pQ = up/z and pQ = (1 − u)p/z for QQ¯
in the amplitude and u → v for the QQ¯ in the complex conjugate amplitude. In
Eq. (3), the universal fragmentation functions Df→H and D[QQ¯(κ)]→H resum the
large logarithmic contributions in powers of ln(p2T /m
2
Q) by solving the evolution
equations10, and their input distributions at the scale ∼ mQ could be factorized
into the universal non-perturbative FQQ¯[n]→H as in Eq. (1) or its approximated sum
of long-distance local matrix elements (LDMEs) in NRQCD11.
When p2T → m2Q  Λ2QCD, the factorization formalism in Eq. (1) might still be
true, and we introduce the following matching formalism12,
Ep
dσl+h→H(p)+X
d3p
≈ Ep
dσPQCDl+h→H(p)+X
d3p
− Ep
dσPQCD−Asyml+h→H(p)+X
d3p
+ Ep
dσNRQCDl+h→H(p)+X
d3p
(4)
where dσPQCD−Asym is given by dσPQCD in Eq. (3) with the fragmentation func-
tions evaluated in NRQCD factorization at the fixed order. When pT  mQ, the
none-logarithmic mass dependent terms in dσNRQCD vanish, and dσl+h→H(p)+X →
dσPQCD since dσPQCD−Asym cancels dσNRQCD. On the other hand, when pT → mQ,
the high power resummed ln(p2T /m
2
Q)-type logarithmic contribution in dσ
PQCD is
less important and dσPQCD−Asym cancels dσPQCD and dσl+h→H(p)+X → dσNRQCD.
4. Exclusive production of heavy quarkonia
As emphasized in the EIC White Paper13, the exclusive production of J/ψ suf-
ficiently away from the threshold in l + h → l′ + J/ψ + h′ is an excellent probe
of gluon generalized parton distributions (GPDs), from which we could derive the
spatial density distribution of gluons inside a bound hadron. Although we do not
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expect the same factorization to work near the threshold, we find that the exclusive
Υ production in l+h→ l′+Υ+h′ could have a new type of factorization even at the
threshold to isolate valuable information sensitive to the QCD trace anomaly that is
very important for us to understand the origin of hadron mass. With the scattered
lepton l′ measured, we can uniquely fix the kinematic for γ∗(q) +h(p)→ Υ +h(p′),
from which we found that |t/s| ∝ mh/mΥ  1, where t = (p−p′)2 and s = (p+q)2,
the strong ordering of scales necessary for the factorization of 〈p|F 2|p′〉 from the
hard part to produce the Υ. More detailed study is underway.
5. Summary
The validity of factorization requires the hard scale to be much larger than the
typical hadronic scale ∼ 1/fm, and consequently, single scale hard probes are not
very sensitive to the rich physics at the hadronic scale. With its well-separated
multiple momentum scales, production of heavy quarkonia could offer excellent
opportunities for studying hadron structure and QCD dynamics at the proposed
Electron-Ion Collider.
Acknowledgments: This work is supported by Jefferson Science Associates, LLC
under U.S. DOE Contract number: DE-AC05-06OR23177.
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The study of transverse momentum dependent parton distributions (TMDs) features
prominently among the goals of the EIC program. During Week 2, several topics related
to TMDs have been discussed, offering complementary information with respect to the
original EIC white paper. In this introduction to Week 2, we mention the main ideas
and include some developments that occurred even after the conclusion of the program.
Keywords: QCD, parton structure of the nucleon, spin
1. Introduction
Since the writing of the 2011 INT Report and the EIC White Paper in 2012, an
impressive amount of results has been obtained in the experimental, theoretical,
and phenomenological study of TMDs.
Experimental results have been collected in SIDIS by the HERMES and COM-
PASS Collaborations and by experiments at Jefferson Lab, in e+e− by BaBar,
BELLE and BESIII, and in proton-proton collisions by RHIC experiments. New po-
larized Drell-Yan (DY) measurements have taken place at COMPASS1 and RHIC2,
while the E1039/SpinQuest collaboration at Fermilab will soon start the data tak-
ing3. Jefferson Lab has just started the data-taking phase after the 12 GeV up-
grade4. The Large Hadron Collider has become an important source of information
on TMDs via Drell-Yan, Z, W± production data, as well as via measurements of
jets and their substructure.
In parallel, theoretical studies on TMDs have also seen remarkable progress in
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the past few years. First of all, in the study of the quark TMDs, which can be probed
through the traditional standard processes (SIDIS, Drell-Yan and e+e−), pertur-
bative precision has been improved enormously, from the usual next-to-leading or-
der (NLO) to next-to-next-to-leading (NNLO) since 20165,6, up to next-to-next-
to-next-to-leading (NNNLO) order in 20197. Second of all, gluon TMDs have now
also been studied extensively8–10. For example, unpolarized gluon TMDs and gluon
Sivers functions have been studied through the heavy quark pair production at the
EIC11,12. Thirdly, new opportunities to probe TMDs beyond those standard pro-
cesses have been proposed, which typically involve jets. For example, One of the
main directions is to use internal structure of jets, such as transverse momentum
distribution of hadrons inside a fully reconstructed jet to extract TMD fragmen-
tation functions. Lastly, processes that could lead to potential TMD factorization
breaking have been studied recently in the community, both in theory13 and in
experiment14.
Concurrently, as we will review in details below, the phenomenological study of
TMDs have gain even more active developments, due to the community’s collective
efforts. Besides several leading groups are making outstanding progress worldwide,
US Department of Energy (DOE) has funded a topical group – “Topical Collab-
oration for the Coordinated Theoretical Approach to Transverse Momentum De-
pendent Hadron Structure in QCD”, in short TMD collaboration, which organizes
efforts in the community to make coherent progress in the study of TMDs.
2. Unpolarized TMDs
In 2017, data from SIDIS and Drell-Yan processes were combined for the first time
to extract TMDs at next-to-leading logarithmic (NLL) accuracy.15 Ref.16 took into
consideration only Drell-Yan data, reaching NNLL accuracy. An extraction of pion
TMDs has been attempted for the first time17. Very recently, an extraction based on
SIDIS and Drell-Yan data at NNLL18 and an extraction based on Drell-Yan data at
N3LL were presented19. These results were unthinkable only a few years ago. The
increase in perturbative accuracy will be extremely useful to make predictions for
the EIC. Vice versa, precise measurements at the EIC will provide useful information
also for high-precision analyses at hadron colliders. Apart from the differences, all
analyses seem to agree in stating that unpolarized TMDs cannot be parametrized
by simple functional forms (i.e., simple Gaussians, without x dependence).
In spite of these successes, some problems have been identified. For instance,
calculations of SIDIS and Drell-Yan at high transverse momentum, qT ∼ Q, where
the collinear QCD approach should be applicable, drastically underestimate the
available data20,21. Another problem is that SIDIS multiplicities at low transverse
momentum seem to be significantly underestimated by the TMD description when
going at higher perturbative accuracy22. However, this is in contradiction with the
results of Ref.18. In general, it is necessary to better clarify the regions of applicabil-
ity of the TMD factorization formalism, as discussed, e.g., in Ref.22. The situation
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at the EIC should be much more favorable than in fixed-target experiments, as the
hard scale Q at the EIC would be large enough to be well in the perturbative region.
Another open question is the dependence of unpolarized TMDs on partonic
flavor. In Ref.23 it was shown that there is room for a significant flavor dependence,
i.e., different flavors may have different distributions in transverse momentum space.
Since then, however, all analyses assumed no flavor dependence. This question is
relevant not only for a better understanding of nonperturbative QCD effects, but
also because it may have an impact on the determination of the W boson mass24.
In order to address this question, it will be important to collect data from different
beams at the EIC.
3. Sivers function and polarized TMDs
The Sivers function was identified as one of the “golden measurements” of the EIC.
It requires nonzero partonic orbital angular momentum and it is predicted to change
sign in Drell-Yan compared to SIDIS, due to the different effect of the initial-state
interactions compared to the final-state ones25. It has been extracted from SIDIS
data by several groups, with consistent results26–30. Only one analysis has taken
into account the role of TMD evolution30, also because the available data are only
from fixed-target SIDIS measurements1,31–33. The EIC will change the situation
entirely and will make it necessary to apply the complete TMD formalism at the
highest possible level of accuracy.
First measurements of the Sivers effect in Drell-Yan processes have been re-
ported by the STAR33 and COMPASS1 experiments. They are compatible with
the predicted sign change, but within large uncertainties34. Surprisingly, however,
they seem to be in better agreement with predictions that do not take into account
TMD evolution. This is an open issue that will be clarified with EIC measure-
ments, where a large lever arm in Q would allow a detailed test/constraint of TMD
evolution.
Apart from the Sivers function, there are other six polarized TMDs and all of
them can be studied at EIC. The more information we can gather about partonic
densities, the better we can check QCD predictions and constrain models. Together
with other observables such as GPDs, a comprehensive study of TMDs will eventu-
ally lead to a much deeper understanding of the nucleon and of QCD. Among the
functions that may become particularly relevant, we mention the so called Boer-
Mulders function, h⊥1 , which is involved in unpolarized scattering processes, and the
helicity TMD, which generalizes the standard helicity collinear PDF and represents
the best way to test the TMD formalism with spin.
4. Transversity
Transversity was identified as a “silver measurement” of the EIC. So far, transversity
has been extracted using data from single-hadron-inclusive DIS and two-hadron-
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inclusive DIS. In the first case, the TMD formalism has been used, where transver-
sity is combined with the so-called Collins fragmentation function35–37. In the
second case, the collinear formalism has been used, and transversity is combined
with a dihadron fragmentation function38.
The integral of transversity over the light-cone momentum fraction x is related
to the tensor charge of the nucleon. This quantity is of particular relevance for a
couple of reasons. First of all, it can be computed by lattice QCD in a reliable
way, offering the chance to test lattice results (see39 for the most recent determina-
tion). Secondly, the knowledge of the tensor charge is useful to search for physics
beyond the Standard Model40. Phenomenological extractions of the tensor charge
are currently affected by large error bars41. However, at present the up and down
contributions are not in good agreement with lattice predictions41. A description
of the data can be achieved37 with a value of the isovector combination u− d com-
patible with lattice computations, but without reproducing the individual values of
u and d. Recent studies extend the uncertainties on the tensor charge extraction by
including the possibility of violating the Soffer positivity bound on transversity42,43,
but discrepancies with lattice still persist.
The EIC will be crucial to extend the measurements of transversity to the low-x
region and thus decrease extrapolation errors in the determination of the tensor
charge.
5. TMD fragmentation functions
The knowledge of TMD fragmentation functions is essential for TMD studies at
the EIC, since they appear inside convolutions in any semi-inclusive observable.
They offer the unique opportunity to understand spin and TMD dynamics in the
hadronization process, which could be different from those in TMD parton distri-
bution functions. For example, while Sivers function changes sign from SIDIS to
DY process, the Collins fragmentation function is expected to be universal in SIDIS
and e+e− process. In addition, TMD fragmentation functions could provide novel
insights into the hadronization of colored quarks and gluons.
In order to have an independent determination of TMD fragmentation func-
tions, data from e+e− colliders are necessary, with a level of precision similar to
the EIC. A pioneering measurement has been presented in Ref.44, where the trans-
verse momentum of a final-state hadron is measured with respect to the thrust
axis. These data have been used for a parton-model based extraction of TMD frag-
mentation functions45, similar to an earlier work46. To further understand such
data, one might consider a factorization formalism47, which is also differential in
the thrust variable. Another interesting observation of this measurement is that the
Gaussian widths for the hadron transverse momentum distributions are increasing
with the light-cone momentum fraction z until around 0.6 before decreasing at even
higher z, suggesting once again that TMDs cannot be parametrized by naive sim-
ple Gaussians. The decreasing in large-z region is quite interesting, pointing into
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the requirement of additional dynamical effect, one of which could be threshold
resummation in z.
6. Higher-twist functions
TMD factorization formalism applies in the kinematic region when qT  Q, while
collinear factorization is valid in the region when qT ∼ Q. These two frameworks
are closely connected, and same is true for the TMDs and the associated collinear
multi-parton correlation functions. The well-known example is the relation be-
tween the quark Sivers function and the so-called Qiu-Sterman function, which is
a higher-twist (twist-3) quark-gluon-quark correlation functions. Through an Op-
erator Product Expansion (OPE), the quark Sivers function can be written as a
convolution of a coefficient function and the Qiu-Sterman function. Such type of
relations apply in general to all the spin-dependent TMDs.
Because of the close connection, one can in principle perform global analysis of
the spin asymmetry data, to extract the TMDs and the associated collinear higher-
twist functions simultaneously. Earlier attempts along this direction have been
performed in Refs.48,49 based on TMD parton distribution functions, as well as in
Refs.50,51 which explore the role of TMD fragmentation functions. A work52 was
discussed and presented in this week, where a global fit of the Sivers effect in SIDIS,
Collins effect in SIDIS, Collins effect in e+e−, and AN in proton-proton collisions,
was performed, and thus the corresponding TMD parton distribution functions,
TMD fragmentation functions, and the collinear higher-twist quark-gluon-quark
correlations are extracted. This is a remarkable progress, showing that an ultimate
understanding of all spin asymmetries within a unified framework is possible.
Apart from collinear higher-twist functions, also higher-twist TMDs can be in-
troduced. TMD factorization up to subleading twist has not been proven, but a
formula has been conjectured to generalize parton-model results53, suggesting a
possible path toward a full factorization proof.
7. TMDs and jets
In high energy collisions, quarks and gluons lead to the formation of highly energetic
collimated sprays of hadrons observed in the detectors which are known as jets54.
This is particularly true at the highest energy collider – the LHC, which produces
a lot of jets for us to study. With the advances in experimental techniques, and
corresponding advances in theoretical understanding over time, jets have become
precision tools for studying the parton structure of matter. Jets are guaranteed
to contribute at the EIC to a variety of key electron-proton and electron-nucleus
physics topics. There are outstanding progress in studying jets at the EIC, at LO55,
NLO56, NNLO57, and N3LO58.
Jets are very useful tools for probing TMDs. Two ways of using jets have been
investigated in the community. In the first case, one studies the transverse momen-
tum imbalance between a particle and a jet in either proton-proton or lepton-proton
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collisions. For example, Ref.59 studies lepton-jet azimuthal angular correlation in
deep inelastic scattering as a unique tool for unpolarized quark TMD and the quark
Sivers function. Another study focuses on photon-jet imbalance in proton-proton
collision13, and provides opportunities to probe potential TMD factorization break-
ing effects60,61.
In the second case, one relies on the internal structure of the jets, or called jet
substructure. Of particular interesting measurement is the so-called jet fragmenta-
tion function measurement, which has been studied at the LHC62–65. For example,
one might study the transverse momentum distribution of hadrons with respect to
the jet axis inside a fully reconstructed jet. It has been shown66 that such distri-
bution can be related to TMD fragmentation functions, and thus serves as a novel
way of constraining TMD fragmentation functions, including the spin-dependent
ones such as Collins fragmentation functions67. One might even apply modern jet
tools such as soft-drop grooming to constrain non-perturbative contribution in the
TMD fragmentation functions68.
8. Gluon TMDs
As EIC is designed to probe the gluons, the study of gluon TMDs is an outstanding
topic and has seen tremendous progress. For example, heavy quark pair production
at the EIC has been proposed to explore unpolarized gluon TMDs and gluon Sivers
functions11,69. An experimental simulation at the EIC kinematics for such a process
has been carried out12, in which other channels such as dijet production at the
EIC has also been studied. Other SIDIS processes that have been investigated
are J/Ψ production70–72 and J/Ψ+jet production73. From the experimental side,
COMPASS provided some interesting information on gluon Sivers function through
high-pT hadron pairs in SIDIS
74. The EIC will be crucial to eventually make precise
measurements on (un)polarized gluon TMDs.
It is worthwhile to mention that despite great progress, most studies on gluon
TMDs at EIC are parton-model based. In the future, an important direction would
be promote these studies with the full glory of QCD and TMD factorization frame-
work, with which one can then investigate in details the energy evolution and uni-
versality properties of gluon TMDs (see recent discussion of TMD factorization in
quarkonium production75,76).
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We present a recent calculation of the single spin asymmetry in inclusive photoproducton
of J/ψ at the future EIC, that can be used to probe the gluon Sivers function.
1. Introduction
J/ψ production in ep and pp collisions is known to be an effective tool to probe
the gluon TMDs, as the contribution comes at leading order (LO) through γg and
gg initiated processes. One of the most interesting gluon TMDs is the gluon Sivers
function (GSF) which probes the coupling of the intrinsic transverse momenta of
the gluons with the transverse spin of the nucleon. The Sivers function1,2 is a
time reversal odd (T-odd) object and initial and final state interactions play an
important role in the Sivers asymmetry. The gluon Sivers function for any process
can be written as a linear combination of two gluon Sivers functions, one containing
a C-even operator (f-type) and the other C-odd (d-type)3. Compared to the quark
Sivers function, much less is known about the gluon Sivers function, apart from
a positivity bound4. In this talk, we present a recent calculation5 of single spin
asymmetry in inelastic photoproduction of J/ψ at the future EIC.
2. Calculation of the asymmetry
The process considered is
e(l) + p↑(P )→ J/ψ(Ph) +X (1)
where the quantities within brackets are the momenta. We use the kinematics
where the interaction takes place through the exchange of an (almost) real photon
γ(q) + g(k) → J/ψ(Ph) + g(pg). We consider only the direct photon contribution
and contribution from the resolved photon is eliminated by imposing a cut on the
variable z = P ·PhP ·q , which is the energy fraction transferred from the photon to
the J/ψ in the rest frame of the proton. The inelasticity variable z for inclusive
photoproduction can be measured in experiments by Jacquet-Blondel method. The
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leading order (LO) process γ + g → J/ψ contributes at z = 1 (see6) for the cal-
culation of Sivers asymmetry in electroproduction) and we use a cutoff z < 0.9
to remove this contribution. Also contribution to J/ψ production from gluon and
heavy quark fragmentation was removed by imposing a cut on PT , which is the
transverse momentum of the J/ψ. We assume TMD factorization for the process
considered and generalized parton model (GPM) with the inclusion of the intrinsic
transverse momenta. We use NRQCD7 to calculate the production of J/ψ. The
cc¯ pair can be produced in color singlet (CS) or color octet (CO) state. In eP
collision, non-zero asymmetry can be observed only if the cc¯ pair is produced in the
CO state8. The SSA is defined as
AN =
dσ↑ − dσ↓
dσ↑ + dσ↓
, (2)
where dσ↑ and dσ↓ are the differential cross-sections measured when one of the
particle is transversely polarized up (↑) and down (↓), respectively, with respect to
the scattering plane.
We consider the inclusive process e(l) + p↑(P ) → J/ψ(Ph) + X. The virtual
photon radiated by the initial electron is almost real, q2 = −Q2 ≈ 0. The numerator
and the denominator of the asymmetry are given by
dσ↑ − dσ↓ = dσ
ep↑→J/ψX
dzd2P T
− dσ
ep↓→J/ψX
dzd2P T
=
1
2z(2pi)2
∫
dxγdxgd
2k⊥gfγ/e(xγ)∆Nfg/p↑(xg,k⊥g)
× δ(sˆ+ tˆ+ uˆ−M2) 1
2sˆ
|Mγ+g→J/ψ+g|2,
(3)
and
dσ↑ + dσ↓ =
dσep
↑→J/ψX
dzd2P T
+
dσep
↓→J/ψX
dzd2P T
= 2
dσ
dzd2P T
=
2
2z(2pi)2
∫
dxγdxgd
2k⊥gfγ/e(xγ)fg/p(xg,k⊥g)
× δ(sˆ+ tˆ+ uˆ−M2) 1
2sˆ
|Mγ+g→J/ψ+g|2.
(4)
xγ and xg are the light-cone momentum fractions of the photon and gluon
respectively. The Weizsa¨ker-Williams distribution function, fγ/e(xγ), describes the
density of photons inside the electron. The J/ψ production rate is calculated in
NRQCD based color octet model. We follow the approach given in9 and the details
of the calculation can be found in5. Here, we report on some of our numerical
results in the kinematics of the future planned EIC.
May 13, 2020 1:25 ws-procs961x669 WSPC Proceedings - 9.61in x 6.69in book page 92
92
3. Results
For the numerical estimates of the SSA we assume Gaussian parametrization of un-
polarized TMDs and best fit parameters from10 for the gluon Sivers function. These
are denoted by SIDIS1 and SIDIS2, respectively. Also, following11 we parametrize
the GSF in terms of u and d quark Sivers functions12. Two different choices in
this line are labeled as BV-a and BV-b. For the dominating channel of photon-
gluon fusion, contribution to the numerator of the SSA comes mainly from GSF.
As the heavy quark pair is produced unpolarized, there is no contribution from the
Collins function. Figs 1 and 2 show plots of the SSA for
√
s = 100 GeV and 45
GeV respectively which will be possible at the future EIC. The asymmetry depends
strongly on the parametrization for the GSF, it is positive for SIDIS1 and SIDIS2
and negative for BV-a and BV-b parametrizations. The magnitude of the asym-
metry is largest for BV-b. We have incorporated contributions from the 3S1
(8),
1S0
(8) and 3P J(0,1,2)
(8) in the asymmetry. Numerical estimates of the unpolarized
cross section shows that the data from HERA can be explained if both CS and CO
contributions are incorporated.
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Fig. 1. Single spin asymmetry in e + p↑ → J/ψ + X process as function of (a) PT (left panel)
and (b) z (right panel) at
√
s = 100 GeV (EIC)5. The integration ranges are 0 < PT ≤ 1 GeV
and 0.3 < z < 0.9. For convention of lines see the text.
4. Conclusion
We have presented a recent calculation of the SSA in inclusive photoproduction
of J/ψ production in the kinematics of the future EIC. A sizable asymmetry in
NRQCD based color octet model is reported, for the range 0 < PT < 1 GeV and
0.3 < z < 0.9. This asymmetry can give direct access to the GSF.
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Fig. 2. Single spin asymmetry in e + p↑ → J/ψ + X process as function of (a) PT (left panel)
and (b) z (right panel) at
√
s = 45 GeV (EIC). The integration ranges are 0 < PT ≤ 1 GeV and
0.3 < z < 0.95. For convention of lines see the text.
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We report preliminary results on a global fit of the Sivers effect in semi-inclusive deep-
inelastic scattering (SIDIS), Collins effect in SIDIS, Collins effect in semi-inclusive annihi-
lation (SIA), and AN in proton-proton collisions. All of these transverse-spin observables
are driven by the same quark-gluon-quark correlations, which allows for such a global
analysis to be performed.
Keywords: Perturbative QCD; Transverse spin; Global fit.
1. Introduction
Transverse single-spin asymmetries (TSSAs) arise in reactions where a single hadron
carries a transverse polarization. Some of the most widely studied of these observ-
ables are the Sivers effect in semi-inclusive deep-inelastic scattering (SIDIS), Collins
effect in SIDIS, and Collins effect in semi-inclusive annihilation (SIA) – see Ref. 1
for a review. These processes are sensitive to transverse momentum-dependent
functions (TMDs) and offer insight into the 3-dimensional structure of hadrons.
Another TSSA that has been investigated for many years, commonly denoted as
AN , is single-inclusive proton-proton collisions (e.g., p
↑p → hX) – see Ref. 2 for
a review. Unlike the Sivers and Collins effects, AN is sensitive to collinear twist-3
non-perturbative functions that contain information about quark-gluon-quark cor-
relations in hadrons. As we will elaborate more on in Sec. 2, at large transverse
momentum, the Sivers and Collins TMDs can be written in terms of some of these
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quark-gluon-quark correlators. Moreover, because of this connection, one can in-
clude all TSSA data in a global fit, which we will discuss in Sec. 3. In Sec. 4 we
will summarize our work and comment on the future outlook for this research.
2. The Observables and Non-Perturbative Functions
The observable AN in p
↑p → piX for many years was thought to be driven domi-
nantly by an initial-state effect given by the Qiu-Sterman (QS) function FFT (x, x).
We now believe, due to our work in Refs. 3,4, that AN in p
↑p → piX is actu-
ally dominated by two collinear fragmentation functions (FFs), H
⊥(1)
1 (z) and H˜(z),
coupled to the transversity function h1(x). The functions H
⊥(1)
1 (z) and H˜(z) are
particular integrals over z1 of a quark-gluon-quark FF, Hˆ
Im
FU (z, z1). The function
H
⊥(1)
1 (z) is also the first moment of the Collins FF H
⊥
1 (z, p⊥).
In the Collins-Soper-Sterman (CSS) formalism, as updated in Ref. 5, a generic
b-space TMD F˜ (x, b) is written in terms of a collinear function (calculated at
small-b through the operator product expansion (OPE)) and an exponential in-
volving the so-called perturbative (P ) and non-perturbative (NP ) Sudakov factors:
F˜ (x, b;Q) ∼ FOPE(x;µb) exp[−SP (b;µb, Q)−SF˜NP (b,Q)], where µb is a b-dependent
scale. For example, for the transversity TMD h1(x, kT ), FOPE(x) at leading order
(LO) is the standard collinear transversity function h1(x). For the Sivers func-
tion, FOPE(x) at LO is the QS function FFT (x, x)
6,7, while for the Collins function
FOPE(z) = H
⊥(1)
1 (z)
8. Note that h1(x), FFT (x, x), and H
⊥(1)
1 (z) are the same
functions discussed above for AN . That is, the Sivers effect in SIDIS, Collins effect
in SIDIS, and Collins effect in SIA contain the same non-perturbative objects as
AN in p
↑p → piX. Therefore, we can perform a global fit of all these observables
to extract information on quark-gluon correlations in hadrons.
3. Phenomenology
The global fit involves Sivers and Collins measurements from HERMES9 and COM-
PASS10,11, Collins measurements from Belle12 and BaBar13, and AN measurements
from RHIC14–18. We parameterize the TMDs generically using a Gaussian ansatz
for the transverse momentum dependence along with their respective connection to
a collinear function FOPE(x), i.e., F (x, kT ) ∼ FOPE(x) exp(−k2T /〈k2T 〉). Again, the
functions FOPE(x) also show up in AN . Our fit therefore allows us to simultane-
ously extract the functions FOPE(x) and the widths 〈k2T 〉. Some sample plots from
this preliminary fit are shown in Figs. 1,2. One sees that we are able to describe all
the transverse-spin data relatively well.
4. Conclusions
We have demonstrated that a simultaneous fit of all transverse-spin data (both TMD
and collinear) is possible. Future work will look to incorporate full CSS evolution for
the TMDs and the proper twist-3 evolution for the relevant collinear functions. This
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Fig. 1. Comparison of the theoretical curves from our global fit to HERMES measurements of
the Sivers effect (first panel) and Collins effect (second panel) in SIDIS. The red is for pi− and the
blue is for pi+. Also shown is the comparison to BaBar measurements of the Collins effect in SIA
(bottom two panels). The red is for AUL and the blue for AUC .
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study will better constrain the non-perturbative functions that underlie transverse-
spin observables, which is crucial when more precise data becomes available from
JLab-12 and a future Electron-Ion Collider (EIC). Since both these facilities involve
lepton-proton collisions, an updated analysis of AN in ` p
↑ → hX will also be
imperative and require the collinear twist-3 functions extracted in this work.
References
1. M. Grosse Perdekamp and F. Yuan, Transverse Spin Structure of the Nucleon, Ann.
Rev. Nucl. Part. Sci. 65, 429 (2015).
2. D. Pitonyak, Transverse spin observables in hard-scattering hadronic processes within
collinear factorization, Int. J. Mod. Phys. A31, p. 1630049 (2016).
3. K. Kanazawa, Y. Koike, A. Metz and D. Pitonyak, Towards an explanation of trans-
verse single-spin asymmetries in proton-proton collisions: the role of fragmentation in
collinear factorization, Phys. Rev. D89, p. 111501(R) (2014).
4. L. Gamberg, Z.-B. Kang, D. Pitonyak and A. Prokudin, Phenomenological constraints
on AN in p
↑p→ piX from Lorentz invariance relations, Phys. Lett. B770, 242 (2017).
5. J. Collins, Foundations of perturbative QCD, Camb. Monogr. Part. Phys. Nucl. Phys.
Cosmol. 32, 1 (2011).
6. S. M. Aybat, J. C. Collins, J.-W. Qiu and T. C. Rogers, The QCD Evolution of the
Sivers Function, Phys. Rev. D85, p. 034043 (2012).
7. M. G. Echevarria, A. Idilbi, Z.-B. Kang and I. Vitev, QCD Evolution of the Sivers
Asymmetry, Phys. Rev. D89, p. 074013 (2014).
8. Z.-B. Kang, QCD evolution of naive-time-reversal-odd fragmentation functions,
Phys. Rev. D83, p. 036006 (2011).
9. A. Airapetian. et al., Observation of the Naive-T-odd Sivers Effect in Deep- Inelastic
Scattering, Phys. Rev. Lett. 103, p. 152002 (2009).
10. M. Alekseev et al., Collins and Sivers asymmetries for pions and kaons in muon-
deuteron DIS, Phys.Lett. B673, 127 (2009).
11. C. Adolph et al., Collins and Sivers asymmetries in muonproduction of pions and
kaons off transversely polarised protons, Phys. Lett. B744, 250 (2015).
12. R. Seidl et al., Measurement of Azimuthal Asymmetries in Inclusive Production of
Hadron Pairs in e+e- Annihilation at
√
s = 10.58 GeV, Phys. Rev. D78, p. 032011
(2008).
13. J. P. Lees et al., Measurement of Collins asymmetries in inclusive production of
charged pion pairs in e+e− annihilation at BABAR, Phys. Rev. D90, p. 052003
(2014).
14. J. H. Lee and F. Videbaek, Single spin asymmetries of identified hadrons in polarized
p + p at s**(1/2) = 62.4 and 200-GeV, AIP Conf. Proc. 915, 533 (2007).
15. I. Arsene et al., Single Transverse Spin Asymmetries of Identified Charged Hadrons in
Polarized p+p Collisions at
√
s = 62.4 GeV, Phys. Rev. Lett. 101, p. 042001 (2008).
16. B. I. Abelev et al., Forward Neutral Pion Transverse Single Spin Asymmetries in p+p
Collisions at
√
s=200 GeV, Phys. Rev. Lett. 101, p. 222001 (2008).
17. L. Adamczyk et al., Longitudinal and transverse spin asymmetries for inclusive jet
production at mid-rapidity in polarized p+ p collisions at
√
s = 200 GeV, Phys. Rev.
D86, p. 032006 (2012).
18. L. Adamczyk et al., Transverse Single-Spin Asymmetry and Cross-Section for pi0 and η
Mesons at Large Feynman-x in Polarized p+p Collisions at
√
s = 200 GeV, Phys. Rev.
D86, p. 051101 (2012).
May 13, 2020 1:25 ws-procs961x669 WSPC Proceedings - 9.61in x 6.69in book page 98
98
Pion nucleus Drell-Yan process and parton transverse momentum in
the pion
Aurore Courtoy∗
Instituto de F´ısica, Universidad Nacional Auto´noma de Me´xico
Apartado Postal 20-364, 01000 Ciudad de Me´xico, Mexico
∗E-mail: aurore@fisica.unam.mx
During the INT-18-3 workshop, we presented an analysis of unpolarized Drell-Yan pair
production in pion-nucleus scattering with a particular focus into the pion Transverse
Momentum Distributions in view of the future Electron Ion Collider. The transverse
distributions of the pion calculated in a Nambu–Jona-Lasinio framework, with Pauli-
Villars regularization, were used. The pion Transverse Momentum Distributions evolved
up to next-to-leading logarithmic accuracy is then tested against the transverse momen-
tum spectrum of dilepton pairs up to a transverse momentum of 2 GeV. We found a
fair agreement with available pion-nucleus data. This contribution joins common efforts
from the TMD and the pion structure communities for the Electron Ion Collider.
Keywords: Pion, Structure, Drell-Yan
1. Introduction
The structure of the pion is intrisically related to the dynamics of QCD. Non-
perturbative approaches that incorporate chiral symmetry have been successfully
leading towards a more general understanding of the pion structure. While there
are less experiments involving pion observables than, e.g., proton’s, an Electron Ion
Collider (EIC) will be capable of providing more experimental insights, as described
in Ref.1. In these proceedings, we will focus on a calculation of the pion Transverse
Momentum Distributions (TMDs) in the Nambu–Jona-Lasinio (NJL) model, whose
results fully embody chiral symmetry.
The pion-induced Drell-Yan process has played a central role in the early deter-
mination of the pion distributions, especially through the data available in Ref.2.
This process is described by h1(p1)+ h2(p2)→ γ∗(q)+X in which a virtual photon
is produced with large invariant mass-squared Q2 in the collisions of two hadrons
at a center-of-mass energy s = (p1 + p2)
2, with p1,2 the four momentum of hadrons
h1,2, h1 being a pion and h2 a proton. Beyond collinear approaches, the unin-
tegrated cross-sections characterize the spectrum of transverse momentum of the
virtual photon, qT . In the kinematical regime in which qT is of order ΛQCD, that is
small w.r.t. Q, such an effect is accounted into transverse momentum of the partons
through TMDs. The departure from collinearity is here a highly non-perturbative
effect, originated in the internal dynamics of the parent hadron. While there exist
model predictions as well as phenomenological analyses, the implementation of the
transverse momentum factorization theorems has added in complexity in globally
fitting and phenomenologically determining TMDs.
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In Ref.3, we presented one of the first analyses of the piN DY process in terms
of the modern TMD formulation. Our method focuses on investigating the DY
cross section from the perspective of the dynamics of the pion as expressed in the
Nambu–Jona-Lasinio (NJL) model4.
2. Pion dynamics in Drell-Yan cross sections
When q2T becomes small compared to Q
2, large logarithmic corrections of the form
of αns log
m(Q2/q2T ) with 0 ≤ m ≤ 2n− 1 appear in fixed order results, being n the
order of the perturbative calculation. These large logarithmic corrections can be
resummed to all orders by using the Collins-Soper-Sterman (CSS) formalism5. In
this limit, the cross-section, differential in qT , can be written as
6
dσ
dq2T dτdy
=
∑
a,b
σ
(LO)
qq¯
∫ ∞
0
db
b
2
J0(b qT )Sq(Q, b)S
pip
NP (b)
[
(fa/pi ⊗ Cqa)
(
x1,
b20
b2
)
(fb/p ⊗ Cq¯b)
(
x2,
b20
b2
)
+ q ↔ q¯
]
, (1)
where b0 = 2e
−γe , the symbol ⊗ stands for convolution and σ(LO)qq¯ is the leading-
order total partonic cross section for producing a lepton pair. We use the nuclear
PDFs of Ref.8 for the proton collinear PDFs. The cross section in Eq. (1) is also
differential in τ = Q2/s and y, the rapidity of the DY pair. The large logarithmic
corrections are exponentiated in b-space in the Sudakov perturbative form factor,
Sq(Q, b). The non-perturbative factor, S
pip
NP , contains all the information about the
non-perturbative kT behavior. Models for hadron’s structure might describe the
true theory but at one specific value of the RGE scale, Q0. In that sense, they
incorporate —here, in the chiral limit— a factorized kT and Bjorken x behavior in
a fashion that can be resumed as
fq/pi(xpi, b;Q
2
0) = q(xpi;Q
2
0)S
pi
NP (b) = q(xpi;Q
2
0) exp{lnSpiNP (b)} ; (2)
while the full TMD parton densities should involve a further Q2 dependence, that
is also called non-perturbative evolution. Such an evolution has been parameterized
in the past, for the proton-proton DY, as
SppNP (b) = exp{−[a1 + a2 ln(M/(3.2 GeV)) + a3 ln(100x1x2)]b2} , (3)
where a1 plays an equivalent roˆle to lnS
pi
NP (b) in Eq. (2) and the other parameters,
determined e.g. in Ref.7, reflect a Q2 evolution, i.e. through the invariant mass M
dependence, as well as an unfactorized (x,kT ) term.
Our ansatz, incorporating the NJL results, is
SpipNP (b) = S
pi
NP (b)
√
SppNP (b) , (4)
where SpiNP (b) is given by the model and is non-gaussian, i.e.
SpiNP (b) =
3
2pi2
(
m
fpi
)2 ∑
i=0,2
ciK0(mi b) , (5)
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and the square root of SppNP (b) is given in Eq. (3).
At very large values of b, the perturbative form factor needs to include a tam-
ing through the so-called b?-prescription. By splitting the perturbative form fac-
tor, we can use distinct bmax on the proton and pion side with b?(b, bmax) =
b/
√
1 +
(
b
bmax
)2
and the respective bpmax = 1.5GeV
−1 and bpimax = b0/Q0 =
2.44GeV−1, with Q0 —the hadronic scale of the model— evaluated at NLO through
a minimization procedure for the collinear PDF on the integrated DY cross-sections.
That hadronic scale so determined represents the only free parameter of our ap-
proach.
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Fig. 1. Our model results compared to cross sections in various invariant mass bins of the DY
lepton pair integrated in 0 < xF < 1. bmax is given in unit GeV
−1.
The results for the lepton pair qT -spectra of Ref.
2, measured in piW collisions,
are shown in Fig. 1. The plots range up to qT ∼ 2 GeV, range for which the chosen
proton description holds3. Both red, full and dashed, curves correspond to results
using Eq. (4) with, respectively, the proposed regulator value bpimax = 2.44 GeV
−1
and bpimax = 1.5 GeV
−1 demonstrating the stability of our results at small values of
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qT . The short-dashed blue curve corresponds to a different ansatz: Eq. (3) is used
for both hadrons, still with different bmax values. At low-qT , the difference between
the two ansa¨tze is quantitatively small. There seems to be a reduced sensitivity of
the data to non-perturbative structure. However, this is a first analysis for which
no non-perturbative evolution of the type Eq. (3) has been included, since it is not
inherent to the NJL approach used here.
3. Conclusions
We have synthetized the analysis of the DY pair production in pion-nucleus scat-
tering3, in which we tested the outcome of a NJL approach for the pion TMD
plugged in the CSS framework at next-to-leading logarithmic accuracy against the
differential transverse momentum spectra of DY pairs produced in pA collisions.
Further analyses require an extension of the current approach to include a Q2 de-
pendence. This will be particularly relevant for both the pion structure and the
TMD formalism that will be addressed at the EIC.
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I present an calculation of transverse momentum dependent real emission contributions
to splitting functions within kT -factorization
1–3, giving special attention to the gluon-
to-gluon splitting. The calculation is performed in a formalism that generalizes the
framework of4,5.
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1. Introduction
Parton distributions functions (PDFs) are crucial elements of collider phenomenol-
ogy. In presence of a hard scale M with M  ΛQCD, factorization theorems allow to
express cross-sections as convolutions of parton densities (PDFs) and hard matrix
elements, where the latter are calculated within perturbative QCD6. Here we are
focused on parton densities which depend on transversal momentum. Such PDFs
arise naturally in regions of phase space characterized by a hierarchy of scales. A
particularly interesting example is provided by the so called low x region, where x is
the ratio of the hard scale M2 of the process and the center-of-mass energy squared
s. The low x region corresponds therefore to the hierarchy s  M2  Λ2QCD. We
follow here a proposal initially outlined in5. There, the splitting functions which are
basic blocks allowing to construct PDFs have been constructed following the defini-
tion of DGLAP splittings by Curci-Furmanski-Petronzio (CFP)4. The authors of5
were able to generalize the CFP framework and define a Transversal Momentum
Dependent (TMD) gluon-to-quark splitting function P˜qg, both exact in transverse
momentum and longitudinal momentum fraction.a Following observation of7 in1
the P˜gq, and P˜qg and P˜qq were obtained. The computation of the gluon-to-gluon
splitting P˜gg required a further modification of the formalism used in
1,5 as has been
developed in3. In this contribution I summarize the most relevant results obtained
in this work.
2. Calculation of gluon-to-gluon splitting
The calculation of the P˜gg splitting function follows the methods used in
1,3. In
the high energy kinematics the momentum of the incoming parton is off-shell and
aHereafter, we will use the symbol P˜ to indicate a transverse momentum dependent splitting
function.
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given by: kµ = ypµ + kµ⊥, where p is a light-like momentum defining the direction
of a hadron beam and n defines the axial gauge with n2 = p2 = 0 (that is nec-
essary when using CFP inspired formalism). Additionally, the outgoing momenta
is parametrized as: qµ = xpµ + qµ⊥ +
q2+q2
2xp·n n
µ and we also use: q˜ = q − zk with
z = x/y.
The TMD splitting function, P˜gg, is defined as
Kˆgg
(
z,
k2
µ2
, 
)
= z
∫
d2+2q
2(2pi)4+2
∫
dq2 Pg, in ⊗ Kˆ(0)gg (q, k)⊗ Pg, out︸ ︷︷ ︸
P˜
(0)
gg (z,k,q˜,)
Θ(µ2F + q
2),
(1)
with Pg being appropriate projection operators and Kˆgg the matrix element con-
tributing to the kernel.
In order to calculate P˜gg splitting one needs to extend formalism of
1,5 to the
gluon case. This was achieved in3 by generalizing definition of projector operators
and defining appropriate generalized 3-gluon vertex that is gauge invariant in the
presence of the off-shell momentum k. Definition of the generalized vertex follows
from application of the spinor helicity methods to the high-energy factorization8–13
and can be obtained by summing the diagrams of Fig. 1, giving:
Γµ1µ2µ3g∗g∗g (q, k, p
′) = Vλκµ3(−q, k,−p′) dµ1λ(q) dµ2κ(k)+ dµ1µ2(k) q
2nµ3
n · p′ −d
µ1µ2(q)
k2pµ3
p · p′ ,
(2)
with Vλκµ3(−q, k,−p′) being the ordinary 3-gluon QCD vertex, and dµ1µ2(q) =
−gµ1µ2 + qµ1nµ2+qµ2nµ1q·n is the numerator of the gluon propagator in the light-cone
gauge. More details on the exact procedure can be found in3.
q¯A
qA
q¯B
qB
3 +
qA q¯A
qB q¯B
3 +
qB q¯B
qA q¯A
3
1
Fig. 1. Feynman diagrams contributing to the amplitude used to define the generalized 3-gluon
vertex.
The definition of the projectors is more involved. We need to ensure that in the
collinear limit the new projectors reduce to the ones introduced by the CFP4 and
that the appropriate high-energy limit for the gluon splitting is also obtained. A
natural approach is to modify only the incoming projector Pg, in, as the kinematics of
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the incoming momentum is more general, and keep the collinear outgoing projector
Pg, out unchanged (as the kinematics of the outgoing momentum is the same). This
is what was done by Catani and Hautmann5,14 and later by us1 when defining the
projector for the calculation of the quark splitting functions. In that case we used
a transverse projector: kµ⊥k
ν
⊥/k
2
⊥ which, however, can not be used anymore since it
does not guarentee gauge invariance of the 3-gluon vertex Γµ1µ2µ3g∗g∗g . Instead we use,
longitudinal projector given by: Pµνg, in = y2pµpν/k2⊥. However, in order to satisfy
the requirements of Psg = Pg, inPg, out being a projector operator (Psg ⊗ Psg = Psg) we
also need to modify the outgoing projector. In the end we end up with the following
gluon projectors:
Pµνg, in = −y2
pµpν
k2⊥
, Pµνg, out = −gµν +
kµnν + kνnµ
k · n − k
2 nµnν
(k · n)2 . (3)
One can check now that Psg ⊗ Psg = Psg holds. Also the new outgoing projector
is consistent with the collinear case and one can show that in the collinear limit
the difference between y2 pµpν/k2⊥ and k
µ
⊥k
ν
⊥/k
2
⊥ vanishes when contracted into the
relevant vertices. More details are provided in3.
3. Results
Using the elements introduced in the previous section the transverse momentum
dependent gluon-to-gluon splitting function has been computed. The result is:
P˜ (0)gg (z, q˜,k) = 2CA
{
q˜4
(q˜− (1− z)k)2 [q˜2 + z(1− z)k2]
[
z
1− z +
1− z
z
+
+ (3− 4z) q˜ · k
q˜2
+ z(3− 2z)k
2
q˜2
]
+
(1 + )q˜2z(1− z)[2q˜ · k + (2z − 1)k2]2
2k2[q˜2 + z(1− z)k2]2
}
,
(4)
Now we can explicitly check the corresponding kinematic limits. In the collinear
case this is straightforward, since the transverse integral in Eq. (1) is specially
adapted for this limit. In particular, one easily obtains the real part of the DGLAP
gluon-to-gluon splitting function:
lim
k2→0
P¯
(0)
ij
(
z,
k2
q˜2
)
= 2CA
[
z
1− z +
1− z
z
+ z (1− z)
]
. (5)
In order to study the high-energy and soft limit it is convenient to change to the
following variables: p˜ = k−q1−z = k− q˜1−z , then in the high-energy limit (z → 0) we
obtain:
lim
z→0
Kˆgg
(
z,
k2
µ2
, , αs
)
=
αsCA
pi(eγEµ2)
∫
d2+2p˜
pi1+
Θ
(
µ2F − (k− p˜)2
) 1
p˜2
where the term under the integral is easily identified as the real part of the LO
BFKL kernel. Additionally, one can check that in the angular ordered region of
phase space, where p˜2 → 0, we reproduce the real/unresummed part of the CCFM
kernel15–17: 1z +
1
1−z +O
(
p˜2
k2
)
.
May 13, 2020 1:25 ws-procs961x669 WSPC Proceedings - 9.61in x 6.69in book page 105
105
Acknowledgments
The project is partially supported by Narodowe Centrum Nauki with grant DEC-
2017/27/B/ST2/01985.
References
1. O. Gituliar, M. Hentschinski and K. Kutak, Transverse-momentum-dependent quark
splitting functions in kT−factorization: real contributions, JHEP 01, p. 181 (2016).
2. M. Hentschinski, A. Kusina and K. Kutak, Transverse momentum dependent splitting
functions at work: quark-to-gluon splitting, Phys. Rev. D94, p. 114013 (2016).
3. M. Hentschinski, A. Kusina, K. Kutak and M. Serino, TMD splitting functions in kT
factorization: the real contribution to the gluon-to-gluon splitting, Eur. Phys. J. C78,
p. 174 (2018).
4. G. Curci, W. Furmanski and R. Petronzio, Evolution of Parton Densities Beyond
Leading Order: The Nonsinglet Case, Nucl. Phys. B175, 27 (1980).
5. S. Catani and F. Hautmann, High-energy factorization and small x deep inelastic
scattering beyond leading order, Nucl. Phys. B427, 475 (1994).
6. J. C. Collins, Renormalization, Cambridge Monographs on Mathematical Physics,
Vol. 26 (Cambridge University Press, Cambridge, 1986).
7. F. Hautmann, M. Hentschinski and H. Jung, Forward Z-boson production and the
unintegrated sea quark density, Nucl. Phys. B865, 54 (2012).
8. A. van Hameren, P. Kotko and K. Kutak, Multi-gluon helicity amplitudes with one
off-shell leg within high energy factorization, JHEP 12, p. 029 (2012).
9. A. van Hameren, P. Kotko and K. Kutak, Helicity amplitudes for high-energy scat-
tering, JHEP 01, p. 078 (2013).
10. A. van Hameren, K. Kutak and T. Salwa, Scattering amplitudes with off-shell quarks,
Phys. Lett. B727, 226 (2013).
11. A. van Hameren, BCFW recursion for off-shell gluons, JHEP 07, p. 138 (2014).
12. A. van Hameren and M. Serino, BCFW recursion for TMD parton scattering, JHEP
07, p. 010 (2015).
13. K. Kutak, A. van Hameren and M. Serino, QCD amplitudes with 2 initial spacelike
legs via generalised BCFW recursion, JHEP 02, p. 009 (2017).
14. S. Catani, M. Ciafaloni and F. Hautmann, High-energy factorization and small x
heavy flavor production, Nucl. Phys. B366, 135 (1991).
15. M. Ciafaloni, Coherence Effects in Initial Jets at Small q**2 / s, Nucl. Phys. B296,
49 (1988).
16. S. Catani, F. Fiorani and G. Marchesini, QCD Coherence in Initial State Radiation,
Phys. Lett. B234, 339 (1990).
17. G. Marchesini, QCD coherence in the structure function and associated distributions
at small x, Nucl. Phys. B 445, 49 (jul 1995).
May 13, 2020 1:25 ws-procs961x669 WSPC Proceedings - 9.61in x 6.69in book page 106
106
Jet TMDs
Xiaohui Liu∗
Center of Advanced Quantum Studies, Department of Physics, Beijing Normal University,
Beijing, 100875, China,
∗E-mail: xiliu@bnu.edu.cn
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1. Introduction
Jets and their substructures play important roles in modern collider physics. On
the experimental side, due to the large production rates, jets can probe physics
at scales crossing several orders of magnitude with well-controlled statistic errors,
for instance from O(10) GeV to O(1) TeV at the LHC. Advanced jet substructure
techniques further extend the region to sub-GeV regime, makes them ideal tools
for studying the internal hadron structures. Recently proposed jet substructure
operations, including jet grooming, trimming, substantially reduce the sensitivity
to the soft contamination from multiple-parton interactions. On the theory side,
thanks to the rapid developments in perturbation calculations, many collider jet
processes, such as single jet inclusive production at the EIC a, are now known to the
next-to-next-to-leading order accuracy in αs leading to a typical (sub)-percent level
theoretical uncertainty. All order resummation out of the first principle at next-to-
leading logarithmic accuracy (NLL) and beyond are also feasible for jet processes
involving large hierarchies. These developments for collider jet physics make us
confident in extracting interesting internal (un)-polarized transverse structures of
hadrons and nulcei/nucleons by using jets in hard probes, just like what we do with
the semi-inclusive DIS, Drell-Yan and e+e− annihilation processes. In the remaining
of this article, we will review the possible avenues toward the TMD physics using
jet or jet substructure observables.
2. Jet TMDs
2.1. inside-jet TMDs
As the first example, we consider the transverse momentum distribution of a hadron
h within fully reconstructed jets in pp collisions, pp→ (jeth)X, where the transverse
momentum is determined with respect to the jet axis and the jets are constructed
asee this proceeding.
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using the anti-kT algorithm with the radius parameter R. Typically R is chosen to
be 0.4 − 0.8. With the small R limit, the cross section for this process is found to
have the factorized form1
dσpp→(jeth)X
dpTdηdzhd2j⊥
=
∑
a,b,c
fa(xa)⊗ fb(xb)⊗Hcab(xi; η, pT /z, µ)⊗ Ghc (z, zh, j⊥) , (1)
where H the hard functions for producing an energetic parton c in the hard-
scattering by the parton a and b. G is the semi-inclusive TMD fragmenting jet
functions which describes the formation of a jet out of the parton c with the ob-
served hadron h inside . The jet function G encodes all the information on the
hadron transverse momentum j⊥. When j⊥  pT , the semi-inclusive jet function
can be further factorized
G = Hc→i(R)
∫
d2k⊥d2λ⊥δ(2) (zhλ⊥ + k⊥ − j⊥)Dh/i(zh, k⊥)Si(λ⊥) . (2)
Here H is related to the out-of-jet radiations. The soft function Si describes the
soft radiations with momentum of order j⊥ and Di’s are the standard TMD frag-
mentation functions (TMDFFs). Here we have suppressed all the scale dependence
including both the factorization scale µ and the rapidity scale ν. When j⊥  ΛQCD,
the TMDFFs can be further matched onto the collinear PDFs. All components in
the factorization theorem including the TMD matching coefficients have been cal-
culated to NLO and thus the NLL resummation in both lnR and ln j⊥ are realized.
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Fig. 1. Breakdown of the hadron j⊥-distributions inside jets (blue) into quark initiated (red) and
gluon initiated (green) TMDFF channels for different jet pT ranges. The plots are taken from
Ref.1.
In fig. 1, we show the breakdown of the hardron j⊥ distribution into the quark
and the gluon TMDFF components. The breakdown is valid in the TMD Sudakov
regime. We see that for low jet transverse momentum, the gluon TMD dominates
over the quark contributions by a factor of O(10) in pp collisions. Therefore, the low
jet transverse momentum region will serve the golden channel to extract the gluon
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TMDFF. As a qualitative comparison, we also include the ATLAS data3. However
we note that the experimental data are presented for the zh-integrated hadron
distribution, i.e. with zh integrated from 0 to 1. We suggest a future measurement
of the hadron j⊥ with binning zh to allow for a direct comparison between the theory
and the experiments to benefit the extraction of the TMDFFs. We further notice
that inside-jet hadron distributions have been applied to a recent investigation of
the Collins azimuthal asymmetry in transversely polarized pp collisions2.
2.2. jet imbalance
Now we turn to the jet imbalance in pp4 and ep(A) colllisions5.
2.2.1. probing the factorization breaking effects
For pp collision, we consider p(p1, s⊥) + p(p2) → jet + γ, where the transverse
momenta of the jet and the photon are given by pJ⊥ and pγ⊥, respectively. Here
the transverse momentum is measured with respect to the beam axis in the center-
of-mass frame of the colliding protons. We focus on the small imbalance case in
which |~q⊥| ≡ ~pγ⊥ + ~pJ⊥  |~pγ⊥| , |~pJ⊥|. The factorization theorem for this process
in the small q⊥ region is known to break-down. However its size and thus its impact
on the phenomenological studies are un-known.
To probe the size of the factorization breaking effects, a novel framework without
the Glauber modes based on the generalized TMD factorization along with adding
additional soft contributions are derived for both un-polarized and polarized case.
For instance, for the polarized case, the proposed framework reads4
d∆σ
dPS =
αβsα⊥
∑
a,b,c
∫
dφJ
∫ 4∏
i
d2~ki⊥δ(2)(~q⊥ −
4∑
i
~ki⊥)
× k
β
1⊥
M
f⊥ SIDIS1T,a (xa, k
2
1⊥)f
unsub
b (xb, k
2
2⊥)
× Snn¯nJ (~k3⊥)ScsnJ (~k4⊥, R)HSiversab→cγ(p⊥)Jc(p⊥R) , (3)
which is sensitive to the Silvers function. The process dependent color factors
are included in the hard coefficient HSivers. We note that the framework is self-
consistent and can systematically improve its predictive accuracy. Currently, the
resummation is achieved at the NLL accuracy level. By controlling the jet pJ⊥,
we change the sensitivity to the non-perturbative TMD effects. Therefore any
difference between the future data and the outcome of this framework will shed
light on the size of the factorization breaking. If the sizes were small, the process
can be excellent candidate for extracting the gluon TMDs.
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2.2.2. jet TMDs at the future EIC
Similar process can be investigated at the EIC, but now we study the imbalance
between the jet and the lepton (`′(k`)) in the center of mass frame in `(k)+A(P )→
`′(k`) + Jet(PJ) +X, where A can be (un)-polarized proton or nuclei/nucleon. One
can derive the all-order factorization theorem for this process for both polarized
and un-polarized cases. Also the PT -broadening generated by cold nuclear matter
effects can be incorporated systematically5.
Fig. 2. Left panel: the single spin asymmetry in transversely polarized ep collision. Right panel:
PT -broadening in eA collision. The plots are taken from Ref.
5.
The left panel of fig. 2 shows the single spin asymmetry as a function of the
azimuthal angle ∆φ distribution. By changing the lepton transverse momentum,
we probe different range in x of the Sivers function. For k`,T = 15 GeV, we found
the single spin asymmetry can be as large as 5% which should be observable in the
future EIC which typically has sufficient statistics in the lepton-nucleon frame.
The right panel in fig. 2 represents the sensitivity of the azimuthal angular cor-
relation as a function of ∆φ to different values of qˆL in the range of a theoretical
estimate for cold nuclear matter6. This correlation is expected to be able to inves-
tigate at the future EIC.
3. Conclusions
Several examples have been presented in this article to highlight the opportuni-
ties that the jet brings to the TMD physics for both un-polarized and polarized
cases. With increasing experimental accuracy and available high precision theoret-
ical tools, we believe jets will show their advantages in extracting non-perturbative
structures of the hadron or nucleon/nuclei by hard probes in the near future.
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In this talk, focusing on groomed jet and quarkonium production and decay processes, we
discuss the factorization and resummation of large logarithms at the level of cross section
involving TMDs. For groomed jets we analyze the measurement of hadronic transverse
momentum with respect to the groomed-jet-axis and show that this observable can be
used for probing the non-perturbative part of the TMD (rapidity) evolution kernel. For
the case of quarkonium we present a new framework for factorization of quarkonium
production and decay TMD related processes. In this new approach the factorization
theorems are written in terms of the new TMD quarkonium shape functions. We work
in the framework of effective field theories and particularly soft collinear effective theory
and non-relativistic quantum chromodynamics.
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1. Hadronization within groomed jets
In the recent years there were many studies1–3 proposing the use of in-jet hadroniza-
tion as a probe to TMD physics. Here we discuss the measurement of hadronic trans-
verse momentum inside a groomed jet, particularly the energy fraction, zh = Eh/EJ
and the transverse momentum w.r.t. the groomed-jet-axis, pTh, of an identified
hadron h within a groomed jet. The jet is clustered using anti-kT algorithm and
then groomed using modified mass drop tagging (mMDT) algorithm4,5. The mMDT
algorithm (or its generalization known as soft-drop) removes contaminating soft ra-
diation from the jet by constructing an angular ordered tree of the jet through the
Cambridge/Aachen (C/A) clustering algorithm, and removing the branches at the
widest angles which fail an energy requirement, E > zcutEbranch. As soon as a
branch is found that passes, this branch is declared the groomed jet, and all con-
stituents of the branch are the groomed constituents. What is remarkable about
the procedure, is that it gives a jet with essentially zero angular area, since at large
angles, all collinear energetic radiation is to be found at the center of the jet, and
no cone is actually imposed to enclose this core. One simply finds the branch whose
daughters are sufficiently energetic. Formally the daughters could have any opening
angle, though their most likely configuration is collinear.
We use soft-collinear effective theory (SCET) to factorize the relevant cross
section. The factorization for this observable6 is given in terms of the quark/gluon
jet fraction, Fi, which are specific to the experimental configuration, and the jet
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function, Ji,
dσ
d~pJdM =
∑
i
Fi(C, pµJ , R, zcut)Ji(EJ , R, zcut,M) , (1)
where C denotes collectively the experimental constraints and M the measure-
ments imposed on the grooomed constituents. For e+e− → di-jet processes the
quark/gluon fraction, Fi, can be calculated perturbatively and for DIS can be writ-
ten in terms of a convolution of the partonic matching coefficient and the collinear
PDFs. For hadronic collisions a perturbative calculation of the fractions Fi within
SCET suffers from factorization breaking effects, but since they are independent of
the measurementM they could be extracted from one process and used in an other
(in a similar manner to the PDFs).
For the case of an identified hadron in jet and for M = {qT , zh}, where the
small transverse momentum, qT = pTh/zh, is defined w.r.t. the groomed jet axis,
then eq. (1) with R ∼ 1 becomes:
dσ
d~pJdqT dzh
=
∑
i
Fi(C, R, pµJ , zcut)Gi/h(EJ , zcut, qT , zh) , (2)
up to power-corrections where Gi/h is the groomed TMD fragmenting jet function
(gTMDFJF) which is further refactorized in the context of SCET+ into a collinear-
soft function, S⊥i , and the purely collinear term
a, D⊥i/h. The purely collinear term is
simply the so called “un-subtracted TMD fragmentation functions”. The factorized
expression can then be written conveniently in the impact parameter space,
Gi/h(EJ , zcut, b, zh) = S⊥i (EJzcut, b; ν)D⊥i/h(EJ , zh, b; ν) , (3)
where we have explicitly included the rapidity scale, ν, dependence which is intro-
duced by the necessary regulator for rapidity divergences. We use the formalism of
the rapidity renormalization group (RRG) to handle the rapidity scale dependence
and to resum rapidity logarithms. Identifying as Q and Qzcut as the collinear and
collinear-soft canonical rapidity scales we suggest the logarithmic derivative of the
cross-section (w.r.t. ln zcut) as a probe to the rapidity anomalous dimension. We
demonstrate the sensitivity of this observable to the non-perturbative aspects of
the rapidity anomalous dimension using four different parameterizations (for the
details of the parameterizations see the original paper2). As an example we study
the process e+ + e− → (u→ pi+) +X. The results are shown in figure 1.
From figure 1 we see that the logarithmic derivative of the groomed TMD dis-
tribution shows strong discrepancy between various modes at small values of the
transverse momentum. At moderate values, pT & 5 (GeV) ΛQCD, the observable
becomes insensitive to the non-perturbative models, as expected since all models
should merge to the perturbative result in this range of the spectrum.
aIn the language of SCET the term “collinear” corresponds to the contribution from modes that
satisfy collinear scaling. Not to be confused with the integrated distributions, usually present in
the collinear factorization
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Fig. 1. The logarithmic derivative of TMDFJF for three different models. All models agree in
the perturbative regime but show significant differences in the non-perturbative region.
2. A new EFT approach to quarkonium production at small pT
Among others, some of the processes proposed to study gluon TMDs in collider
experiments are inclusive, exclusive, and associated quarkonium production pro-
cesses. The goal of this talk is to emphasize many difficulties that arise when
studying observables sensitive to soft radiation through quarkonium production or
decay processes. In collider physics, quarkonia are studied within the framework
of NRQCD factorization7,8 where the cross section is written as a sum of products
of short distance matching coefficients and the corresponding long distance matrix
elements (LDMEs).
The NRQCD factorization approach was used extensively in quarkonium phe-
nomenology, but despite the many successes, NRQCD factorization is only effective
when the quarkonium is produced with relatively large transverse momenta. Intu-
itively, in this kinematic regime, emissions of soft and ultra-soft gluons from the
heavy quark pair cannot alter the large transverse momentum of the quarkonium
state. Ignoring these soft emissions, the quarkonium transverse momentum is then
determined from the hard process alone and the infrared (IR) divergences that are
present in perturbative calculations of the partonic hard process are absorbed into
the non-perturbative LDMEs and collinear matrix elements (PDF/FF). However,
when quarkonia are produced with small transverse momenta, this soft gluon factor-
ization assumption must be relaxed. The quarkonium photo/lepto-production was
studied9–11 in this region sensitive to soft radiation where NRQCD factorization
break down and it was found that promoting the LDMEs into quarkonium shape
functions is necessary for correctly accounting the soft radiation from the heavy
quark pair.
Here we propose a new EFT in which the treatment of soft and collinear modes
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is similar to SCET. We refer this new EFT as SCETQ and within this effective
theory we demonstrate how we can obtain factorization theorems for quarkonium
production and decay.
A crucial role in our analysis plays the diagrammatical derivation of the relevant
partonic operators. For example in a generic hard process, the matching onto the
S-wave operators is given by
OΓ(S-wave) = ψ†S†vΓSvχ , (4)
where Sv is a time-like (soft-gluon) Wilson line. This suggests the presence of
time-like Wilson line in the soft sector. We confirm that for color-octet quarkonia
this Wilson line is necessary for the IR-finiteness of the fixed order cross section.
We showed that such diagrammatical analysis strongly constrained the form of
operators that contribute to the hard sector of the SCETQ Lagrangian. Also this
allowed us to relate the matching coefficients of specific operators, which naively
may seem unrelated, at all orders in perturbation theory. We further demonstrate
that the resulting operators are invariant under collinear, soft, and ultra-soft gauge
transformations.
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TMD Phenomenology:
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Establishing a precise multi-dimensional imaging of quarks and gluons inside nucleons is
one of the primary goals of the Electron Ion Collider project. I will present a personal
choice of recent developments in the phenomenological mapping of the momentum space
structure of the nucleon, through the studies of transverse momentum dependent parton
distributions, with special focus on the polarized cases, where correlations between spin
and partonic momenta are more relevant.
1. Introduction
In the last decades several experiments have been performed to unravel the 3D-
structure of nucleons in terms of their partonic degrees of freedom. Transverse
momentum dependent parton distributions (TMDs) allow us to build a map of the
hadron structure in momentum space, which will ultimately lead to a full knowledge
of its composition and internal dynamics in terms of elementary constituents.
TMDs encode the confined phase of hadrons. Consequently, they cannot be
computed in pQCD, but have to be modeled and extracted phenomenologically
from experimental data. However, when properly defined within the realm of TMD
factorization, TMDs are universal and, therefore, process independent.
TMDs can be studied in different hadronic processes, mainly in Drell-Yan scat-
tering, which allows TMD parton distribution functions (PDFs) to be extracted,
e+e− annihilations, where the parton hadronization mechanism can be investigated
through TMD fragmentation functions (FFs), and finally in Semi-Inclusive Deep
Inelastic Scattering (SIDIS), where both TMD PDFs and FFs play a crucial role.
Recently a great experimental effort has been brought forward by the HERMES,
COMPASS and JLab Collaborations in collecting a large amount of unpolarized and
polarized SIDIS data, covering rather different kinematic regimes, and an equally
strong effort has been performed by several communities of theorists and phenome-
nologists, who have worked together in the pioneering work of extracting the TMDs.
However, the real break through in this field is expected to occur when a new,
purposely designed experimental facility will come to life: the Electron Ion Col-
lider1(EIC). Its experimental set up and kinematic coverage have been engineered
in such a way to complement and extend the Q2 and x coverage, towards larger Q2
and smaller x values, allowing to reach an unprecedented precision in mapping the
3D hadron structure.
There are eight independent TMD PDFs2, among which the distribution of
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unpolarized partons in an unpolarized proton and the distribution of unpolarized
partons in a transversely polarized proton, the so-called Sivers function, and the
distribution of transversely polarized partons in a transversely polarized proton,
usually referred to as “transversity”. Although all eight functions play a fundamen-
tal role in the study of spin and transverse momentum correlations, I will focus only
on the TMDs mentioned above, which have recently been the object of extensive
phenomenological analyses, together with the Collins function, a TMD FF related
to the hadronization of transversely polarized partons into spinless final hadrons.
2. The Sivers function
Very recently, a novel extraction of the Sivers function from SIDIS asymmetry
measurements was presented3, where all available SIDIS data from HERMES4,
JLab5, COMPASS-deuteron6 and COMPASS-proton experiment7 were included.
The increased statistics and precision of these new sets of data, together with a
finer binning in Q2 as well as in x, has allowed a critical re-analysis of the uncer-
tainties affecting the extraction procedure, and a thorough study of the subtle in-
terplay among experimental errors, theoretical uncertainties and model-dependent
constraints. Moreover, we have used a simpler and more transparent parametric
form of the Sivers function, in an attempt to extract the Sivers function on the
sole information provided by experimental data. We have also assessed the flavour
content of the Sivers function and its separation into valence and sea contributions.
We found that the existing data can only resolve unambiguously the total u-flavour
(valence + sea) contribution, while leaving all others largely undetermined. Any
attempt to separate valence from sea contributions, resulted in a decreased quality
of the fit, due to a lack of information in the experimental data presently available.
For this analysis we have performed two best fits: the first was a basic fit,
which we referred to as the “reference fit”, based on the most simple parametric
form which could reproduce the main features of the Sivers function; the second
fit included two extra free parameters, to make the parametrization more flexible
in the small-x region, in such a way that possible sea contributions to the u and d
flavours could be accounted for. Although we could not separate sea from valence
contributions within the Sivers first moments, this approach allowed us to obtain a
much more realistic estimate of the uncertainties affecting the extracted functions
at small values of x. Drawing well-founded conclusions on the low-x and large-x
kinematic regimes will only become possible when new experimental information
will become available from dedicated experiments like the EIC1, or JLab128. Our
results are shown in Fig. 1.
Let us stress that also the unpolarized TMDs play a crucial role in the extraction
of the Sivers function, as they appear as denominators of the Sivers single spin
asymmetries used in the fit. In fact, different assumptions about these functions
can alter results significantly. Differently from previous analyses, here the k⊥-widths
of the unpolarized functions were chosen to ensure the best possible description of
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Fig. 1. The extracted Sivers distributions for u = uv + u¯ and d = dv + d¯. Upper panels: the first
moments of the Sivers functionare shown versus x. Middle panel: relative uncertainties, given by
the ratio between the upper/lower border of the uncertainty bands and the best-fit curve for the
reference fit. Lower panel: the Sivers functions is shown versus k⊥, at x = 0.1. Here we have
no Q2 dependence. The shaded bands correspond to our estimate of 2σ C.L. In all panels, the
light blue bands correspond to the uncertainties of the reference fit, while the large gray bands
correspond to the uncertainties for the fit which includes also the αu and αd parameters
3.
the available unpolarized SIDIS data. This released the tension encountered when
trying to simultaneously fit COMPASS and HERMES data on the Sivers asymmetry
which could, for instance, lead to inadvertently over-fit the data by adding more
parameters in order to reduce an artificially large χ2. This type of complications
make it evident how critical it is to obtain a better knowledge of the unpolarized
functions, not only for this but also for any other SIDIS asymmetries.
A considerable part of our work was devoted to the study of scale dependence ef-
fects. We considered three different scenarios: no-evolution, collinear twist-3 evolu-
tion and TMD-evolution. Collinear twist-3 evolution, which proceeds only through
x while not affecting the k⊥ dependence of the Sivers function, was found to be
quite fast. In fact, when spanning the range of 〈Q2〉 values covered by the experi-
mental data, the extracted Sivers function shows variations that are larger than the
error band for the reference fit. Signals of TMD evolution, which instead affects
mostly the k⊥ dependence of the Sivers function turned out to be more elusive.
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Our attempts to estimate them resulted in a rather poor determination of the g2
parameter, which regulates the logarithmic variation of the k⊥ width with Q2. Our
best fit delivered a very small value of g2, with a large uncertainty. This does not
mean that TMD evolution is slow. In fact, within the large uncertainty bands cor-
responding to this extraction, there is room for quite a large variety of different Q2
behaviors. Unfortunately, the available experimental information is presently too
limited to determine g2 with a satisfactory precision.
3. Transversity and the Collins function
Issues related to TMD evolution are also particularly relevant when dealing with
the phenomenological extraction of other TMDs, like transversity and the Collins
functions. As these two functions appear convoluted together in the SIDIS cross
sections, it is very difficult to extract them separately. In 2007 we first proposed the
first simultaneous extraction of transversity and the Collins function9, exploiting
both SIDIS and e+e− → h1h2X experimental data. Ever since many other authors
have followed the similar paths, proposing more and more refined analyses of the
available experimental data10–15.
All these analyses found high quality best fit results, but one may wonder how
TMD evolution might affect these results, as the typical Q2 scales of the SIDIS
and e+e− → h1h2X experiments are very different (Q2 ∼ 3 GeV2 for SIDIS and
Q2 ∼ 100 GeV2 for e+e−). To answer this question it is interesting to compare two
analyses which follow different philosophies: one14 in which no TMD evolution is
taken into account, and the other12 where the Q2 dependence of the k⊥ and p⊥
distributions are accounted for. Both analyses exploited the same data sets, from
the BaBar16 and BELLE17, HERMES18 and COMPASS19 experiments.
Plots showing the transversity and Collins functions as obtained with12 and
without10 TMD evolution are presented in Fig. 2. It is easy to notice the similarity
between the two curves, well within the uncertainty bands in the kinematic regions
covered by experimental data. Notice, however, that as the asymmetries measured
by BaBar and BELLE are double ratios, this similarity might simply be due to the
cancellations of strong evolution effects between numerators and denominators.
Interestingly, the BESIII Collaboration20 has recently measured the same
Collins asymmetries observed by BaBar and Belle, but at the lower energy
√
s =
Q = 3.65 GeV. Comparisons with the asymmetries obtained at these low Q2 val-
ues, much more similar to those measured in SIDIS, might help in assessing the
importance of TMD evolution effects. It is therefore important to check how a
model in which the Q2 dependence of the TMD Gaussian width is not included14
can describe these new sets of measurements, and compare these results with the
description obtained by using a TMD evolution scheme12. As in the previous case,
there is a striking similarity between the predictions obtained with12 and without14
TMD evolution, which turn out to give almost identical asymmetries for remarkably
different values of Q2. In fact, although the typical broadening in p⊥ of the Collins
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Fig. 2. Transversity distribution for up and down quarks and Collins fragmentation functions
for favoured and disfavoured flavour contributions. A comparison of the extractions with12 and
without10 TMD evolution is presented. The band corresponds to the uncertainty of the extraction.
TMD as Q2 increases is clearly visible, the TMD evolution in the low Q2 range is
rather slow.
At this stage, it is quite difficult to draw any clear-cut conclusion: despite the
sizeable difference in Q2 among the different sets of e+e− data differences among
the measured asymmetries are mild and could be explained solely by the different
kinematical configurations and cuts. Predictions obtained with and without TMD
evolution are both in qualitatively good agreement with the present BESIII mea-
surements, indicating that present data are little sensitive to the Q2 dependence in
the transverse momentum distribution.
There are indeed other mechanisms where the Collins TMD can be explored,
for example studying the transverse momentum distribution of single hadron pro-
duction in jets off proton-proton scattering21–23. These analyses provide evidence
that the Collins function extracted in these independent processes is well consis-
tent with that extracted by fitting e+e− and SIDIS data simultaneously. Moreover,
they confirm that the experimental data presently available do not show signals of
strong evolution effects, and cannot resolve calculations done with or without TMD
evolution.
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In this contribution, a brief overview of existing measurements of transverse-momentum
distributions in semi-inclusive deep-inelastic scattering from HERMES and COMPASS
is given. An even briefer outlook on medium-term possibilities will be provided and how
all those lay a path to a future Electron-Ion Collider.
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1. Introduction
The past 20 years have seen a remarkable rise of experimental evidence for a rich
and non-trivial multi-dimensional structure of hadrons. I will not even attempt
to give an equal or even in-depth account of all of the measurements and related
observables, this is left rather to reviews.1 The selection of results will thus be a
personal one, though demonstrating a huge success story.
Two deep-inelastic scattering (DIS) experiments have played particular roles:
on one side the HERMES experiment, which used the 27.5 GeV polarized elec-
tron/positron beam of HERA in combination with a variety of polarized and un-
polarized pure gas targets. HERMES took data from 1995 until the shutdown of
HERA in 2007. While personally biased, it is probably fair to claim that HER-
MES has played a pioneering role in the field of transverse-momentum distributions
(TMDs), and in fact is still contributing to the field.2,3 Slightly shifted in time, but
still overlapping with HERMES, is the COMPASS experiment, utilizing (mainly)
the 160 GeV polarized muon beam of the North Area M2 beam line at CERN. For
the study of TMDs, mainly the data taken with polarized NH3 or
6LiD targets has
been used. However, a very large data set with an unpolarized liquid-H target was
taken in 2016/17. While motivated for the measurement of deeply virtual Compton
scattering, it will allow detailed studies of TMDs as well. In contrast to HERMES,
the COMPASS has also a fruitful hadron-beam program. In the context of TMDs,
the measurements of target-spin asymmetries in the Drell-Yan process stick out.4
But let us go back twenty years, to more or less the beginning of experimental
evidence from semi-inclusive DIS. At the 1999 DIS conference, results from HER-
∗Gratefully acknowledging support by the INT.
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MES on the azimuthal distribution of hadrons about the virtual-photon direction
were presented5, which demonstrated the non-trivial role of transverse momentum
and correlations with the nucleon (or parton) spin. In this particular case, the
azimuthal asymmetries were measured using a longitudinally polarized hydrogen
target. There are various aspects worthwhile to recall: (i) It took quite an effort
to convince an experimental collaboration that was geared towards measuring the
g1 structure function and quark helicity distributions to look at such exotic ideas
of azimuthal asymmetries arising from spin-orbit correlations. It was well worth
the effort and should serve as a prime example of being open to seemingly “weird”
ideas. (ii) At that time, an idea by Sivers to attribute single-spin asymmetries ob-
served in polarized hadron-hadron collision to correlations between the transverse
momentum of quarks and the (transverse) polarization of the nucleon6 struggled
still with plenty of skepticism and opposition7. Most attempts to explain the data
were those focused on the so-called Collins effect, an intriguing naive-T-odd spin-
momentum correlation in the hadronization process. However, and this brings me
to (iii) a courageous—and I would also say seminal—interpretation brought back
to the stage the idea of Sivers of a naive-T-odd distribution function.8 And while
the original observable measured by HERMES was a somewhat messy one, being a
subleading-twist asymmetry potentially receiving a multitude of different contribu-
tions9, it spurred ample theoretical activity with numerous important outcomes. It
wasn’t until a few years later when finally both the Sivers and Collins effects were
both unambiguously shown to exist.10
2. Experimental status of TMDs
At leading twist, there are eight TMDs required to describe the nucleon structure.
The Sivers function is one of them and, as explained above, one that was shown
to be non-zero already early on in this young endeavor of measuring TMDs. They
all lead to different azimuthal and polarization dependences of the semi-inclusive
DIS cross section. By now, all of them have been investigated albeit to different
levels of precision and flavor dependence, the latter through variation of targets and
final-state hadrons. While not the first one, the TMD of unpolarized quarks
in unpolarized nucleons profits from the largest data sets on hand. Results on
transverse-momentum dependent multiplicities are available for charged pions and
kaons from H and D targets11 as well as for unidentified charged hadrons from a
6LiD target.12 The second TMD that does not require polarization of either beam
or target is the Boer-Mulders distribution. It gives rise to a cos 2φ modulationa
of the cross section that has been extracted again both by HERMES and COM-
PASS for the same target and final-state hadron choices as for the multiplicities.14,15
Clearly non-vanishing modulations are present, however, interpretation of those is
aFor more detailed definitions of angles and asymmetries, the reader might consult the Trento
Conventions.13
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hampered by possible contributions from the Cahn effect. This exhausts the list
of leading-twist TMDs that can be probed with unpolarized targets. Nevertheless,
still using an unpolarized target but at subleading-twist, a cosφ modulation (again
related for instance to the Cahn effect) can be measured as well as the sinφ mod-
ulation of the beam-helicity asymmetry ALU . The previous has been extracted in
parallel to the determination of the cos 2φ modulation and found to be non-zero, the
latter as well and for a similar set of target and final-hadron choices (though also re-
sults for final-state protons and anti-protons have become available recently2). The
longitudinal-target-spin asymmetry ALU provides a way to measure the worm-
gear h⊥1L through the sin 2φ modulation, while the sinφ modulation discussed in
the introduction is a subleading-twist effect. While the latter was found to be
non-zero, the existing COMPASS and HERMES measurements of the sin 2φ modu-
lation are consistent with zero. Longitudinal beam and target polarization allows for
the measurement of the helicity TMD. It is the only one besides the unpolarized
TMD that does not lead directly to a azimuthal modulation and has been mea-
sured both at COMPASS and HERMES with at max weak transverse-momentum
dependence. Measurements of the subleading cosφ modulation of the longitudinal
double-spin asymmetry are consistent with zero. Turning to transverse target po-
larization allows one to assess the four remaining leading-twist TMDs as well as
various subleading ones. The most prominent ones are the Sivers and Collins asym-
metries arising from the Sivers and transversity TMDs (the latter in conjunction
with the Collins fragmentation function). They have been measured on a hydrogen
target at HERMES for pions, charged kaons,16,17 and lately also for protons and
anti-protons (still only available preliminary) and at COMPASS on NH3 and
6LiD
targets for unidentified hadrons as well as charged pions and kaons.18,19 Both effects
do not require polarized beams and are found to be non-zero, though mainly for the
COMPASS NH3 and the HERMES data. Nevertheless,
6LiD is important for the
flavor separation, which is the prime motivation for additional data taking with such
target in 2021. The Pretzelosity TMD leads to another distinctive modulation of
the transverse-target asymmetry. Preliminary results are consistent with zero both
at COMPASS and HERMES for the same target and final-state combinations used
for the Sivers and Collins asymmetries. The same applies to the subleading-twist
sin(2φ − φS) contribution to the transverse-target asymmetry AUT . On the other
hand, the subleading-twist sinφS modulation, which under certain assumptions is
linked to the Collins effect, has been found to be sizable for proton targets at both
COMPASS and HERMES for unidentified charged hadrons and charged pions, re-
spectively. Last but not least, the double-spin asymmetry ALT provides a channel
to constrain the second worm-gear TMD, g⊥1T , and preliminary results point to
a non-vanishing effect (in contrast to the vanishing asymmetries of the worm-gear
h⊥1L).
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3. Path to the EIC
With possibly the exception of the case of the unpolarized TMD, most of the mea-
surements are still very much limited in precision. Moreover, while the beam en-
ergies are certainly quite different at COMPASS and HERMES, the ranges in the
virtuality of the photon, Q2, is not sufficient to perform precision TMD evolution
studies. The Jefferson Lab 12 GeV program will result in unprecedented statistical
precision for a number of the modulations discussed. However, the beam energy
and thus the range in Q2 will be even lower. Some of the observables, e.g., the
beam-helicity asymmetry could be analyzed using HERA data at a much larger Q2,
though the situation at both H1 and ZEUS is challenging more than a decade af-
ter the shut-down of those experiments. Furthermore, those experiments were not
really designed for semi-inclusive DIS with limited hadron particle identification.
Hadron-hadron collision and electron-positron annihilation will provide additional
and complementary data, however, not always as theoretically clean as DIS, limited
in precision, or sensitive to fragmentation functions only.
Currently, solely the EIC has the potential to unravel in detail the multi-
dimensional structure of the nucleon20. The very wide kinematic coverage and a
suitable detector will allow detailed semi-inclusive DIS measurements. Polarization
and a variety of light ions in the initial state will be mandatory for such program
– all more or less part of the presently foreseen program. And who knows, may
one or the other unexpected result trigger a similar wealth of activity as the one
presented twenty years ago at DIS’99.
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Considering final states with additional degrees of freedom, such as relative orbital angu-
lar momentum or polarization, allows a more targeted access to properties of the nucleon
structure then would be possible using only single, spinless, hadrons like pions or kaons.
This contribution discusses recent results and future opportunities using di-hadron cor-
relations and polarized Λ production.
1. Introduction
A focus of the EIC physics program is the extraction of the three-dimensional struc-
ture of the proton as encoded in TMDs and GPDs1. At leading twist there are eight
TMDs. Beyond, at Twist-3 there are three additional PDFs, if one only considers
collinear functions . While the interpretation of TMD PDFs is fairly straightfor-
ward in the parton model, they encode spin-momentum correlations of partons in
the proton, twist3 pdfs have no partonic interpretation. However, strong theoretic
interest, spurred in part by the observation of large signals, led to significant insight
into twist3 PDFs over the last decade . They are related to handbag diagrams where
additional gluons are exchanged, and thus sensitive to correlations of the quark and
gluon fields inside the nucleon. This leads to connections between twist3 pdfs and
the force experienced by a struck quark inside the proton while it traverses the gluon
background field2. Via Wandzura-Wilczek relations3, some can also be related to
integrated TMDs . There is a wealth of information on these functions that can
be extracted from the SIDIS cross-section. However, the cross-section also receives
contribution from kinematic and higher twist effects, like the Cahn effect. Therefore
it is not surprising that it is not always possible to separate the different contribu-
tions to the SIDIS cross-section of single, spinless hadron production. A prominent
example for this issue is the extraction of the Boer-Mulders function4 from SIDIS
which is measured in scatterering off an unpolarized target. By utilizing additional
degrees of freedom in the final state, in our case angular momentum, more intricate
aspects of the nucleon structure can be disentangled. This contribution will focus
on fragmentation functions (FFs) describing the production of final states with an-
gular momentum, either as spin polarization, as in the case of Λ production, or
relative angular momentum, as in the case of di-hadron production. After a short
introduction to these FFs, we will focus on recent and planned measurements. Al-
though polarized Λ and di-hadron FFs (DiFFs) are important to learn about the
proton structure, it is also important to point out, that measuring them is inter-
esting by themselves. They are the crossed channel analogues of PDFs, and follow
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a similar structure. Therefore, analogous insights into QCD can be gained and
spin-orbit correlation in hadronization can be explored. Unlike PDFs, FFs cannot
be calculated from the lattice, therefore measurements are indispensable.
2. Spin-polarized FFs
TMD PDFs are often organized in a table according to the polarization of the parent
nucleon and the probed quark. TMD FFs can be organized analogously as shown in
Table 15. Here q is the polarization of the outgoing quark and H is the polarization
of the outgoing hadron. For practical purposes, this hadron will usually be a Λ due
to its self-analyzing decay.
Table 1. Interpretation of TMD FFs for quarks. The
columns indicate the quark polarization — unpolar-
ized (U), longitudinally polarized (L), transversely
polarized (T). The rows indicate the hadron polar-
ization.
H
∖
q U L T
U D
h/q
1 H
⊥h/q
1
L G
h/q
1 H
⊥h/q
1L
T D
⊥h/q
1T G
h/q
1T H
h/q
1 H
⊥h/q
1T
These function can for example be measured in correlation measurements in
e+e− 6 and have probabilistic interpretations analogues to the corresponding PDFs.
The spin dependent FFs Gh1 and H
h
1 play a role in the longitudinal and transverse
spin transfer to the Λ, whereas the polarizing FF D⊥1T is thought to play a role
in the observation of transversely polarized Λ’s in pp collisions (see Refs. 5,7 and
references therein), which helped motivate a still ongoing research in transverse
single spin asymmetries. It is the analogue of the Sivers PDF and, similarly, poses
interesting questions about universality8.
3. Correlations of pairs of unpolarized hadrons
When producing two unpolarized hadrons, the resulting system can have relative
angular momentum, such that one can assign a polarization similar to the spin
polarized final hadron states as well. The final state is often parametrized by the
relative momentum vector ~R = ~Ph1 − ~Ph2, the momentum sum vector ~Ph = ~Ph1 +
~Ph2, the azimuthal angles vs the scattering plane of those vectors in the Breit
system9,10 ΦR, Φh as well as the decay angle θ in the two-hadron center-of-mass
system. Note, that an infinite number of angular momentum numbers are possible,
leading in principle to a an infinite tower of functions11. For the lowest angular
momentum states, the functions can be ordered according to table 2. See Refs.
9,10 for details on each function. Here we want to highlight just some interesting
properties of these functions. Due to the additional degree of freedom, it is possibible
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to access the transversity h1 in a collinear framework using H
^
1 as a spin analyzer.
The additional degree of freedom allows a more targeted access to PDFs in the
SIDIS cross-section. Two examples are the access to e using H^1 and access to
the Boer-Mulders PDF through H¯⊥1 . Analogous to fragmentation in jets, in TMD
DiFFs the intrinsic transverse momentum of the initial state can decouple from the
intrinsic transverse momentum generated in hadronization. The ”worm-gear” DiFF
G⊥1 is also of interest, since it is linked to spin-orbit correlations in hadronization
and NJL-model predictions exist that would allow to connect measurements to
microscopic dynamics, at least in said model12.
Table 2. Interpretation of Di-hadron FFs for quarks. The colums
indicate the quark polarization — unpolarized (U), longitudinally
polarized (L), transversely polarized (T). The rows indicate the
polarization of the hadron pair.
H
∖
q U L T
U D
h1h2/q
1 H
⊥h1h2/q
1
L
T G
⊥h1h2/q
1 H
^h1h2/q
1 H¯
^h1h2/q
1
4. Recent Results
In this section, some recent results will be highlighted, starting with results on
Λ polarization. To shed more light on this mechanism behind the observation
of transversely polarized Λ’s in unpolarized pp collisions and address questions of
universality, measurements in SIDIS and e+e− would be important. However, until
recently, limits in luminosity and available energy in SIDIS, and the dilutions due
to evolution at high
√
s in the e+e− case precluded any precision meausurement.
This changed with the measurement of the transverse polarization of Λ’s at Belle13.
However, the comparison with theory predictions8, in particular using associated
production still shows significant discrepancies, even in the sign, which need to be
understood. Measuring Λ polarization at the EIC are an exciting prospect. In the
meantime, planned measurements at CLAS1214 could give a first glimpse at this
quantity, albeit limited by the kinematic limits with the given beam energy.
Results on di-hadron correlations into light mesons are available from
SIDIS15–17, e+e− 18 and pp19,20. A focus has been the extraction of transversity in a
collinear framework. Particularly in pp collisions di-hadron correlations are advan-
tageous compared to single hadron measurements and the STAR results were the
first signal of transversity observed in pp and have been included in a first global fit
of transversity21. Another example of the advantages of di-hadron correlations are
measurements sensitive to the twist3 PDF e10,22. In the single hadron cross-section,
e contributes to a sin Φh asymmetry in beam-spin asymmetries off an unpolarized
target. But there are three more terms contributing that are not necessary small
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Fig. 1. Preliminary results on A
sin ΦR
LU for pi
+pi− pairs from the CLAS12 experiment. Asym-
metries are shown vs x and z. A constraint on the invariant mass of the hadron pair of
Mpipi > 0.9 GeV/c2 is applied.
as illustrated by the interpretation of the structure function F sin ΦhLU at twist3
23:
F sin ΦhLU =
2M
Q
I
[
−
~kT ~Ph⊥
Mh
(
xeH⊥1 +
Mh
Mz
f1G˜
⊥
)
+
pT ~Ph⊥
M
(
xg⊥D1 +
Mh
Mz
h⊥1 E˜
)]
.
(1)
Here ~kT and ~Ph⊥ are the (intrinsic) transverse momenta of the quark and hadron,
which are convoluted (indicated by the function I). The symbols x and z are the
usual SIDIS variables, e and g⊥ are the twist3 PDFs, whereas f1 and h⊥1 are the
leading twist unpolarized and Boer-Mulders PDFs. Four fragmentation functions
appear, the Collins FF H⊥1 , the unpolarized D1 and two, a-priori unknown twist3
FFs, G˜⊥ and E˜. Comparing with the corresponding asymmetry in two-hadron pro-
duction10 in eq. 2 shows the number of terms reduced by half expression becomes
colinear. Additionally, the second term containing the twist3 DiFF G˜^ can poten-
tially be insulated considering the different kinematic dependencies. There are also
arguments why this term might be small24.
F sin ΦRLU = −x
|~R| sin θ
Q
[
M
mhh
xeq(x)H^q1 +
1
z
fq1 (x)G˜
^q
]
(2)
A measurement of this asymmetry has recently been performed on a small initial
dataset from CLAS12 and is shown in Fig. 1. Even given the small dataset (about
3% of the planned final data), a significant asymmetry is observed.
5. Summary and Outlook
The expansion of our knowledge of FFs from the production of single, spinless
hadrons to polarized hadrons and di-hadron correlations will be important to study
spin-orbit correlations in hadronization as well as access the structure of the nucleon.
In particular for Λ production, the EIC will be the first time, precision measurements
will be done in SIDIS. For di-hadron production, a host of interesting measurements
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already exist, but further measurements are needed to exploit the full potential of
these channels. The EIC can expand this program to TMD di-FFs to access certain
aspects of the nucleon structure, such as the Boer-Mulders function, more cleanly
and explore FFs that are not allowed for single unpolarized hadron fragmentation,
such as the ”worm-gear” function G⊥1 . Given the additional degrees of freedom,
DiFFs are also more complex objects than single-hadron FFs. The full kinematic
dependence has not been explored yet, in particular the dependence on the decay
angle θ and remains an important task at the EIC. As with the extraction of FFs in
general, measurements in e+e− and SIDIS data are needed. Therefore the data of
Belle II25, which succeeded Belle with the goal of collecting 50 times the integrated
luminosity over approximately one decade, will be an important input to maximize
the scientific impact of the EIC. Further experimental results are also needed from
pp, in particular to constrain the unpolarized DiFFs of gluons, which are currently
a major contributor to the uncertainties of the global fit to transversity21.
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Fragmentation functions can be cleanly obtained from e+e− annihilation. In the recent
years various measurements related to unpolarized, polarized and transverse-momentum
dependent fragmentation functions have become available from the Belle, BaBar and
BESIII experiments. These fragmentation functions are absolutely essential in extracting
the spin and flavor structure of the nucleon and will play an important role in fulfilling
the scientific goals of the electron-ion collider.
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1. Introduction
The formation of final state hadrons from high-energetic, asymptotically free par-
tons is described by fragmentation functions, FFs. Just as parton distribution
functions, FFs are nonperturbative objects which cannot be calculated from first
principles and even lattice QCD calculations cannot provide FFs. However, FFs are
universal such that the same FFs can appear in different processes such as e+e−
annihilation into hadrons, semi-inclusive deeply inelastic lepton-nucleon scattering
or p-p collisions. Therefore the FFs extracted from one process can be used in turn
to gain additional knowledge about the nucleon structure. In particular the spin
and flavor information can be obtained via FFs and is even essential in accessing
chiral-odd distribution functions such as transversity.
2. Unpolarized fragmentation
2.1. Single hadrons
Single hadron cross sections for pions, kaons1,2 and protons3 have been available for
a while from both Belle and Babar collaborations. They played a very significant
role in the recent global FF fits4–6 as most of the other data from e+e− annihilation
came from much higher c.m. energies and therefore the B factory data provided
and important lever arm. Together with other new data from different processes
they allowed a significant improvement in the determination of unpolarized FFs
particularly for light quark flavors and also gluons. Additionally also various new
measurements for production cross sections of heavier particles, particularly various
hyperons and charmed baryons have been extracted at Belle7.
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2.2. Di-hadrons
One limitation of single hadron measurements in e+e− annihilation is that they are
only sensitive to the charge square weighted sum over all accessible flavors of FFs.
One way to overcome this limitation is to measure two hadrons in the final state
in opposite hemispheres where one can expect one hadron to be produced from one
quark and the other from the corresponding initial anti-quark. By then studying
same and opposite charge sign combinations, one can then select different combi-
nations of favored and disfavored FFs. These results were extracted from the Belle
experiment for pion and kaon combinations3 where one indeed can find different
behavior for the two charge combinations. While for example both pion pair combi-
nations are almost comparable at small fractional energies, the differ substantially
at large fractional energies where the disfavored FFs should be suppressed. When
one studies two hadrons within the same hemisphere, they are likely to originate
from the same parton. This has been experimentally confirmed. In this regime
di-hadron FFs are of interest. Particularly the z and invariant mass dependence of
unpolarized di-hadron FFs is important as an unpolarized baseline for the previous
measurements related to the interference FF as both are needed for transversity
extractions. Belle has provided precise di-hadron cross sections for pion and kaon
combinations8. The various prominent resonances such as KS , ρ,K
∗, Φ, as well as
D0 and others are reflected in the cross sections.
3. Transverse spin and momentum dependent fragmentation
3.1. Chiral-odd fragmentation functions
The Collins related asymmetries for various charge combinations for pion pairs have
been available now for close to a decade from Belle9,10. Since then, BaBar has con-
firmed these results and extended them toward extracting the explicit transverse
momentum dependence11. In addition, they have also published Collins asymme-
tries for pion-kaon and kaon pairs12. The BESIII collaboration has also provided
Collins asymmetries13. In terms of chiral-odd di-hadron FFs, Belle has also pro-
vided the corresponding asymmetries related to the interference FF for unlike sign
pion pairs as a function of fractional energy and invariant mass14. Both types of
FF results have since been used in global fits to extract transversity distributions
from SIDIS, pp and e+e− data15–17.
3.2. Unpolarized TMD FFs
The latest new result is the measurement of the explicit transverse momentum de-
pendence of single charged hadron cross sections by the Belle collaboration18. Only
one pion, kaon or proton was selected inclusively and its transverse momentum was
calculated relative to the axis of the event shape variable thrust. As thrust approxi-
mates the quark-antiquark axis for a clean two-jet event it serves as a good reference
axis. The thrust value however, also affects how collimated an event was and thus
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the transverse momentum may be correlated with the thrust value. Therefore the
cross sections were extracted not only differential in fractional energy and trans-
verse momentum, but also in bins of thrust. The raw hadron yields were corrected
for particle misidentification, backgrounds from two-photon, Υ(4S) decays and τ
pair production and momentum and axis smearing. Also the acceptance and recon-
struction efficiencies were corrected for as well as the effects of initial state photon
radiation. The cross sections either including or excluding weak decays as obtained
from MC were both provided for analyzers. In addition to the cross sections, the
small transverse momentum region was fitted by a Gaussian distribution. As can
be seen in Fig. 1, the widths of pions and kaons behave similarly within systematics
while the widths for protons are substantially smaller, probably due to the differ-
ences between mesons and baryons. For mesons, the widths increase until about
0.6 before they decrease again to high fractional energies.
z  
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
]2
/c2
 
[G
eV
2 h
T
P
σ
0.1
0.2
0.3
0.4
0.5
0.6 0.85 < T < 0.90
±pi ±K pp/
Fig. 1. Transverse momentum widths for pions, kaons and protons as a function of fractional
energy z for an intermediate thrust bin.
4. Outlook toward the EIC
Various further FF related results can be obtained from e+e− annihilation at Belle
and its successor BelleII as well as potentially other colliders envisioned for the
future. There is the possibility to obtain FF information for various resonances as
well as considerations to actively make use of initial state photon radiation events
by detecting the photons and using them to vary the otherwise fixed c.m. energy.
This would allow to study explicitly the TMD evolution of transverse momentum
dependent FFs and help with one of the most pressing theoretical uncertainties in
the understanding of TMD variables to date. Generally, all the already extracted
measurements as well as those to come are absolutely essential to successful sci-
entific output of an EIC. Even the simplest flavor dependent extraction of parton
helicities will rely on FFs. For nearly all TMD observables at an EIC transverse
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momentum and/or transverse spin dependent FFs are needed. So, without the rich
FF related data provided by e+e− colliders, particularly the B-factories, the whole
semi-inclusive physics program at an EIC would not be possible.
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Power corrections to TMD factorization
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In this paper we discuss calculation of power corrections to the transverse momentum
dependent (TMD) factorization which describes production of a particle with small trans-
verse momentum in a hadron-hadron collision. As an example we consider power correc-
tions to the TMD factorization formula for Z-boson production. We demonstrate that
in the leading order in Nc power corrections can be expressed in terms of leading-twist
TMDs which is a consequence of QCD equations of motion.
Keywords: TMD factorization; Power corrections; Drell-Yan process.
1. Introduction
In the TMD factorization approach1–10 a differential cross section of particle pro-
duction in a hadron-hadron collision at small momentum transfer is defined by
convolution of two TMD distributions with a cross section of the final particle pro-
duction by two partons of colliding hadrons:
dσ
dηd2q⊥
=
∑
f
∫
d2b⊥ei(q,b)⊥Df/A(xA, b⊥, η)Df/B(xB , b⊥, η)σ(ff → H), (1)
where η is the rapidity, q is the momentum of the produced particle in the hadron
frame, Df/A(x, b⊥, η) is the TMD density of a parton f in hadron A, and σ(ff → H)
is the cross section of production of particle H in the scattering of two partons. The
factorization formula (6) is valid in the limit of an infinitesimally small transverse
momentum of the produced particle q⊥. For phenomenological applications it is
important to understand how small the transverse momentum should be to make
Eq. (6) applicable. With increasing transverse momentum q⊥ power corrections
to the TMD factorization (6) become important. In our recent publication11 we
calculated power corrections ∼ q2⊥Q2 for Z-boson production which are determined by
quark-gluon operators.a Here we review those results. In particular we show that in
the leading order in Nc matrix elements of the relevant quark-gluon operators can
be expressed in terms of leading-power quark TMDs by QCD equations of motion,
see Ref.21.
aIn the leading order Z-boson production was studied in12–20.
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2. Z-boson production in TMD factorization
Let us consider Z-boson production in the Drell-Yan reaction:
hA(pA) + hB(pA)→ Z(q) +X → l1(k1) + l2(k2) +X, (2)
where hA,B denote the colliding hadrons, and l1,2 the outgoing lepton pair with
total momentum q = k1 + k2.
The relevant term of the Lagrangian for the fermion fields ψi describing coupling
between fermions and Z-boson is (sW ≡ sin θW , cW ≡ cos θW )
LZ =
∫
d4x JµZ
µ(x), Jµ = − e
2sW cW
∑
i
ψ¯iγµ(g
V
i − gAi γ5)ψi, (3)
where sum goes over different types of fermions, and coupling constants gVi =
(tL3 )i − 2qis2W and gAi = (tL3 )i are defined by week isospin (tL3 )i of the fermion i,
see Ref.22. Here we take into account only u, d, s, c quarks and e, µ leptons. We
consider all fermions to be massless.
The differential cross section of Z-boson production with subsequent decay into
e+e− (or µ+µ−) pair is
dσ
dQ2dydq2⊥
=
e2Q2
192ss2W c
2
W
1− 4s2W + 8s4W
(m2Z −Q2)2 + Γ2Zm2Z
[−W (pA, pB , q)], (4)
where we defined the “hadronic tensor” W (pA, pB , q) as
W (pA, pB , q)
def
=
1
(2pi)4
∫
d4x e−iqx〈pA, pB |Jµ(x)Jµ(0)|pA, pB〉. (5)
For an arbitrary parton’s momentum we use Sudakov decomposition p = αp1 +
βp2+p⊥, where p1 and p2 are light-like vectors close to pA and pB , and the notations
x• ≡ xµpµ1 and x∗ ≡ xµpµ2 for the dimensionless light-cone coordinates (x∗ =
√
s
2x+
and x• =
√
s
2x−). We use metric g
µν = (1,−1,−1,−1), so that p · q = (αpβq +
αqβp)
s
2 − (p, q)⊥ where (p, q)⊥ ≡ −piqi.
To define factorization we introduce rapidity factorization cutoffs σa and σb and
separate quark and gluon fields into three sectors: “projectile” fields Aµ, ψA with
|β| < σa, “target” fields Bµ, ψB with |α| < σb and “central rapidity” fields Cµ, ψC
with |α| > σb and |β| > σa.
With such separation of fields Z-boson with large Q2 is produced in interaction
of C-fields. Our goal is to integrate over central fields C and present an amplitude
of Z-boson production in the factorized form (6), i.e. as a product of a projectile
matrix element of A fields (TMDs of the projectile) and a target matrix element of
B fields (TMDs of the target). To do that we “freeze” projectile and target fields
and calculate a sum of diagrams of C fields in their external background.
3. Power counting for background fields
As we discussed in the previous section, to present the cross-section of Z-boson
production (4) in a factorized form we want to sum diagrams of C fields in the
May 13, 2020 1:25 ws-procs961x669 WSPC Proceedings - 9.61in x 6.69in book page 138
138
background of fields A and B. Since we do not explicitly integrate over fields A
and B which define non-perturbative structure of TMDs, we may assume that they
satisfy Yang-Mills equations
iD/AψA = 0, D
ν
AA
a
µν = g
∑
f
ψ¯fAγµt
aψfA, (6)
where Aµν ≡ ∂µAν − ∂νAµ − ig[Aµ, Aν ], DµA ≡ (∂µ − ig[Aµ, ) and similarly for B
fields.
It is convenient to choose a gauge where A∗ = 0 for projectile fields and B• = 0
for target fields. The rotation from a general gauge to this gauge is performed by a
matrix Ω(x∗, x•, x⊥) satisfying boundary conditions
Ω(x∗, x•, x⊥)
x∗→−∞→ [x•,−∞•]A∗x , Ω(x∗, x•, x⊥) x•→−∞→ [x∗,−∞∗]B•x , (7)
where A∗(x•, x⊥) and B•(x∗, x⊥) are projectile and target fields in an arbitrary
gauge and [x•, y•]A∗z denotes a gauge link constructed from A fields ordered along a
light-like line [x•, y•]A∗z = P exp
{
2ig
s
∫ x•
y•
dz•A∗(z•, z⊥)
}
and similarly for [x∗, y∗]B•z .
We estimate a relative strength of Lorentz components of projectile and target
fields in this gauge as
p/1ψA(x•, x⊥) ∼ m5/2⊥ , γiψA(x•, x⊥) ∼ m3/2⊥ , p/2ψA(x•, x⊥) ∼ s
√
m⊥,
A•(x•, x⊥) ∼ m2⊥, Ai(x•, x⊥) ∼ m⊥ (8)
and similarly for B fields. Here m⊥ is a scale of order of mN or q⊥. For the purpose
of power counting we will not distinguish between mN and q⊥ so we introduce
m⊥ which may be of order of mN or q⊥ depending on matrix element. Using
estimations for relative strength of fields’ components (8) we can expand diagrams
of C fields calculated in the background of target and projectile in powers of
q2⊥
Q2
and as a result extract the structure of the leading power correction to the TMD
factorization formula (6).
4. Classical equations of motion for C-fields
Resummation of Feynman diagrams for C-fields in the background of A and B in the
tree approximation reduces to finding fields Cµ and ψC as solutions of Yang-Mills
equations for the action SC = SQCD(C +A+B,ψC +ψA +ψB)−SQCD(A,ψA)−
SQCD(B,ψB). The solution of equations of motion which we need corresponds
to the sum of set of diagrams in a background field A + B with retarded Green
functions. The solution in terms of retarded Green functions gives fields Cµ and
ψC which vanish at t→ −∞. Thus, we need to solve usual classical YM equations
DνFaµν =
∑
f
gΨ¯f taγµΨ
f , P/Ψf = 0, (9)
where
Aµ = Cµ +Aµ +Bµ, Ψf = ψfC + ψ
f
A + ψ
f
B ,
Pµ ≡ i∂µ + gCµ + gAµ + gBµ, Fµν = ∂µAν − µ↔ ν − ig[Aµ,Aν ], (10)
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with boundary conditions
Aµ(x)
x∗→−∞= Aµ(x•, x⊥), Ψ(x)
x∗→−∞= ψA(x•, x⊥),
Aµ(x)
x•→−∞= Bµ(x∗, x⊥), Ψ(x)
x•→−∞= ψB(x∗, x⊥) (11)
following from Cµ, ψC
t→−∞→ 0. These boundary conditions reflect the fact that at
t→ −∞ we have only incoming hadrons with A and B fields.
As discussed above, for our case of particle production with q⊥Q  1 it is possible
to find an approximate solution of (9) as a series in this small parameter using
relative strength of background fields (8). We will solve Eqs. (9) iteratively, order
by order in perturbation theory, starting from the zero-order approximation in the
form of the sum of projectile and target fields
A[0]µ (x) = Aµ(x•, x⊥) +Bµ(x∗, x⊥), Ψ[0](x) = ψA(x•, x⊥) + ψB(x∗, x⊥) (12)
and improving it by calculation of Feynman diagrams with retarded propagators in
the background fields (12).
The first step is the calculation of the linear term for the trial configuration (12).
The quark part of the linear term has a form
Lψ ≡ P/Ψ[0] = L(0)ψ + L(1)ψ , L(0)ψ = gγiAiψB + gγiBiψA, (13)
where P• = i∂• + gA•, P∗ = i∂∗ + gB∗, Pi = i∂i + gAi + gBi are operators
in external zero-order fields (12). Here we denote the order of expansion in the
parameter
m2⊥
s by (...)
(n), and the order of perturbative expansion is labeled by
(...)[n] as usual. The power-counting estimates for linear term in Eq. (13) comes
from Eq. (8) in the form L
(0)
ψ ∼ m5/2⊥ , L(1)ψ ∼ m9/2⊥ /s.
With the linear terms (13), the first terms in our perturbative solution of Eq.
(9) is
Ψ[1](x) = −
∫
d4z (x| 1P/ |z)Lψ(z) (14)
for quark fields and a similar expression for gluon fields, see Refs.11,23.
Now we expand the classical quark fields (14) in powers of
p2⊥
p2‖
∼ m2⊥s , we obtain
Ψ(x) = Ψ[0](x) + Ψ[1](x) + . . . = Ψ
(0)
A + Ψ
(0)
B + Ψ
(1)
A + Ψ
(1)
B + . . . , (15)
where
Ψ
(0)
A = ψA + Ξ2A, Ξ2A = −
gp/2
s
γiBi
1
α+ i
ψA, (16)
and similarly for B fields. The same procedure can be performed for gluon fields as
well.
May 13, 2020 1:25 ws-procs961x669 WSPC Proceedings - 9.61in x 6.69in book page 140
140
5. Leading power corrections at s Q2  q2⊥
Our method is relevant to calculation of power corrections at any s,Q2  q2⊥,m2N .
However, the expressions can be greatly simplified in the physically interesting case
s Q2  q2⊥ which we consider here.
After integration over central fields in the tree approximation for hadronic tensor
(5) we obtain
W (αq, βq, x⊥) ≡ 2
s
∫
dx•dx∗
(2pi)4
e−iαqx•−iβqx∗〈pA, pB |Jµ(x•, x∗, x⊥)J µ(0)|pA, pB〉,
where J µ = J µAA + J µBB + J µAB + J µBA with
J µAB =
e
4sW cW
[− Ψ¯Auγ˘µΨBu − Ψ¯Acγ˘µΨBc + Ψ¯Adγ˘µΨBd + Ψ¯Asγ˘µΨBs] (17)
and similarly for J µAA, J µBB and J µBA. Hereafter we use a notation γ˘µ ≡ γµ(a− γ5)
where a is one of au,c = (1− 83s2W ) or ad,s = (1− 43s2W ) depending on quark’s flavor.
The quark fields are given by a series in the parameter
m2⊥
s , see Eqs. (15) and
(16), where Ψ can be any of u, d, s or c quarks. Accordingly, the currents (17) can
be expressed as a series in this parameter, e.g.
J (0)µAB =
e
4sW cW
[− Ψ¯(0)Auγ˘µΨ(0)Bu − Ψ¯(0)Ac γ˘µΨ(0)Bc + Ψ¯(0)Adγ˘µΨ(0)Bd + Ψ¯(0)As γ˘µΨ(0)Bs]. (18)
The leading-power term as well as the leading in Nc power correction come from con-
volutions J (0)µAB (x)J (0)BAµ(0) and J (0)µBA (x)J (0)ABµ(0). The leading-power term which
yields the TMD factorization result (6) has a structure (ψ¯Aγ˘
µχA)(χ¯B γ˘µψB), while
the first power correction arises from a term
(
ψ¯A(x)γ˘µΞ1B(x)
)(
ψ¯B(0)γ˘
µΞ2A(0)
)
.
Using explicit expressions for ΞA,B fields, see Eq. (16), we can calculate leading
in Nc power corrections to the TMD factorization:
W (pA, pB , q) = − e
2
8s2W c
2
WNc
∫
d2k⊥
[{
(1 + a2u)
[
1− 2(k, q − k)⊥
Q2
]
(19)
× f1u(αz, k⊥)f¯1u(βz, q⊥ − k⊥) + 2(a2u − 1)
k2⊥(q − k)2⊥
m2NQ
2
h⊥1u(αz, k⊥)h¯
⊥
1u(βz, q⊥ − k⊥)
+ (αz ↔ βz)
}
+
{
u↔ c
}
+
{
u↔ d
}
+
{
u↔ s
}](
1 +O
(m2⊥
s
)
+O
( 1
Nc
))
.
where unity in the square brackets in the first line in Eq. (19) corresponds to
the leading term of the TMD factorization while all other terms are leading power
corrections suppressed by a ration ∼ q2⊥Q2 . Note that in the leading order in Nc power
corrections are expressed in terms of leading power functions f1 and h
⊥
1 which is a
consequence of equations of motion for background fields (6), details of calculation
can be found in Refs.11,23. From Eq. (19) one can estimate power corrections to be
of few percent of the leading power result at q⊥ ∼ 14Q which surprisingly agrees with
phenomenological estimations made in Ref.20 obtained by comparing leading-order
fits to experimental data.
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Dihadron and isolated direct photon-hadron angular correlations have been measured
in p + p and p+A collisions to investigate possible effects from transverse-momentum-
dependent factorization breaking due to color exchange between partons involved in the
hard scattering and the proton remnants. The correlations are sensitive to nonpertur-
bative initial-state and final-state transverse momentum kT and jT in the azimuthal
nearly back-to-back region ∆φ ∼ pi. In this region, transverse-momentum-dependent
evolution can be studied when several different hard scales are measured. To have sensi-
tivity to small transverse momentum scales, nonperturbative momentum widths of pout,
the out-of-plane transverse momentum component perpendicular to the trigger parti-
cle, are measured. To quantify the magnitude of any transverse-momentum-dependent
factorization breaking effects, calculations will need to be performed for comparison.
Keywords: TMD-factorization breaking; color flow; color entanglement.
1. Introduction
One of the frontiers in QCD research is the study of color flow in hadronic inter-
actions. The predicted modified universality of PT -odd and T -odd correlations in
the proton when probed via semi-inclusive deep-inelastic scattering (SIDIS) ver-
sus Drell-Yan1 is due to different color flow in these two processes, mediated by
gluon exchange between a parton involved in the hard scattering and a proton
remnant. Because of these different color interactions, PT -odd and T -odd corre-
lations in the proton are predicted to have an opposite sign in the two processes.
The extension of these ideas to hadroproduction of hadrons led to the prediction
of TMD-factorization breaking2–5, with the predicted effect also known as color
entanglement. With gluon exchanges between partons involved in the hard scat-
tering and hadron remnants in both the initial and final state, color flow paths are
introduced that cannot be described as flow in the two exchanged gluons separately.
This is a consequence of QCD specifically as a non-Abelian gauge theory, i.e. due
to the fact that gluons themselves carry color. While breaking of factorization is in
fact the rule in QCD interactions, and processes that factorize are the exception,
the 2010 prediction by Rogers and Mulders5 is important in that it describes a
well-controlled way of breaking factorization, and it in fact goes beyond this, im-
plying novel QCD states of quantum correlated partons across colliding hadrons.
Independent parton distribution functions in the two protons can no longer be used.
In order to search experimentally for the TMD-factorization breaking and color
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entanglement predicted by Rogers and Mulders, several components are necessary.
• An observable sensitive to a nonperturbative transverse momentum scale as
well as a hard interaction scale, such that the TMD-factorization framework
would nominally apply.
• Two initial hadrons, such that gluon exchange can occur between a parton
involved in the hard scattering and the remnant of the other hadron.
• At least one measured final-state hadron, such that gluon exchange can
occur between a scattered parton and either remnant.
2. Results
In proton-proton collisions at PHENIX, such an observable has been developed and
measured6–8: the out-of-plane momentum component pout in nearly back-to-back
photon-hadron and hadron-hadron production; see Fig. 1a. The transverse momen-
tum of the ”trigger” direct photon or neutral pion, ptrigT , serves as a proxy for the
hard scale of the interaction; the out-of-plane momentum component distributions
have been measured at several different hard interaction scales. Figure 1b shows
the pout distributions for both photon-hadron and dihadron correlations, with the
shape of the distributions well described by a Gaussian around pout = 0, the nonper-
turbative region. The distributions transition outward to power-law tails generated
by hard (perturbative) gluon radiation. Note that the curves shown are fits, not
phenomenological calculations. In principle, the measurements can be compared to
theoretical calculations in the TMD framework assuming that factorization holds in
order to search for TMD-factorization breaking via deviations from the magnitudes,
widths, and/or dependence on the hard scale. The change in the nonperturbative
width as a function of the hard scale is of particular interest because the Collins-
Soper evolution equation9–11 describing the evolution of TMD distributions with
hard scale comes directly from the proof of TMD-factorization12. While an initial
measurement of the Gaussian pout widths as a function of p
trig
T
6 suggested that
they decreased for increasing hard scale, which would be contrary to Collins-Soper-
Sterman evolution, the decrease was subsequently understood to be due to the
fragmentation kinematics of the away-side particle. When the fragmentation kine-
matics are taken into account, the nonperturbative widths instead increase with
ptrigT
7, which is qualitatively similar to what is predicted and observed for Drell-
Yan and SIDIS, processes for which TMD-factorization holds. The Gaussian width
of pout as a function of p
trig
T when controlling for the fragmentation kinematics
is shown in Fig. 2a. Similar measurements were performed in proton-aluminum
and proton-gold collisions8, motivated by the idea that the color field of a nuclear
remnant might be stronger and lead to larger TMD-factorization breaking effects.
While there is no conclusive evidence for TMD-factorization breaking in these mea-
surements, a broadening of the nonperturbative transverse momentum widths in
nuclear collisions was observed, as shown in Fig. 2b.
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Fig. 1. (a) Hard scattering kinematics of nearly back-to-back dihadrons. Two hard-scattered
partons, shown in red, are acoplanar due to the initial-state ~k1T and
~k2T of the colliding partons.
The partons result in a trigger and associated hadrons with ptrigT and p
assoc
T . The quantity xE
approximates the momentum fraction z of the final-state away-side hadron7. (b) Per-trigger yields
of charged hadrons as a function of pout. The dihadron and direct photon-hadron distributions are
fit with Gaussian functions at small pout and Kaplan functions over the whole range, showing the
transition from nonperturbative behavior generated by initial-state kT to perturbative behavior
generated by hard gluon radiation6.
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Fig. 2. (a) The Gaussian widths extracted from the pout distributions in both
√
s = 200 GeV
and
√
s = 510 GeV p + p collisions shown as a function of ptrigT
7. (b) The Gaussian width
differences between p+A and p + p shown in two xE bins as a function of the mean number of
binary nucleon-nucleon collisions Ncoll
8. Linear fits are shown for each xE bin.
3. Outlook
Follow-up measurements are underway in Z-hadron, dihadron, and Z-jet correla-
tions at the LHCb experiment; Z-jet correlations constrain the momentum fractions
x1, x2 of the colliding partons and remove sensitivity to any details of hadroniza-
tion. Analogous measurements of Drell-Yan and Z dileptons are also planned at
LHCb for direct comparison to the Z-jet results in overlapping kinematics.
The community is in the early years of exploring color flow in hadronic scattering
processes, and there will remain a great deal to learn from measurements at the
future Electron-Ion Collider (EIC). Color coherence in the form of increased soft
hadron production in the region between a high-transverse-momentum hadron or jet
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and the beam could for example be studied, following earlier measurements in e+e−
and hadronic collisions (see e.g. Ref. 13 and references therein). In general, color
flow is tightly connected to color neutralization and hadronization. With excellent
coverage across the current and target fragmentation regions, at the EIC it may also
be possible to examine color connections between these regions by performing more
exclusive measurements. More broadly speaking, studying different hadronization
mechanisms, such as vacuum hadronization through string-breaking-type processes,
hadronization in a nuclear medium, and recombination of partons moving nearby
in phase space in the target region, may provide further insights into color flow and
different color-neutralization mechanisms.
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We show how transverse momentum dependent gluon distributions could be probed
at a future Electron-Ion Collider through the analysis of transverse momentum spectra
and azimuthal asymmetries in the inclusive electroproduction of J/ψ and Υ mesons. The
maximum values of these asymmetries, obtained in a model-independent way by imposing
the positivity bounds of the polarized gluon distributions, suggest the feasibility of the
proposed measurements.
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1. Introduction
Transverse momentum dependent distributions (TMDs) of unpolarized and polar-
ized gluons represent a novel way of exploring the structure of the proton. They
encode information on the transverse motion of partons and the correlation between
spin and partonic transverse momenta1, providing a more complete description than
the usual parton distribution functions, integrated over transverse momenta. Gluon
TMDs are also of great interest because of their intrinsic process dependence, due
to their gauge link structure: an unambiguous verification of this property will rep-
resent an important confirmation of our actual knowledge of the TMD formalism
and nonperturbative QCD in general.
At present, almost nothing is experimentally known about gluon TMDs. How-
ever, many proposals have been put forward to access them, mainly by looking
at transverse momentum distributions and azimuthal asymmetries for bound or
open heavy-quark pair production, both in lepton-proton and in proton-proton col-
lisions. In particular, the process e p → e′QQX, with Q being either a charm or
a bottom quark, has been proposed as a tool to probe gluon TMDs at the future
Electron-Ion Collider (EIC), which will be based in the US. In a series of papers2–4
it has been shown that five different gluon TMDs contribute to the unpolarized and
transversely polarized cross sections, through specific azimuthal modulations. The
measurements of properly defined azimuthal moments would allow to single out and
extract all the distributions. Moreover, attention has been paid to the small-x be-
havior of these observables and to their process dependence properties, by relating
them to analogous observables defined in proton-proton collisions.
Along the same lines, in the following we describe a complementary analysis
for the case in which two heavy quarks produced in a semi-inclusive deep inelastic
scattering process (SIDIS) form a bound state, specifically a J/ψ or a Υ meson5,6.
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q
p
PQ
QQ [2S+1L
(8)
J
]
Fig. 1. LO Feynman diagram for the partonic process γ∗(q) + g(p)→ Q(PQ), with Q = J/ψ or
Υ. The crossed diagram, in which the directions of the arrows are reversed, has to be considered
as well. The 1S
(8)
0 and
3P
(8)
J configurations, with J = 0, 1, 2, are the only nonzero contributions.
2. J/ψ and Υ production in SIDIS
We consider the process e p↑ → e J/ψ (Υ)X, where the initial proton is polarized
with polarization vector S and qT ≡ |qT |, the quarkonium momentum transverse
w.r.t. the lepton plane, is small compared to its mass MQ and to the virtuality Q
of the photon exchanged in the reaction. In a reference frame in which the proton
and the photon move along the zˆ-axis and the azimuthal angles are measured w.r.t.
to the lepton plane, the cross section has the following structure
dσ
dy dxB d2qT
≡ dσ(φS , φT ) = dσU (φT ) + dσT (φS , φT ) , (1)
where y and xB are the inelasticity and Bjorken variables, respectively, while φS
and φT denote the azimuthal angles of the transverse vectors ST and qT . The
unpolarized cross section reads
dσU = N
[
AUfg1 (x, q
2
T ) +
q2T
M2p
BU h⊥ g1 (x, q
2
T ) cos 2φT
]
, (2)
with N = 4pi2α2αse2Q/[y Q2MQ(M2Q +Q2)], eQ being the fractional electric charge
of the quark Q, and Mp the proton mass. Moreover, f
g
1 is the unpolarized gluon
TMD distribution and h⊥ g1 is the distribution of linearly polarized gluons inside
an unpolarized proton. The amplitudes AU and BU can be calculated within the
framework of nonrelativistic QCD (NRQCD). As depicted in Fig. 1, at leading order
(LO) in the strong coupling constant αs, the partonic subprocess that contributes to
J/ψ production is γ∗g → QQ[2S+1L(8)J ]. The spectroscopic notation indicates that
the QQ pair forms a bound state with spin S, orbital angular momentum L, total
angular momentum J and color octet configuration (8). We find that AU and BU
depend on the relevant long-distance matrix elements (LDMEs) 〈0|OJ/ψ8 (1S0)|0〉
and 〈0|OJ/ψ8 (3PJ)|0〉, with J = 0, 1, 2. Similarly, we obtain
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Fig. 2. Maximal 〈cos 2φT 〉 and AWN asymmetries, with W = sin(φS + φT ), sin(φS − 3φT ), for
J/ψ (left panel) and Υ (right panel) production in SIDIS. The labels SV and CMSWZ refer to the
adopted LDME sets7,8.
dσT = N |ST | |qT |
Mp
{
AT f⊥ g1T (x, q
2
T ) sin(φS − φT ) +BT
[
hg1(x, q
2
T ) sin(φS + φT )
− q
2
T
2M2p
h⊥ g1T (x, q
2
T ) sin(φS − 3φT )
]}
, (3)
where f⊥ g1T is the gluon Sivers function, while h
g
1 and h
⊥ g
1T are chiral-even distri-
butions of linearly polarized gluons inside a transversely polarized proton. They
are all T -odd, i.e. they would be zero in absence of initial or final state interac-
tions. Therefore, they contribute to the cross section only because the underlying
production mechanism is the color-octet one.
In order to single out the different azimuthal modulations, each one correspond-
ing to a different gluon TMD, we introduce the following azimuthal moments
AW (φS ,φT ) ≡ 2
∫
dφS dφT W (φS , φT ) dσ(φS , φT )∫
dφS dφT dσ(φS , φT )
. (4)
Furthermore, by taking W = cos 2φT , we define A
cos 2φT ≡ 2〈cos 2φT 〉. The maxi-
mum values of such asymmetries, obtained from the positivity bounds of the TMDs,
are presented in Fig. 2 in a kinematic region accessible at the EIC. They turn out
to be sizable, but depend very strongly on the specific set of the adopted LDMEs.
We point out that a measurement of the ratios
Acos 2φT
Asin(φS+φT )
=
q2T
M2p
h⊥ g1
hg1
,
Asin(φS−3φT )
Acos 2φT
=− |qT |
2Mp
h⊥ g1T
h⊥ g1
,
Asin(φS−3φT )
Asin(φS+φT )
=− q
2
T
2M2p
h⊥ g1T
hg1
(5)
would directly probe the relative magnitude of the various TMDs, without any
dependence on the LDMEs.
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3. Conclusions
We have presented the LO expressions of the azimuthal asymmetries for J/ψ and Υ
production in SIDIS processes, obtained in the framework of NRQCD and assuming
TMD factorization. Our results are valid when the transverse momentum of the
quarkonium state is much smaller than its invariant mass, and can be used to gather
information on gluon TMDs. To this aim, we have proposed the measurement
of ratios of asymmetries in which the 〈0|OJ/ψ8 (1S0)|0〉 and 〈0|OJ/ψ8 (3P0)|0〉 long-
distance matrix elements cancel out. Moreover, these asymmetries can shed light
on the mechanism underlying quarkonium production in a totally novel way, for
example if we compare them with the ones for e p → e′QQX, at the same hard
scale in order not to include TMD evolution5. The method consists in the definition
of other ratios in which the TMDs cancel out. Hence one would directly probe the
two color-octet matrix elements, which are still poorly known.
To conclude, we point out that the study of J/ψ+jet production at the EIC has
been proposed very recently as an additional tool to access gluon TMDs9. In this
case the soft scale is given by the total transverse momentum of the J/ψ+jet pair,
required to be much smaller than its invariant mass. The advantage would be that,
by varying the invariant mass of the pair, one could access a wide range of scales,
having the opportunity to map out TMD evolution.
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We report on the improved Collins-Soper-Sterman (iCSS) formalism presented in1,2, in
particular for the case of polarized observables, such as the Sivers effect in semi-inclusive
deep-inelastic scattering. We also outline how this study can be extended beyond leading
order to address the matching of collinear PDFs to transverse momentum integrated
TMDs.
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1. Introduction
One of the primary goals of transverse-momentum-dependent (TMD) factorization
theorems, which rely largely on the work of Collins, Soper, and Sterman (CSS)3,4,
is to describe the cross section as a function of the transverse momentum qT point-
by-point, from small qT ∼ m (where m is a typical hadronic mass scale), to large
qT ∼ Q (Q is a large momentum which sets the hard scale). To achieve this, CSS
organized the cross section in an additive form,
Γ(qT, Q)≡
dσ
dxdydφsdzdφh(z2dq2T )
=W (qT, Q, S)+Y (qT, Q, S)+O((m/Q)c) , (1)
where qT = |qT| and −Q2 are the transverse momentum and virtuality, respectively,
of the virtual photon, S is a 4-vector for the spin of the target and φS the azimuthal
angle of its transverse component, φh is the azimuthal angle of the produced hadron,
and x, y, z are the other standard SIDIS kinematic variables5, and a constant c >
0; we suppress the x and z dependence in the arguments of Γ, W , and Y for
brevity. The W -term factorizes into TMD parton distribution functions (PDFs)
and fragmentation functions (FFs), and is valid for qT  Q. The Y -term serves as a
correction for larger qT values and is expressed in terms of collinear PDFs and FFs
3.
This formalism is designed to be valid to leading power in m/Q uniformly in qT ,
where m is a typical hadron mass scale. The advantages of the W+Y decomposition
are clearest when this ratio is sufficiently small that TMD factorization is valid to
good accuracy, while m/qT is also sufficiently small that collinear factorization is
simultaneously valid. However, at lower phenomenologically interesting values of Q,
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neither of these ratios is necessarily very small. This issue led the authors of Ref.1
to develop an improved version of the original CSS W + Y construction (referred
to as iCSS) for the case of the unpolarized SIDIS cross section. Given the focus on
the 3D structure of hadrons through spin-dependent observables, we extended the
iCSS formalism2 to the the Sivers6 and Collins7 transverse single-spin asymmetries
(TSSAs), where, in particular, we revisited the relation between the (TMD) Sivers
function and the (collinear) 3-parton correlator Qiu-Sterman function8,9, in the
context of the iCSS formalism. Here we discuss the importance of these results
with regard to the interpretation of TMDs and how to extend these results beyond
leading order.
2. TMD Factorization & Evolution
In the CSS factorization formalism, the TMD evolution of the W -term in (1) is car-
ried out in bT -space where the Fourier transform (FT) W˜ (bT, Q, S) of W (qT, Q, S)
is W (qT, Q, S) =
∫
d2bT/(2pi)
2 eiqT·bT W˜ (bT, Q, S), which can be expanded in the
following structures10,11,
W˜ (bT, Q, S) = W˜UU(bT , Q)− iMP ijbiTSjT W˜ sivUT(bT , Q) + . . . , (2)
with MP the mass of the target and the epsilon tensor defined with 
12 = 1. The
factorized unpolarized and Sivers structure functions read4,10,11,
W˜UU(bT , Q) =
∑
j
Hj(µQ, Q) f˜
j
1 (x, bT ;Q
2, µQ) D˜
h/j
1 (z, bT ;Q
2, µQ), (3)
W˜ sivUT(bT , Q) =
∑
j
Hj(µQ, Q) f˜
⊥(1)j
1T (x, bT ;Q
2, µQ) D˜
h/j
1 (z, bT ;Q
2, µQ) , (4)
respectively, where M2P f˜
⊥(1)j
1T (x, bT ;Q
2, µQ) ≡ −∂f˜⊥j1T (x, bT ;Q2, µQ)/∂ ln bT 10,11.
Following the CSS procedure in4,12, the FT TMDs (FFs & PDFs) are written as
solutions of the Collins-Soper and renormalization group equations, where the W -
term can be expressed as,
W˜ (bT , Q) = W˜
OPE(b∗(bT ), Q)W˜NP(bT , Q), (5)
and b∗(bT ) ≡ bT /
√
1 + b2T /b
2
max, µb∗ ≡ C1/b∗(bT ) , where bmax separates small
and large bT , and C1 is a constant chosen to allow for perturbative calculations of
b∗(bT )-dependent quantities without large logarithms12. Note that b∗(bT ) freezes
at bmax when bT is large so that b∗(bT ) resides in the perturbative region. Further,
since the unpolarized and Sivers bT -space structure functions are restricted to small
bT , they can expand them in an OPE in terms of twist-2 collinear functions
4,10,11.
3. Improved CSS (iCSS)
Owing to the fact that the integral over all qT of W (qT, Q, S) vanishes (opera-
tionally equivalent to the limit of bT → 0 of W˜ (bT, Q, S) in the CSS framework),
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the integral of Γ(qT, Q) over all qT in Eq. (1) results in a mismatch of orders in
αS(Q) of the leading contributions on the l.h.s. and r.h.s. of the equation
1. A
similar analysis applies for the Sivers contribution to W (qT, Q, S)
2. From these
results, one observes2 that at leading order the integrals over kT of the unpolarized
functions vanish upon integration over transverse momentum,∫
d2kT f
j
1 (x, kT ;Q
2, µQ) = f˜
j
1 (x, bT → 0;Q2, µQ) = 0 , (6)
and likewise the first moment of the Sivers function,∫
d2kT
k2T
2M2P
f⊥j1T (x, kT ;Q
2, µQ) = f˜
⊥(1)j
1T (x, bT → 0;Q2, µQ) = 0 . (7)
A consequence of (6)–(7) is that the physical interpretation of integrated TMDs is
lost. For example, it has been stated that the l.h.s. of Eq. (7) is average transverse
momentum of unpolarized quarks in a transversely polarized spin- 12 target
13,14.
Clearly, such a statement is not true in the original CSS framework.
In order to explore the limits of this interpretation, as well as deal with the
large logarithms that arise as bT → 0 which results in the vanishing of W˜ (bT , Q)
the authors of1,2 introduce a cut off bT at O(1/Q) by replacing bT with bc(bT ) =√
b2T + b
2
min, where bmin ≡ b0/(C5Q), and where b0 ≡ 2 exp(−γE), and C5 is chosen
to fix the proportionality between bc(0) and 1/Q. In terms of W˜ (bT, Q, S) this
modification is to be understood as
W˜ (bT, bc(bT ), Q, S) ≡ W˜UU(bc(bT ), Q)− iMP ijbiTSjT W˜ sivUT(bc(bT ), Q), (8)
where now b∗ becomes b∗(bc(bT )) =
√
(b2T + b
2
min) / (1 + b
2
T /b
2
max + b
2
min/b
2
max) and
the renormalization scale is now, µ¯ ≡ C1/b∗(bc(bT )). A new W -term that respects
factorization is established1 and the qT -differential cross section (1) is modified
accordingly (see Ref.1 for details).
These improvements formally resolve the problems of implementing the collinear
limit, that is, integrating Γ(qT, Q) and the TMD functions, over transverse momen-
tum, while respecting TMD factorization. For example, upon qT integration we re-
cover the expected leading order relations between TMD and collinear quantities1,2.
In terms of the momentum-space functions we find2,∫
d2kT f
j
1 (x, kT ;Q
2, µQ;C5) = f˜
j
1 (x, bmin;Q
2, µQ)
= f j1 (x;µc) +O(αs(Q)) +O((m/Q)p) (9)∫
d2kT
k2T
2M2P
f⊥j1T (x, kT ;Q
2, µQ;C5) = f˜
⊥(1)j
1T (x, bmin;Q
2, µQ)
=
−T jF (x, x;µc)
2MP
+O(αs(Q)) +O((m/Q)p′).
(10)
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Note, due to the bT → bc(bT ) modification, the above integrals on the l.h.s. are
UV finite, and for Q  m renormalized collinear functions on the r.h.s. In
particular, the operator defining the TMD f⊥j1T (x, kT ;Q
2, µQ;C5) on the l.h.s. of
(10) includes a UV renormalization factor and a soft factor, along with non-
light-like Wilson lines (see, e.g., Refs.4,11). Further, an important consequence
of Eqs. (10) is that the “na¨ıve” operator definition interpretation of TMDs is re-
stored at LO. For example, one can determine the average transverse momentum
of unpolarized quarks in a transversely polarized spin- 12 target according to
13,14
〈kiT (x;µ)〉UT = 12ijSjT TF (x, x;µ) . Therefore, it is the Qiu-Sterman function which
fundamentally is related to average transverse momentum, and, due to Eq. (10),
the first kT -moment of the Sivers function (within the iCSS formalism) retains this
interpretation at LO. Note that the interpretation of the Qiu-Sterman function is
compatible with the understanding of the average transverse force acting on quarks
in a transversely polarized spin- 12 target
15. Moreover, relation (10) made it possi-
ble to connect TSSAs in different processes (e.g., the Sivers effect in SIDIS and AN
in proton-proton collisions) and has been used routinely in phenomenology (see,
e.g., Refs.16–18). The incorporation of evolution in the TMD correlator through the
original CSS formalism breaks the “na¨ıve” relations between TMDs and collinear
functions (see Eqs. (6)–(7)). Nevertheless, the modifications implemented in the
iCSS framework allow one to preserve these identities at LO.
4. iCSS and NLO Corrections
While Eqs. (9)-(10) imply a scale dependent, renormalized connection between
TMDs and collinear PDFs beyond leading order through the explicit dependence
on the scale µc, in order to establish a rigorous connection of TMDs and collinear
PDFs beyond leading order, it is necessary to carry out the transverse momentum
integration of the TMD factorized cross sections beyond leading order in αs and
qT ∼ Q. Assuming that such a connection can be established, one can unambigu-
ously address the matching of TMDs to collinear PDFs which in principle relies on
the matching of TMD and collinear factorization1.
It is tempting, however, to explore the matching of TMDs to collinear PDFs
beyond leading order by considering the NLO corrections to the FT TMDs, and
in turn taking the collinear limit as has been carried out in the SCET, and back-
ground field factorization frameworks19, but here in the iCSS framework. Using
the universal definition of the CSS TMDs20 and with the improvements outlined
here1,2 we can rigorously explore this limit at NLO. In this regard, consider the FT
TMD2,
f˜ j1 (x, bc(bT );Q
2, µQ) = C˜
pdf
j/j′(x/xˆ, b∗cT ; µ¯
2, µ¯, αs(µ¯))⊗ f j
′
1 (xˆ; µ¯)
× eK˜(b∗cT ;µ¯) ln
(√
ξ
µ¯
)
+
∫ µQ
µ¯
dµ′
µ′
[
γ(αs(µ
′);1)−ln
(√
ξ
µ′
)
γK(αs(µ
′))
]
× e−gpdf (x,bcT ;Q0,bmax)−gK(bc(bT );bmax) ln
(
Q
Q0
)
, (11)
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where b∗cT ≡ b∗(bc(bT )), bcT ≡ bc(bT ), and C˜pdfj/j′(x/xˆ, b∗cT ; µ¯2, µ¯, αs(µ¯))⊗ f j
′
1 (xˆ; µ¯)
is shorthand notation for the small bT OPE convolution integral over xˆ.
Since the l.h.s. of Eq. 11 is independent of the renormalization scale µ¯, we can
derive at NLO in the strong coupling the DGLAP equation by taking the derivative
with respect to the intrinsic scale µ¯ in the limit b∗cT → bmin (µ¯→ µc); we obtain
df j1 (x, µ¯)
d ln µ¯2
∣∣∣∣∣
µ¯→µc
=
αs(µc)
2pi
∑
j′
Pjj′(x/xˆ)⊗ f j
′
1 (x, µc) + Pjg(x/xˆ)⊗ fg1 (x, µc)
 , (12)
in a scheme where C5 = 1 and b0 = C1, where Pjj′ and Pjg are the quark-quark
and quark-gluon splitting functions to order αs. It is worth mentioning that this
procedure implies a specific normalization for matching the collinear PDFs and
the TMDs which is fixed by TMD factorization. A similar analysis for the first
moment of the Sivers function in the iCSS framework is under consideration. Such
a matching of collinear PDFs and TMDs from the iCSS framework implies a more
general matching at the level of the cross section, as discussed in Ref.1.
5. Conclusions
We have reviewed the iCSS factorization framework presented in1,2, in particu-
lar for the case of transversely polarized observables, such as the Sivers effect. We
demonstrate how one recovers the expected leading-order relation between the TMD
Sivers function and the collinear twist-3 Qiu-Sterman function. This allows one to
obtain the collinear twist-3 cross section from a (weighted) qT -integral of the differ-
ential cross section. We have also outlined how this study can be extended beyond
leading order to address the matching of collinear PDFs to transverse momentum
integrated TMDs. A fully consistent analysis will require matching the qT inte-
grated cross section in SIDIS, Drell Yan, and e+ e− to their collinear factorized
forms beyond leading order. Clarifying the matching of TMD and collinear observ-
ables is a high priority for theory and phenomenology21–23 as it relates to global
fits of TMD and collinear transverse-spin observables16–18,24. A future Electron Ion
Collider will help to provide precise data to test these assertions.
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We describe the extraction of the transversity distribution involving a global analysis
of pion-pair production in deep-inelastic scattering and in proton-proton collisions with
one transversely polarized proton. The extraction relies on di-hadron fragmentation
functions, which are taken from the analysis of the corresponding pion-pair production
in electron-positron annihilation. We discuss the impact of COMPASS pseudodata from a
future measurement of deep-inelastic scattering on transversely polarized deuterons. We
discuss the potential incompatibility with lattice about the tensor charge, which is an
important ingredient in the exploration of possible signals of new physics.
Keywords: Deep-inelastic scattering, QCD (phenomenology), tensor charge.
1. Introduction
We access the chiral-odd transversity h1 at leading twist by considering the semi-
inclusive production of two hadrons with small invariant mass. The chiral-odd
partner is represented by the di-hadron fragmentation function H^1 , which encodes
the correlation between the transverse polarization of the fragmenting quark and the
transverse relative momentum of the two detected hadrons. The main advantage
of this strategy is the possibility of working in the standard framework of collinear
factorization; appropriate factorization theorems ensure that the simple product
h1H
^
1 is the universal elementary mechanism in all considered hard processes.
By analyzing data for the semi-inclusive production of (pi+pi−) pairs in deep-
inelastic scattering on transversely polarized proton and deuteron targets, as well as
in proton-proton collisions with a transversely polarized proton, the valence compo-
nents of h1 were extracted for the first time from a global fit similarly to what is done
for the unpolarized PDF (see Ref. 1 and references therein). Information on the
unknown H^1 were independently obtained from data on the azimuthal correlation
of (pi+pi−) pairs produced in back-to-back jets in e+e− annihilation.
Here, we discuss the impact of COMPASS pseudodata for a future measurement
on deuterons2. We also explore the potential tensions between the calculation of
the first Mellin moment of the extracted hq1 for flavor q, the so-called tensor charge
δq, and the average result of the corresponding calculation on lattice.
2. Formalism
We use a functional form for the valence component qv of the transversity h
qv
1 (x,Q
2
0)
at the starting scale Q20 = 1 GeV
2, that must satisfy the Soffer bound at any x and
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any scale Q2 and whose Mellin transform must be analytically calculable. The latter
is a well known workaround to speed up the computation of the matrix element for
proton-proton collisions during the fit. Hence, our functional form is the product of
two terms. The first one is a Mellin-transformable parametric function that fits the
Soffer bound1. The second term is a normalized linear combination of Cebyshev
polynomials up to order 3, that depends on 10 fitting parameters. Some of these
parameters are constrained by controlling the low−x divergence such that the first
Mellin moment δq is finite1.
The statistical uncertainty of the global fit is studied at the 90% confidence
level using the bootstrap method. The gluon channel of di-hadron fragmentation
is not constrained by the leading-order analysis of e+e− data. We parametrize this
uncertainty by allowing for the three options Dg1Q
2
0) = 0, or D
u
1 (Q
2
0)/4, or D
u
1 (Q
2
0).
For each option, we employ 200 replicas. Hence, we have in total 600 replicas. For
the global fit of 32 independent data points with 10 fitting parameters, we obtain
χ2/d.o.f. = 1.76± 0.111.
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Fig. 1. Upper panels: the transversity h1 as a function of x at Q2 = 2.4 GeV2 for valence up
uv (left) and down dv (right). Solid (blue) lines represent the Soffer bounds. Lower left panels:
the xhdv1 , lighter (cyan) band in the same conditions as before, darker band when including only
the Dg1(Q
2
0) = 0 option (see text). Right panel: the h
dv
1 normalized to the central value of the
uncertainty band in upper right panel. Lighter (pink) band for our global fit, darker (cyan) band
when including also pseudodata from COMPASS on deuteron target2.
3. Results
In Fig. 1, in the upper panels the transversity h1 is displayed as a function of x at
Q2 = 2.4 GeV2 for valence up uv (left) and down dv (right) quarks. The solid (blue)
lines represent the Soffer bounds. The vertical dashed lines show the experimental
data coverage 0.0065 ≤ x ≤ 0.35. The uncertainty band corresponds to the 90%
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confidence level of the total 600 replicas (see Sec. 2). For x . 0.0065, the replicas
are unconstrained and tend to spread over a larger range. The uncertainty is mostly
driven by the behavior of Dg1 . In fact, in the lower left panel the xh
dv
1 is shown in
the same conditions and with the same notations. The darker band is the result
when using only the Dg1(Q
2
0) = 0 option, while the lighter (cyan) band corresponds
to including all options. Such a strong sensitivity is not evident for the up quark.
This can be understood by considering that for proton-proton collisions the gluon
effects are active already at leading order and up and down contributions have equal
weight, whilst for deep-inelastic scattering the down quark is suppressed and gluon
effects appear only at subleading order. For the very same reason, the deuteron is
more sensitive to the down contribution than the proton, and better data on this
target would help in reducing the uncertainty. This is confirmed by the plot in the
lower right panel, where the light (pink) band indicates our result for hdv1 and the
darker (cyan) band shows the effect of including also COMPASS pseudodata from a
future measurement on (transversely polarized) deuterons2. The bins are the same
as in the previous measurement but the statistic is much higher. All the replicas are
drawn normalized to the average value of the band displayed in the corresponding
upper right panel. In the range covered by experimental data, the gain in precision
can be almost a factor 2. Finally, data on (pi+pi−) multiplicities in proton-proton
collisions would be also very useful in reducing the uncertainty on hdv1 .
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Fig. 2. Left panel: the isovector tensor charges gT at Q
2 = 4 GeV2. From left to right: result
from our global fit (blue point), from Ref. 3 (red), from Ref. 4 (magenta), from Ref. 5 (green).
Lattice points with labels 1,. . . ,8 from Refs. 6–13, respectively. Right panel: tensor charges δd
vs. δu. Bottom (green) cross from Ref. 5, top (blue) cross for our global fit, middle (brown) cross
with shaded area when including constraint to reproduce average lattice gT . Small (black) crosses
on the right from lattice: left from Ref. 10, right from Ref. 11.
3.1. Tensor charge
In the left panel of Fig. 2, we compare the various results for gT = δu−δd. From left
to right, the first four points are based on phenomenological extractions of h1 from
data. The leftmost (blue) point is from our global fit at 90% confidence level, the
next three points are obtained by analyzing the Collins effect from deep-inelastic
scattering data only. From left to right: results from Ref. 3 (red), Ref. 4 (magenta),
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and Ref. 5 (green), respectively. The other (black) points labeled 1, . . . , 8 are some
recent lattice computations. Moving from the most recent to the oldest: label 1
from Ref. 6, label 2 from Ref. 7, label 3 from Ref. 8, label 4 from Ref. 9, label 5
from Ref. 10, label 6 from Ref. 11, label 7 from Ref. 12, label 8 from Ref. 13. All
the lattice points are computed at Q2 = 4 GeV2 as well as our result. The point
from Ref. 5 (green) is obtained by constraining the fit to reproduce the average
lattice gT . However, this comes at the price of breaking any agreement with lattice
for separate δu and δd, as shown in right panel. Here, the result for δd vs. δu
from Ref. 5 is indicated by the bottom (green) cross, while the lattice results from
Refs. 10,11 are indicated by the left and right small (black) crosses on the right,
respectively. Our calculation is represented by the top (blue) cross, which is in
agreement with lattice for δd although within a very large error bar. The middle
(brown) cross is the outcome of our global fit when constrained to reproduce the
average lattice value for gT . We also show the scatter plot of all 600 replicas’ points
with the shaded area corresponding to the 90% confidence level. Indeed, forcing the
compatibility with lattice gT comes at the price of destroying the agreement with
lattice δd.
We explored also the possibility of further constraining the fit to simultaneously
reproduce all the average lattice values for gT , δu, and δd. We observe a marked
worsening of the fit quality: from the χ2/d.o.f. = 1.76± 0.11 of the original global
fit to χ2/d.o.f. = 2.29± 0.25. This indicates that there is indeed a tension between
lattice and phenomenology in the simultaneous comparison of results for the various
components of the tensor charge.
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We discuss the predictive power of transverse-momentum-dependent distributions as a
function of the kinematics and comment on recent extractions from experimental data.
Keywords: transverse momentum distributions, global analyses, predictive power
1. Unpolarized TMDs
The unpolarized transverse-momentum-dependent parton distribution function
(TMD PDF) for a parton with specific flavor a, Fa(x, k
2
T ;µ, ζ), represents the prob-
ability density to pick a parton with collinear momentum fraction x and transverse
momentum kT inside a hadron. The variables µ and ζ are the UV-renormalization
and rapidity renormalization scales, respectively. No spin dependence is present
in this case. The TMD PDF in the kT - and bT -space are connected via a Fourier
transform in the transverse variables:
Fa(x, k
2
T ;µ, ζ) =
∫ ∞
0
dbT
2pi
bTJ0(kT bT )Fa(x, b
2
T ;µ, ζ) . (1)
In principle, eq. (1) implies that in order to determine the TMD PDF at a specific
kT value, the knowledge of Fa(x, b
2
T ;µ, ζ) is needed both at small bT (b
−1
T  ΛQCD)
and at large bT (b
−1
T  ΛQCD). In the small-bT region, the bT -dependence of the
TMD PDF is well determined by perturbative QCD. On the other hand, in the
large-bT region Fa(x, b
2
T ;µ, ζ) is sensitive to the non-perturbative hadron structure
and needs to be extracted from experimental data (or accessed by other techniques).
Moreover, it comes as a natural question to understand in which kinematic regions
the TMD formalism has predictive power, namely when the TMD distributions
are dominated by the perturbative physics at small bT and can accurately predict
physical observables.
2. Extractions from data
In a recent global analysis of experimental data from Semi-Inclusive Deep-Inelastic
Scattering (SIDIS), Drell-Yan and Z-boson production in TMD factorization1, the
non-perturbative, large bT , part of the unpolarized quark TMD PDFs and TMD
fragmentation functions (FFs) has been fit to the data as the weighted sum of two
Gaussian functions, with the same (different) width in the case of the TMD PDFs
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(FFs). TMD evolution effects have been taken into account up to next-to-leading
logarithmic (NLL) accuracy, with a matching of the TMD distributions onto the
collinear ones at leading order (LO) in the strong coupling αs. Within that scheme
and at the input scale of the fit (Q = 1 GeV), the average squared transverse
momentum of the quark in the hadronic target as a function of the light-cone
momentum fraction x, 〈k2T 〉(x), is a well-defined quantity and can be analytically
calculated in terms of the fit parameters. The same applies to the average squared
transverse momentum acquired by the detected hadron during the hadronization
process, 〈P 2⊥〉(z), where z is the light-cone momentum fraction of the produced
hadron in SIDIS (see Fig. 1). The kinematic dependence of the non-perturbative
functions at large bT , together with the matching of the TMD distributions onto
the collinear ones at small bT , reflects a non-trivial interplay between the collinear
and the transverse structure of hadrons. In principle, also a flavor dependence can
be taken into account2, but precise flavor-sensitive data are needed to constrain
that, for example from SIDIS at an Electron-Ion Collider.
More recent extractions of the unpolarized quark TMDs3–5 consider also higher-
order corrections neglected in previous analyses. This has the advantage to separate
the truly non-perturbative hadron structure from the perturbative effects, but ren-
ders the definition of the average transverse momenta more problematic.
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Fig. 1. (a) Average squared transverse momentum from the TMD PDF and (b) from the TMD
FF at Q = 1 GeV, and their dependence on the light-cone momentum fractions. The red band
represents the 68% confidence level1.
3. Predictive power
The predictive power of the TMD formalism can be addressed by studying the
behavior of TMD PDFs and cross sections through a saddle-point approximation6,7.
This approximation allows one to calculate a specific class of integrals by evaluating
the integrand at the so-called “saddle point”. Considering eq. (1), we determine
which bT region the saddle point belongs to as a function of the kinematics.
By choosing the final and initial scales respectively as µ2f = ζf = Q
2 and µ2i =
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ζi = µ
2
b , where µb ≡ 2e−γE/bT , and working at leading logarithmic accuracy, the
saddle point for the TMD PDF at kT = 0 reads:
bspT (x,Q) =
2e−γE
ΛQCD
(
Q
ΛQCD
)−Γc1/[Γc1+8pib0(1−X (x,µ?b ))]
, X (x, µ) = d ln fa(x, µ)
d lnµ2
,
(2)
where Γc1 is the first term in the expansion of the cusp anomalous dimension, b0 is
the one-loop coefficient of the QCD beta function, and µ?b ≡ 2e−γE/bspT .
The function X (x, µ) quantifies the impact of the DGLAP evolution on the
position of the saddle point. Its sign changes according to the value of the collinear
momentum fraction x, and determines the x-dependence of the saddle point. In
general, the function is positive for x . 0.1 and negative for x & 0.1. Thus it
suppresses the value of the saddle point bspT (x,Q) for x . 0.1 and it enhances it for
x & 0.1. Thus the saddle point of Fa(x, kT = 0, Q,Q2) drifts towards the small bT
perturbative region when Q is large and x is small.
Nonetheless, one can check6 that the saddle point of the TMD PDF for an up
quark at kT = 0, Q = MZ = 91.18 GeV always lies outside of the small bT region
(defined as bT < bmax = 0.5 GeV
−1, where bmax is the largest bT value for which a
perturbative calculation is performed) for any x > 10−4. This means that at large Q
and for any x, the TMD PDF of an up quark is contributed to a certain extent by the
non-perturbative physics at large bT . However, cross sections are calculated as the
convolution of two TMD distributions, and, for the Q = MZ case, the saddle-point
of the cross section is further shifted to the perturbative region7 with respect to a
single TMD distribution. In support of this, in Fig. 2 (a) we describe CMS data8
for Z-boson production at low transverse momentum qT MZ and central rapidity
|y| < 2.1 without fitting any non-perturbative parameter6. The only two parameters
in the functional form at large bT are determined by imposing the continuity of the
first and second derivatives of the TMD PDF at bT = bmax = 0.5 GeV
−1. The
calculation of the cross section includes terms up to NNLO in αs in the hard part and
in the collinear expansion of the TMD PDFs, and TMD evolution is implemented
at NNLL accuracy. In Fig. 2 (b), instead, the normalized integrand in bT -space of
the differential cross section is displayed for qT = 0, y = ±2.1, 0. In both cases the
peak of the integrand lies well in the perturbative region (bT < 0.5 GeV
−1), and
the same holds true for the saddle point of the cross section.
This confirms that at large Q and small x the TMD formalism is fully predictive.
One must anyway take into account that the predictive power is not an absolute
concept, but is related to the precision of the experimental observable under con-
sideration9,10. In the kinematic regions where the predictive power is lower the
physical observables have a significant dependence on the non-perturbative part of
the TMD distributions. These regions, accessible in principle at collider and fixed-
target experiments, present an excellent opportunity to study hadron structure and
hadronization in a multidimensional momentum space.
Acknowledgments: the author thanks A. Bacchetta, F. Delcarro, M. Grewal, Z.
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Fig. 2. (a) Differential cross section for Z boson production in TMD factorization (qT  Q) vs
CMS data. (b) Normalized integrand for the cross section in bT space at qT = 0, y = ±2.1, 0.
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Week III
Introduction for Week III
The composition and origin of the proton spin has been an important question
in QCD since the dawn of the proton spin puzzle. In the late 1980s, the European
Muon Collaboration (EMC)1,2 measured the proton spin Sq carried by the quark
spins with 0.01 < x < 0.7 to be significantly smaller than 1/2, contrary to what
had been expected based on the constituent quark model. This observation started
the proton spin puzzle. Further developments in theory led to the helicity sum
rules in the Jaffe-Manohar3 and Ji4 forms, see also the recent reviews5,6. These
helicity sum rules show that the proton spin consists of contributions of the quark
and gluon spins and orbital angular momenta. The EMC measurement1,2 can be
interpreted as implying that a significant fraction of the proton spin is carried by
the gluon spin, or by the quark and gluon orbital motion, or by the quark spins with
the values of Bjorken x outside of the measured range. This conclusion was further
reinforced by the discovery of the non-zero contribution of the gluon spins Sg = ∆G
at RHIC7, which moved us closer to resolving the spin puzzle. Nevertheless, all the
possible sources of the proton spin need to be explored and clarified before one
can confidently claim understanding of the proton spin. The EIC would help us
by providing experimental data which may prove to be decisively important in
establishing the origin of the proton spin.
Week III of the program was chiefly dedicated to the proton spin puzzle. In
the last decade, developments in this field went along several important directions.
Experimental tools and helicity PDF extraction methods using perturbative QCD
approaches have significantly improved over the last decade. Jet measurements
may appear to be particularly useful for the extraction of helicity PDFs from the
upcoming EIC data.
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Progress in lattice QCD was driven in part by the improvements in the calcu-
lations of the moments of PDFs, and, in part, by the efforts to calculate the PDFs
on the lattice directly using quasi- and pseudo-PDFs. These new techniques have
been recently applied to the helicity PDF sector. In addition, the components of
the Ji spin decomposition have been calculated on the lattice9,10, while those of the
Jaffe-Manohar decomposition remain a challenge.
Research continues on trying to measure the quark and gluon orbital angular mo-
mentum (OAM). It has been realized that the proper definition of the Jaffe-Manohar
OAM involves certain twist-three GPDs. While it is challenging to experimentally
access such twist-three effects, approaches based on measuring Wigner distributions
of partons and employing it for inferring the parton OAM appear to be particularly
promising.
The contributions to helicity sum rules coming from small-x quarks and gluons
may also be potentially important. Some theoretical progress leading to estimates
of the amount of proton spin coming from low x happened in the last decade as
well.
Spin decomposition is not the only fundamental question about the proton struc-
ture that was addressed in week III. An important new topic gaining momentum in
the recent years is the proton mass decomposition, see11 for a review of the various
sum rules. Questions involve understanding how much of the proton mass is due
to the gluon condensate and how much of it is due to the chiral condensate. These
are deep questions, progress on which would allow us to shed light on fundamental
QCD topics such as quark confinement and chiral symmetry breaking. It may be
possible to individually measure the quark and gluon contributions to the proton
mass at the EIC.
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J/ψ photo-production near threshold and the proton mass problem
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The photo-production of J/ψ near threshold is a promising process to access the con-
tribution from the gluon condensate to the proton mass. We study this process in a
holographic model and compare our result with the latest experimental data from the
GlueX collaboration.
Keywords: Threshold J/ψ production, trace anomaly, proton mass
1. Introduction
Recently, there has been renewed interest in the mass structure of the proton, mainly
triggered by a report1 from the National Academy of Science (NAS) in which the
origin of the proton mass has been identified as one of the key scientific questions
to be addressed at the future Electron-Ion Collider (EIC). This is a multi-faceted
question which ultimately touches fundamental issues such as confinement and chiral
symmetry breaking. The question can also be addressed at different conceptual
levels. On one hand, first-principle lattice QCD calculations can reproduce the
masses of the proton and other baryon resonances. On the other hand, the detailed
mechanisms by which massless quarks and gluons bind themselves and convert
their interaction energy into the observed hadron masses is poorly understood. It
is known that collider experiments can measure the kinetic energy contributions
of quarks and gluons, as the second moment of the ordinary parton distribution
functions. But the full understanding of the problem will require more information
than just the kinetic energy, and it is a challenge to what extent the EIC, or more
generally, lepton-proton scattering experiments can explore the nonperturbative
aspect of the proton mass. In this contribution to the proceedings, I report on our
recent, ‘holographic’ approach to this problem.2,3
2. QCD trace anomaly and near-threshold J/ψ production
One way to understand the origin of the proton mass is to look at the trace of the
energy momentum tensor
Tαα =
β(g)
2g
FµνFµν +m(1 + γm(g))ψ¯ψ, (1)
where β is the QCD beta function and γm is the mass anomalous dimension. This
is the QCD trace anomaly which breaks the approximate conformal symmetry of
the QCD Lagrangian and gives hadrons a nonperturbatively generated mass. By
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taking the forward proton matrix element in the proton single-particle state, one
finds the relation
〈P |Tαα |P 〉 = 2M2. (2)
In particular, in the chiral limit m = 0, the proton mass is entirely explained
by the gluon condensate 〈P |FµνFµν |P 〉. Then an interesting question arises as to
whether one can experimentally measure the matrix element 〈P |FµνFµν |P 〉. Such a
possibility was first studied by Kharzeev et al.4 in the context of the near-threshold,
exclusive photo-production of J/ψ in lepton-proton scattering eP → e′γ(∗)P →
e′J/ψP ′. By assuming vector dominance, one can relate the physical amplitude
γ(∗)P → J/ψP ′ to the forward amplitude J/ψP → J/ψP . This is sensitive to
the matrix element of the gluon condensate 〈P |F 2|P 〉 since heavy quarkonia such
as J/ψ primarily interact with the proton via two-gluon operators including F 2.
However, near the threshold, the momentum transfer
√−t = √−(P − P ′)2 ≈ 1.5
GeV is large, on the order of the charm quark mass, and the extrapolation t → 0
has to be done more carefully. As observed by Frankfurt and Strikman,5 the t-
dependence of this process must come from that of ‘two-gluon’ form factors. While
they did not specify what exactly these form factors are, there is in fact only one
class of ‘two-gluon’ form factors in QCD, namely, the gravitational form factors
〈P ′|(TRq,g)αβ |P 〉 = u¯(P ′)
[
ARq,gγ
(αP¯ β) +BRq,g
P¯ (αiσβ)λ∆λ
2M
+CRq,g
∆α∆β − gαβ∆2
M
+ C¯Rq,gMη
αβ
]
u(P ), (3)
where Tq,g are the quark and gluon parts of the energy momentum tensor, and
A,B,C, C¯ depend on t = (P − P ′)2 = ∆2 and the renormalization scale. It can
be shown3 that the nonforward matrix element 〈P ′|F 2R|P 〉 (subscript R stands for
‘renormalized’) can be entirely expressed in terms of the gluon gravitational form
factors
〈P ′|F 2R|P 〉 = u¯(P ′)
[
(KgA
R
g +KqA
R
q )M +
KgB
R
g +KqB
R
q
4M
∆2
−3∆
2
M
(KgC
R
g +KqC
R
q ) + 4(KgC¯
R
g +KqC¯
R
q )M
]
u(P ), (4)
where the coefficients Kq,g has been calculated in perturbation theory up to three
loops in the MS scheme.6,7 The problem of extrapolation t→ 0 reduces to knowing
the t-dependence of these gravitational form factors. The latter can be studied, for
example, in lattice QCD.
3. Holographic model
Our next task is to find the relation between the scattering amplitude 〈J/ψP ′|γP 〉
and the matrix element 〈P ′|F 2|P 〉. Unfortunately, at the moment this cannot be
done in the usual framework of QCD factorization, and one has to rely on nonper-
turbative approaches/models. In Refs. [2, 3], we have proposed a holographic model
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based on the AdS/CFT correspondence. Previously, the AdS/CFT correspondence
has been mainly applied to high energy scattering with limited success. The main
problem is that, at high energy and at strong coupling, the scattering amplitude
is mostly real and dominated by the gravition exchange which predicts too strong
rise of the cross section with increasing energy. However, these features become
attractive for the present, low-energy process. Near the threshold, the scattering
amplitude is purely real, and the graviton is dual to the energy-momentum ten-
sor. One can thus relate the graviton exchange amplitude to the gravitational form
factors. An interesting new feature at low energy is that the scattering amplitude
becomes sensitive to the dilaton exchange which is dual to the operator F 2. At
high energy, such a contribution is suppressed (higher twist effect) compared to the
graviton exchange.
The details of our model and calculation can be found in the original refer-
ences.2,3 Here we show our fit of the latest experimental result from the GlueX
collaboration at Jefferson Lab.8 In this plot, the overall normalization of the total
cross section is adjusted to the data and the shape of the curve is our prediction.
The solid and dashed curves are for b = 0 and b = 1, respectively, where b is defined
by
b ≡ 〈P |m(1 + γm)(ψ¯ψ)R|P 〉
2M2
, 1− b =
〈P | β2g (F 2)R|P 〉
2M2
. (5)
b = 1 is an extreme scenario where the proton mass entirely comes from the quark
condensate, and b = 0 the other extreme where it entirely comes from the gluon
condensate. One can see already by inspection that a better fit is obtained by
b = 0 (solid curve), suggesting that the gluons play a more dominant role for
generating the proton mass. (Note that the empirical value is b ∼ 0.1 from the
nucleon sigma term.) We however note that, if we allow for negative b-values, we
actually obtained better χ2 fits. In this regard, it is thus interesting to consider
more realistic AdS/QCD models.
4. Conclusions
In view of the recent NAS report, the proton mass problem should be seriously
addressed at the EIC. As far as the measurement of the trace anomaly (gluon
condensate) is concerned, the high energy of EIC may be thought of as a disad-
vantage. However, this is not necessarily the case. It has been shown3 that the
near-threshold production of J/ψ and Υ can be measured at RHIC in ultraperiph-
eral collisions (UPCs). It is also a very interesting subject to be pursued at the
EIC in China (EIcC) where the collision energy is lower than the US EIC. More
theoretical efforts are also needed, especially towards the first-principle calculation
of the process within QCD factorization. A combined effort of theory and various
experiments (JLab, RHIC, EIC, EIcC) will be necessary to answer this difficult
problem.
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Fig. 1. The total cross section as a function of the photon energy Eγ in the proton rest frame.
The threshold is at Eγ = 8.2 GeV.
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We determine the small-x asymptotics of the quark and gluon helicity distributions in
a proton at leading order in perturbative QCD at large Nc. To achieve this, we first
evaluate the quark and gluon helicity TMDs at small x, simplifying them and relating
them to the so-called polarized dipole amplitudes. We then construct and solve novel
small-x large-Nc evolution equations for the polarized dipole amplitudes. Our main
results are the small-x asymptotics for the quark helicity distribution
∆q ∼
(
1
x
)αq
h
with αqh =
4√
3
√
αsNc
2pi
≈ 2.31
√
αsNc
2pi
(1)
and the small-x asymptotics of the gluon helicity distribution
∆G ∼
(
1
x
)αGh
with αGh =
13
4
√
3
√
αsNc
2pi
≈ 1.88
√
αsNc
2pi
, (2)
both in the large-Nc limit.
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1. Introduction
The main long-term goal of this work is to reliably determine the small-x asymp-
totics of the quark and gluon helicity PDFs and TMDs, along with the small-x
asymptotics of the quark and gluon orbital angular momentum (OAM) distribu-
tions. These asymptotics, once established theoretically, can be compared with the
data on helicity distributions and OAM to be collected at the EIC: if the compar-
ison is successful, one can use the theoretical predictions to assess the net amount
of spin coming from the entire small-x region, thus obtaining the contribution from
an essential part of the spin puzzle.
Below we will review our determination of the small-x asymptotics of the quark
and gluon helicity, and then present the determination of the small-x asymptotics
for the quark and gluon helicity distributions. This talk and these proceedings are
based on1–6.
2. Quark Helicity Distribution
In6, it was shown that the SIDIS quark helicity TMD can be simplified at small-x
and written as
gq,S1L (x, k
2
T ) =
8Nc
(2pi)6
∑
f
1∫
Λ2/s
dz
z
∫
d2x01 d
2x0′1 e
−ik·(x01−x0′1) x01 · x0′1
x201 x
2
0′1
G
(
x210,
z
x
Q2
)
(3)
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in the flavor-singlet case. In the above and throughout this proceedings contribu-
tion, we use light-front coordinates x± ≡ 1√
2
(x0 ± x3), denote transverse vectors
(x1⊥, x
2
⊥) by x and their magnitudes by xT ≡ |x|, and indicate differences in trans-
verse coordinates by the abbreviated notation x10 ≡ x1 − x0 with x10 = |x10|. The
center-of-mass energy squared for the scattering process is s, the infrared (IR) trans-
verse momentum cutoff is Λ, and z is the smallest of the fractions of the light-cone
momentum of the dipole carried by the quark and anti-quark.
The impact-parameter integrated “polarized dipole amplitude” is
G(x210, zs) =
∫
d2b10 G10(zs) (4)
with b10 = (x1 + x0)/2, where the polarized dipole scattering amplitude G10(zs) is
G10(zs) ≡ 1
2Nc
〈〈
T tr
[
V0V
pol †
1
]
+ T tr
[
V pol1 V
†
0
] 〉〉
(zs)
≡ zs
2Nc
〈
T tr
[
V0V
pol †
1
]
+ T tr
[
V pol1 V
†
0
]〉
(zs), (5)
where the double-angle brackets are defined to scale out the center-of-mass energy
zs between the polarized (anti)quark and the target. The ingredients in Eq. (5) are
the light-cone Wilson lines (in the fundamental representation),
V0 ≡ Vx0 [+∞,−∞] ≡ P exp
ig +∞∫
−∞
dx−A+(x+ = 0, x−, x0)
 , (6)
and the “polarized Wilson lines” V pol1 = V
pol
x1
with5,6
V polx =
igp+1
s
∞∫
−∞
dx− Vx[+∞, x−] F 12(x−, x) Vx[x−,−∞]− g
2 p+1
s
∞∫
−∞
dx−1
∞∫
x−1
dx−2
× Vx[+∞, x−2 ] tb ψβ(x−2 , x)U bax [x−2 , x−1 ]
[
1
2
γ+ γ5
]
αβ
ψ¯α(x
−
1 , x) t
a Vx[x
−
1 ,−∞]. (7)
The polarized dipole amplitude obeys the evolution equations which close in the
large-Nc and large-Nc&Nf limits. The large-Nc evolution equations are illustrated
diagrammatically in Fig. 1 and read1–6
G10(z) = G
(0)
10 (z) +
αsNc
2pi
z∫
1
s x210
dz′
z′
x210∫
1
z′s
dx221
x221
[Γ10,21(z
′) + 3G21(z′)] , (8a)
Γ10,21(z
′) = Γ(0)10,21(z
′) +
αsNc
2pi
z′∫
min{Λ2, 1
x210
}/s
dz′′
z′′
min{x210,x221z′/z′′}∫
1
z′′s
dx232
x232
(8b)
× [Γ10,32(z′′) + 3G32(z′′)] .
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Here we had to introduce an auxiliary function Γ, termed the “neighbor dipole
amplitude”, in which further evolution is constrained by the lifetime of an adja-
cent dipole1. The equations (8) resum powers of αs ln
2(1/x): this is the double
logarithmic approximation (DLA).
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Fig. 1. Diagrams illustrating the evolution of the polarized dipole amplitude G10(zs) at large Nc
The blue band represents the shock wave (the proton), the black vertex represents the sub-eikonal
operator insertion(s) from (7), and the gray box represents the polarized Wilson line.
Equations (8) were solved numerically in2 and analytically in4 yielding
G(x210, zs) ∝ (zs x210)α
q
h (9)
with
αqh =
4√
3
√
αsNc
2pi
≈ 2.31
√
αsNc
2pi
. (10)
This leads to Eq. (1) above.
3. Gluon Helicity Distribution
The small-x asymptotics of the gluon helicity can be determined in a similar way5.
Starting with the operator definition of the gluon dipole helicity TMD and simpli-
fying it at small x we arrive at5
gGdip1L (x, k
2
T ) =
−8iNc
g2(2pi)3
∫
d2x10 e
ik·x10 ki⊥
ij
T
[∫
d2b10G
j
10(zs =
Q2
x )
]
(11)
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where we have defined another dipole-like polarized operator
Gi10(zs) ≡
1
2Nc
〈
tr
[
V0(V
pol †
1 )
i
⊥
]
+ c.c.
〉
(zs) (12)
with a different “polarized Wilson line”
(V polx )
i
⊥ ≡
+∞∫
−∞
dx− Vx[+∞, x−]
(
ig p+1 A
i
⊥(x)
)
Vx[x
−,−∞]. (13)
Again one can write evolution equations for Gi10(zs) which close in the large-Nc and
large-Nc&Nf limits. The solution of the large-Nc equations gives
5
G2(x
2
10, zs) ∝ (zs x210)α
G
h (14)
with
αGh =
13
4
√
3
√
αsNc
2pi
≈ 1.88
√
αsNc
2pi
, (15)
leading to Eq. (2) above.
4. Conclusions
In conclusion let us point out that we expect the asymptotics (1) and (2) to be
modified qualitatively in the large-Nc&Nf limit, i.e., when quarks are included. For
OAM distributions at small x the analysis7 similar to the above gives Lq+q¯(x,Q
2) =
−∆Σ(x,Q2) and LG(x,Q2) =
(
αqh
4 ln
Q2
Λ2
)
∆G(x,Q2) in the large-Nc limit.
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There have been rapid developments in parton distribution functions (PDFs) using lattice
QCD for both precision moments and direct calculation of the Bjorken-x dependence.
In this talk, I show some progress along these directions and show some examples of how
lattice-QCD calculations can play a significant role in improving our understanding of
PDFs in the future.
Parton distribution functions (PDFs) are not only fundamental properties of
quantum chromodynamics (QCD) but also are key inputs to predict cross sections
in high-energy scattering experiments and to aid new-physics searches at the Large
Hadron Collider. A PDF, say q(x), describes the probability of finding the par-
ton (such as quarks or gluons) carrying a fraction x of the longitudinal momentum
within a hadron. Calculating the x-dependence of PDFs from first principles has
long been a holy grail for nuclear and high-energy physics. In modern parton
physics, the PDFs are defined from the lightcone correlations of quarks and gluons
in the hadron, so they involve strong infrared dynamics and can only be solved
by nonperturbative methods such as lattice QCD (LQCD). However, the direct
calculation of PDFs on a Euclidean lattice has been extremely difficult, because
the real-time dependence of the lightcone makes it infeasible to extract them from
lattice simulations with imaginary time. Early lattice-QCD studies based on the op-
erator product expansion (OPE) could only access the lower moments of the PDF.A
similar situation also occurs in lattice calculations of other parton observables, such
as the distribution amplitudes (DAs) and generalized parton distributions (GPDs).
For many years, progress in LQCD hadron structure was done by pushing moment
calculations to the physical pion mass and expanding the study of LQCD system-
atics.
Recently, a new idea has been proposed that circumvents the limitations of
the moment approach1,2: “large-momentum effective theory” (LaMET). In this
approach, one computes a time-independent spatially displaced matrix element that
can be connected to the PDF. A convenient choice for leading-twist PDFs is to take
the hadron momentum and quark-antiquark separation to be along the z direction
hΓ(z, pz) =
1
4pz
∑2
s=1 〈p, s| ψ¯(z)Γeig
∫ z
0
Az(z
′)dz′ψ(0) |p, s〉 , where pz is the hadron
momentum boosted in the z direction, s its spin, and z is the separation of the
quark and antiquark fields ψ¯ and ψ. There are multiple choices of operator in this
framework that will recover the same lightcone PDFs when the large-momentum
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limit is taken.
Fig. 1. This figure shows the consistency between two-state fits truncated at different terms and
different tsep data for the case of transversity matrix elements at z = 3, Pz = 2.6 GeV on physical
pion mass ensembles.
We perform lattice calculations of the bare isovector quark unpolarized, helicity,
and transversity quasi-PDFs using clover valence fermions3–6 on an ensemble of
gauge configurations with lattice spacing a = 0.09 fm, box size L ≈ 5.8 fm, and
with pion massMpi ≈ 135 MeV andNf = 2+1+1 (degenerate up/down, strange and
charm) flavors of highly improved staggered dynamical quarks (HISQ)7 generated
by MILC Collaboration8. We use Gaussian momentum smearing9 for the quark
field to increase the overlap of the lattice sources with the ground state of the
large-boost nucleon. For the nucleon matrix elements of Oˆ(z, a) at a given boost
momentum, h˜(z, Pz, a), we extract the ground-state matrix elements from each
three-point correlator, C
(3pt)
Γ (Pz, t, tsep) by fitting the following form:
C3ptΓ (Pz, t, tsep) = |A0|2〈0|OΓ|0〉e−E0tsep + |A1|2〈1|OΓ|1〉e−E1tsep
+ |A1||A0|〈1|OΓ|0〉e−E1(tsep−t)e−E0t + |A0||A1|〈0|OΓ|1〉e−E0(tsep−t)e−E1t + . . . ,
where the operator is inserted at time t, and the nucleon state is annihilated at the
sink time tsep, which is also the source-sink separation (after shifting source time
to zero). The state |0〉 represents the ground state and |n〉 with n > 0 the excited
states. In our two-state fits, the amplitudes Ai and the energies Ei are functions
of Pz and can be obtained from the corresponding two-point correlators. Fig. 1
shows one of the many studies of excited-state contamination, performing fits with
and without the 〈1|OΓ|1〉 contribution (labeled as “two-simRR” and “two-sim”,
respectively) and using data from different source-sink separations tsep
10–12.
We then calculate the nonperturbative renormalization (NPR) factor
Z˜(z, pRz , µR, a) from the amputated Green function of Oˆ(z, a) with a similar proce-
dure12,13, where pRz and µR are the Euclidean quark momentum in the z-direction
and the off-shell quark momentum, respectively. The bare matrix element of Oˆ(z, a),
h˜(z, Pz, a), has ultraviolet (UV) power and logarithmic divergences as a → 0 and
must be nonperturbatively renormalized to have a well defined continuum limit.
Next, we need to Fourier transform the hR(z, Pz, p
R
z , µR) into x-space to obtain
the quasi-distribution q˜(x, Pz, p
R
z , µR): f˜(x, 1/a, pz) =
∫
dz
2pi e
−ixzpzpzhΓ(z, pz). As
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Fig. 2. (Left) Fourier truncation at finite zPz can create oscillation artifacts in the PDF recon-
struction. (Middle) Boost-momentum dependence in reconstruction of the PDF. Any line deviating
from the original input PDF indicates the systematic error in the PDF calculation. (Right) Real
matrix elements in coordinate (zPz) space with 2 very distinct PDF distributions in x space.
originally pointed out in 2017 and demonstrated using CT14 NNLO14 at 2 GeV,
a naive Fourier transform from momentum-space x to coordinate space z and then
back suffers an inverse problem15 (see the left-hand side of Fig. 2). The oscillation is
less noticeable if calculation stays in the small-Pz region, as shown in the pink band
in the figure. This means that since the lattice calculation has finite displacement
z in the nonlocal operator and cannot actually use infinitely boosted momentum,
a straightforward Fourier transform produces truncation effects, resulting in un-
physical oscillatory behavior, as observed in earlier works16,17. The antiquark and
small-x regions suffer the maximum deformation. Two ideas (“filter” and “deriva-
tive” methods)15 were originally proposed to remove this biggest systematic uncer-
tainty in the LaMET approach to studying x-dependent hadron structure: Fourier-
transformation truncation. When not assuming a parametrization form, this deter-
mines the shape of the PDF. The first lattice PDF at physical pion mass was used
to demonstrate how the proposed methods improve real-world lattice calculations.
A third method was proposed in late 2017, modifying the Fourier transformation in
LaMET using a single-parameter Gaussian weight18. In 2019, another three meth-
ods were proposed19. Following the recent work10–12, we adopt the simple but effec-
tive “derivative” method: Q˜(x, Pz, p
R
z , µR) = i
∫ +zmax
−zmaxdz e
ixPzzh˜′R(z, Pz, p
R
z , µR)/x,
where Q˜ is quasi-PDF (q(x), ∆q(x) and δq(x) respectively), and h˜′R is the derivative
of the renormalized matrix elements for the corresponding operator. One immedi-
ately notices that when Pz is small, the sea quark asymmetry would come out of
lattice calculation with the wrong sign, which is exactly what was seen in the low-Pz
PDF calculations15,20, in addition to missing the small-x region. There are a num-
ber of proposals to avoid the Fourier transformation by working in position space;
this would work in an ideal world when there is sufficiently precise data throughout
the large-zPz region. However, in reality, the lattice data taken in the small-zPz
region is not precise enough to even discern whether the parton distribution is flat
across all x; one loses sensitivity to two very distinct distributions in x-space, which
now become very similar in zPz space. Furthermore, one still need large zPz to
reliably obtain the distribution in the small-x region. It would be great to have a
systematic way to demonstrate the lattice data inputs in zPz space.
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Fig. 3. LP3’s isovector unpolarized (left), helicity (middle) and transversity (right) PDFs renor-
malized at 3 GeV in comparison with global-fit PDFs
Once we have the quasi-PDFs, we can relate them to the true lightcone PDFs
using the matching condition q˜(x,Λ, pz) =
∫ 1
−1
dy
|y|Z
(
x
y ,
µ
pz
, Λpz
)
µ2=Q2
q(y,Q2) +
O
(
Λ2QCD
p2z
, M
2
p2z
)
, where µ is the renormalization scale, Z is a matching kernel and
M is the hadron mass. Here the O (M2/p2z) terms are target-mass corrections and
the O (Λ2QCD/p2z) terms are higher-twist effects, both of which are suppressed at
large hadron momentum. Early exploratory works have shown great promise in
obtaining quantitative results for the unpolarized, helicity and transversity quark
and antiquark distributions21–24. The first LaMET PDFs at physical pion mass15
were done using small momentum (Pmaxz ≈ 1.3 GeV); as described earlier, one
expects the wrong sign of sea-flavor asymmetry to be seen in the Fourier transfor-
mation. Figure 3 shows our newer PDF results at larger momenta, calculated above
2 GeV, and then renormalized at 3 GeV. The errorband displayed here includes the
systematic error coming from variations in the renormalization scale, zPz in the
Fourier transformation, estimation of lattice-spacing and finite-volume effects from
other nucleon matrix studies and the matching formula approximation. As expected
from the Fourier transformation study, the sea-flavor asymmetry is recovered with
increased momentum. In the positive isovector quark region, our results agree nicely
with CT1414, which is consistent with NNPDF3.125 and CJ1526, up to the small-x
region where even larger zPz data is required for lattice calculation to have control
over these regions. The middle plot of Fig. 3 shows LP3’s isovector quark helicity
PDF11 matched in MS-scheme at scale µ = 3 GeV, extracted from LaMET at the
largest proton momentum (3 GeV), compared with fits by NNPDFpol1.127 and
JAM28. The red band contains statistical error, while the gray band also includes
systematics. The right-hand side of Fig. 3 shows LP3’s proton isovector transver-
sity PDF12 at renormalization scale µ =
√
2 GeV (MS scheme), extracted from
lattice QCD and LaMET at Pz = 3 GeV, compared with global fits by JAM17
and LMPSS1729. The blue error band includes statistical errors (which fold in the
excited-state uncertainty) and systematics mentioned in the unpolarized PDF cases.
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Transverse Force Tomography
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While twist-2 GPDs allow for a determination of the distribution of partons on the
transverse plane, twist-3 GPDs contain quark-gluon correlations that provide information
about the average transverse color Lorentz force acting on quarks. As an example, we
use the nonforward generalization of gT (x), to illustrate how twist-3 GPDs can provide
transverse position information about that force.
Keywords: GPDs, twist 3, force
1. Transverse Imaging
For a transversely localized nucleon state, such as (N is a normalization factor)
|R⊥ = 0, p+,Λ〉 ≡ N
∫
d2p⊥|p⊥, p+,Λ〉, (1)
which has its transverse center of longitudinal momentum at the (transverse) origin,
one can define transverse charge distributions as
ρΛ′Λ(b⊥) ≡ 〈R⊥ = 0, p+,Λ′|q¯(b⊥)γ+q(b⊥)|R⊥ = 0, p+,Λ〉 (2)
= |N |2
∫
d2p⊥
∫
d2p′⊥〈p′⊥, p+,Λ′|q¯(0)γ+q(0)|p⊥, p+,Λ〉eib⊥·(p⊥−p
′
⊥)
=
∫
d2∆⊥FΛ′Λ(−∆2⊥)e−ib⊥·∆⊥ .
Here Λ, Λ′ are the polarization of the target states, and FΛ′,Λ is a superposition of
the Dirac and Pauli form factors - details are depending on the polarizations. Note
that in the 2nd step in Eq. (2) it was crucial that the matrix element only depends
in the ∆⊥, but not on the overall P⊥ = 12 (p⊥ + p
′
⊥) - otherwise it would not be
possible to factor out the P⊥ integration and cancel it against |N |2.
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As a side remark, when one tries to localize a state in 3 dimensions, a factor-
ization of the ~P -integration is not possible due to various relativistic factors. As a
result, a similar procedure in 3 dimension fails and the physical interpretation of
3-dimensional Fourier transforms of form factors as charge distribution in position
space is flawed due to relativistic corrections when one looks at details smaller than
the Compton wavelength of the target.
Very similar steps can be repeated for x-dependent distributions resulting in the
position space interpretation for Generalized Parton Distributions (GPDs)1.
2. Transverse Force
The x2 moments of the genuine twist-3 part of twist-3 PDFs are related to forward
matrix elements of quark-gluon-quark correlations. For example, the polarized twist
3 PDF g2(x) can be cleanly separated from the leading twist contribution g1 by
measuring the longitudinal (beam) - transverse (target) double-spin asymmetry in
DIS. After subtracting the Wandzura-Wilczek contribution gWW2 (x) ≡ −g1(x) +∫ 1
x
dy
y g1(y), one is left with the genuine twist 3 part g¯2(x) = g2(x)− gWW2 (x) (here
we neglect quark mass contributions), whose x2 moment reads3
d2 ≡ 3
∫
dxx2g¯2(x) =
1
2MP+2Sx
〈
P, S
∣∣q¯(0)γ+gG+y(0)q(0)∣∣P, S〉 (3)
To understand the physical meaning of this correlator, we decompose the light-cone
component of the gluon field strength tensor appearing in (3) in terms of color
electric and magnetic fields
√
2G+y = G0y +Gzy = −Ey +Bx = −
(
~E + ~v × ~B
)y
(4)
for a quark that moves with the velocity of light in the −zˆ direction - which is
exactly what the struck quark does in a DIS experiment after having absorbed the
virtual photon~v = (0, 0,−1). Since the Gluon field is correlated with the quark
density, this means that d2 has the physical interpretation as the average color-
Lorentz force acting on a quark in a DIS experiment right after (since the matrix
element is local) having absorbed the virtual photon4. This is the same final state
interaction (FSI) force that also produces single-spin asymmetries.
3. Transverse Force Tomography
Since d2 arises as the expectation value of a q¯Gq corellator in a plane wave state
it can only provide volume-averaged information. In order to obtain position infor-
mation, a momentum transfer must be involved. This is one of the motivations for
studying twist 3 GPDs. After subtracting Wandzura-Wilzek type terms and surface
terms (terms that involve a twist 2 contribution multiplied by a momentum trans-
fer), x2 moments of twist 3 GPDs allow determining non-forward matrix elements
of q¯F q correlators. This motivates parameterizing these matrix elements in terms
of Lorentz invariant generalized form factors.
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Lorents invariance implies that the matrix elements of q¯(0)γρGµν(0)q(0) can be
parameterized in terms of 8 generalized form factors6
In the relevant case of q¯(0)γ+G+i(0)q(0) this reduces to five form factors7
〈p′, λ′|q¯(0)γ+igG+i(0)q(0)|p, λ〉 = u(p′, λ′)
{ 1
M2
[P+∆i⊥ − P⊥∆+)]γ+Φ1(t) (5)
+
P+
M
iσ+iΦ2(t) +
1
M3
iσ+∆
[
P+∆i⊥Φ3(t)− P⊥∆+Φ4(t)
]
+
P+∆+
M3
iσi∆Φ5(t)
}
u(p, λ)
As was the case for twist 2 GPDs and charge form factors, a position space in-
terpretation requires a vanishing longitudinal momentum transfer ∆+ = 0. The
transverse Fourier transform of these generalized form factors have the following
interpretation
• Φ1 describes an axially symmetric transverse force in an unpolarized target
• Φ2 describes a force field perpendicular to the transverse polarization of
the target, to a ⊥ position resolved Sivers force5
• Φ3 describes a tensor type force similar to what one would expect from a
color magnetic dipole field correlated with the target tranverse spin.
• Φ4 & Φ5 involve a factor ∆+ = 0 and thus do not contribute to ⊥ force
tomography
4. summary
The Fourier transform of twist 2 GPDs w.r.t. the transverse momentum transfer
provides transverse images of quark distributions. Taking x2 moments of twist 3
PDFs allows determining the average transverse force that acts on a quark in a DIS
experiments. Combining these two ideas, the transverse Fourier transform of the x2
moment of twist 3 GPDs allows determining the spatially resolved transverse force
that acts on a quark in a DIS experiment.
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We study the scale evolution of the quark and gluon spin contributions to the proton
spin, using the recently derived three-loop results for the helicity evolution kernels. We
find that the evolution of the quark spin contribution may actually be extended to four-
loop order. We investigate the scale dependence of ∆Σ and ∆G numerically, both to
large and down to lower “hadronic” scales.
Keywords: Proton spin budget, DGLAP evolution, NNLO
1. Introduction
To determine the decomposition of the proton spin in terms of the contributions
by quarks and anti-quarks, gluons, and orbital motion is a key goal of the EIC.
The two physically most relevant spin sum rules for the proton are the Ji decom-
position1, which ascribes the proton spin to gauge-invariant contributions by quark
spins and orbital angular momenta, and total gluon angular momentum, and the
Jaffe-Manohar decomposition2, in which there are four separate pieces correspond-
ing to quark and gluon spin and orbital contributions, respectively. The spin parts
in the Jaffe-Manohar sum rule are related to parton distributions measurable in
high-energy processes. The sum rule reads
1
2
=
1
2
∆Σ(Q2) + ∆G(Q2) + Lq(Q
2) + Lg(Q
2) , (1)
where
∆Σ(Q2) =
Nf∑
q
∫ 1
0
dx
(
∆q(x,Q2) + ∆q¯(x,Q2)
)
, ∆G(Q2) =
∫ 1
0
dx∆g(x,Q2). (2)
2. Evolution equations and first moments of the splitting functions
As indicated in Eq. (1), the contributions to the proton spin are all scale dependent,
although the dependence cancels in their sum. The dependence on Q2 is given by
spin-dependent QCD evolution equations. The kernels relevant for the evolution of
the first moments ∆q(Q2), ∆q¯(Q2), ∆G(Q2) have been derived to lowest order (LO)
May 13, 2020 1:25 ws-procs961x669 WSPC Proceedings - 9.61in x 6.69in book page 188
188
in Refs.3,4, to next-to-leading order (NLO) in Refs.5–8, and recently to next-to-next-
to-leading order (NNLO) in Refs.9–11. The kernels for the separate evolution of Lq
and Lg in the Jaffe-Manohar decomposition are known only to LO
12–14, although
the evolution of their sum is known from Eq. (1) to the same order as that of
1
2∆Σ + ∆G, that is, to NNLO. As has been shown in Refs.
15–17, the separate
evolution of Lq and Lg involves higher-twists.
The generic evolution equation for the first moment of a spin-dependent parton
distribution a, b ≡ u, u¯, d, d¯, s, s¯, . . . , G reads:
d∆a(Q2)
d lnQ2
=
∑
b
∆Pab
(
as(Q
2)
)
∆b(Q2) , (3)
where ∆Pab describes the splitting b→ a. The ∆Pab are perturbative in the strong
coupling αS; their perturbative series starts at O(αS):
∆Pab = as∆P
(0)
ab + a
2
s∆P
(1)
ab + a
3
s∆P
(2)
ab +O
(
a4s
)
. (4)
with as ≡ αS/(4pi). The evolution equations may be simplified by introducing non-
singlet and singlet combinations of the quark and antiquark distributions; see e.g.
Ref.18. In the singlet sector we have coupled evolution equations for ∆Σ and ∆G:
d
d lnQ2
∆Σ(Q2)
∆G(Q2)
 =
∆PΣΣ(as(Q2)) 2Nf ∆PqG(as(Q2))
∆PGq
(
as(Q
2)
)
∆PGG
(
as(Q
2)
)
 ∆Σ(Q2)
∆G(Q2)
 ,(5)
with the singlet anomalous dimension ∆PΣΣ and the first moments of the splitting
functions involving gluons, ∆PqG, ∆PGq, ∆PGG. At lowest order,
3,4
∆P
(0)
ΣΣ = 0 , ∆P
(0)
qG = 0 , ∆P
(0)
Gq = 3CF , ∆P
(0)
GG = β0 . (6)
The second-order results in the MS scheme may be found in Refs.6–8:
∆P
(1)
ΣΣ = −2Nf ∆P (0)Gq , ∆P (1)qG = 0 ,
∆P
(1)
Gq =
71
3
CFCA − 9C2F −
2
3
CFNf , ∆P
(1)
GG = β1 . (7)
Finally, at NNLO we have from Refs.5,10,11:
∆P
(2)
ΣΣ = −2Nf ∆P (1)Gq , ∆P (2)qG = 0 , ∆P (2)GG = β2 ,
∆P
(2)
Gq =
1607
12
CFC
2
A −
461
4
C2FCA +
63
2
C3F
+
(
41
3
− 72ζ3
)
CFCANf −
(
107
2
− 72ζ3
)
C2FNf −
13
3
CFN
2
f . (8)
There are systematic patterns among these results which may be understood from
general arguments. The explicit results shown in the above equations suggest that
∆PΣΣ = −2Nf as ∆PGq . (9)
Furthermore, we deduce from Eqs. (7),(8)
∆PqG = 0 , ∆PGG = −β(as)/as . (10)
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As discussed in Refs.18,19, these all-order results may be readily understood from
the fact that the quark singlet combination ∆Σ corresponds to the proton matrix
element of the flavor-singlet axial current,
Sµ ∆Σ = 〈P, S | ψ¯ γµγ5 ψ |P, S〉 ≡ 〈P, S | jµ5 |P, S〉 , (11)
where S is the proton’s polarization vector. Because of the axial anomaly, the
singlet axial current is not conserved, ∂µ j
µ
5 = 2Nf as ∂µK
µ, with the “anoma-
lous current” K. This implies that in fact ∂µ(j
µ
5 − 2Nf asKµ) = 0. In perturba-
tion theory we may relate matrix elements of Kµ to the gluon spin contribution:
Sµ ∆G = −〈P, S |Kµ |P, S〉. Although K depends on the choice of gauge, its for-
ward proton matrix element is gauge invariant, except for topologically nontrivial
gauge transformations that change the winding number. The latter feature makes
the identification of ∆G with the matrix element of K impossible beyond pertur-
bation theory2. We may thus conclude in perturbation theory that
d
d lnQ2
(
∆Σ(Q2) + 2Nf as(Q
2) ∆G(Q2)
)
= 0 . (12)
Inserting the general evolution equations for ∆Σ and ∆G in (5), as well as the
renormalization group equation for as(Q
2), we recover the results in Eqs. (9),(10).
It is now clear that in the MS scheme a single anomalous dimension, ∆PΣΣ,
resulting from the axial anomaly, governs the evolution of the quark and gluon spin
contributions. Defining19 ∆Γ(Q2) ≡ as(Q2)∆G(Q2), we obtain
d
d lnQ2
∆Σ
∆Γ
 =
 ∆PΣΣ(as) 0
− 12Nf ∆PΣΣ(as) 0
 ∆Σ
∆Γ
 . (13)
Thanks to Eq. (9) we may now determine18 the four-loop (N3LO) contribution to
∆PΣΣ from the three-loop value ∆P
(2)
Gq computed in Ref.
11:
∆P
(3)
ΣΣ = −2Nf ∆P (2)Gq = −2NfCF
[
1607
12
C2A −
461
4
CFCA +
63
2
C2F
+
(
41
3
− 72ζ3
)
CANf −
(
107
2
− 72ζ3
)
CFNf − 13
3
N2f
]
. (14)
3. Numerical solutions in the singlet sector
We may now solve18 the singlet evolution equation (13). We note that such solutions
were presented to LO in Refs.20–22. The paper23 considered the evolution of ∆Σ
up to NNLO. The solution for the singlet at scale Q in terms of its boundary value
at the “input” scale Q0 reads
∆Σ(Q2)
∆Σ(Q20)
= exp
[
− aQ − a0
β0
∆P
(1)
ΣΣ
]
× exp
[
a2Q − a20
2β20
(
β1 ∆P
(1)
ΣΣ − β0 ∆P (2)ΣΣ
)]
× exp
[
a3Q − a30
3β30
(
−β21 ∆P (1)ΣΣ + β0β2 ∆P (1)ΣΣ + β0β1 ∆P (2)ΣΣ − β20 ∆P (3)ΣΣ
)]
, (15)
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Fig. 1. Left: Evolution of the first moment of the polarized singlet distributions at LO, NLO,
NNLO and N3LO, starting from the initial scale Q0 = 1 GeV. Right: Backward evolution of the
first moment of the polarized singlet distributions at LO, NLO, NNLO and N3LO, starting from
the initial scale Q0 = 2 GeV. From Ref.18.
where aQ ≡ as(Q2) and a0 ≡ as(Q20).
The left part of Fig. 1 shows the quark singlet evolution factor on the right-hand-
side of Eq. (15), assuming a fixed number Nf = 3 in the anomalous dimensions and
the beta function, and using the full NNLO evolution of the coupling constant. We
have chosen a relatively low input scale Q0 = 1, with a value αs(Q0) = 0.404. One
can see that the NLO evolution affects the quark spin content of the proton by up
to 7% while NNLO evolution adds an extra ∼ 1− 2% effect. The numerical impact
of the four-loop term ∆P
(3)
ΣΣ reaches only O(0.2%) at the highest scale.
Ultimately, as discussed in Ref.23,24, one may want to compare helicity parton
distribution functions extracted from experiment or computed on the lattice25 with
calculations performed in QCD-inspired models of nucleon structure. The latter are
typically formulated at rather low momentum scales of order of a few hundred MeV.
Given the high order of perturbation theory now available for evolution, it is there-
fore interesting to evolve the singlet spin contributions not only to large perturbative
scales, but also “backward” towards the limit of validity of perturbation theory23.
In the right part of Fig. 1 we show the evolution of ∆Σ at LO, NLO, NNLO and
N3LO down to Q ∼ 0.35 GeV, starting from the initial scale Q0 = 2 GeV. As can
be observed, and as is expected, the higher order terms affect the evolution of the
singlet in a significant way, much more strongly than what we found for the evo-
lution to larger scales. On the other hand, a striking feature is that the evolution
remains relatively stable even down to scales as low as Q = 0.35 GeV where the
coupling constant becomes αs ∼ 1.3. In addition, all higher orders (NLO, NNLO,
N3LO) go in the same direction. We note that the upturn of ∆Σ toward small
scales – in the direction of large quark and anti-quark spin contributions to the pro-
ton spin – was already observed to NLO and NNLO in Refs.24 and23, respectively.
We also remark that results on high-loop evolution may be useful for lattice-QCD
studies of nucleon structure, possibly allowing cross-checks of the nonperturbative
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renormalization carried out on the lattice.
The solution of the evolution equation for the gluon spin contribution now follows
directly18. From the lower row in Eq. (13) we have by simple integration
aQ∆G(Q
2) = a0∆G(Q
2
0)−
∫ aQ
a0
das
∆PΣΣ(as)
2Nfβ(as)
∆Σ(Q2) . (16)
An immediate observation is that the integral on the right-hand-side of (16) starts at
order as(Q
2) and as(Q
2
0). Therefore, we arrive at the well-known result
26 that the
leading term in ∆Γ is a constant in Q2, so that the first moment of the gluon spin
contribution evolves as the inverse of the strong coupling. An explicit solution for
∆G(Q2) to NNLO is obtained by inserting the solution for ∆Σ(Q2) from Eq. (15)
into (16) and carrying out the integration. The result is given in Ref.18.
Fig. 2. Left: Evolution of the quark and gluon spin contributions 1
2
∆Σ and ∆G at NNLO,
starting from the inital scale Q0 = 1 GeV. We also show the evolution of Lq+Lg . Right: Backward
evolution of the gluon spin contribution ∆G at LO (dashes), NLO (dots) and NNLO (solid line),
starting from three different scenarios at the inital scale Q0 = 1 GeV: ∆G(Q0) = +1, 0.1,−1. The
blue solid line corresponds to the leading 1/as term in the solution.
Figure 2 shows the NNLO evolution of the gluon spin contribution to the proton
spin, starting from the values ∆G = 0.102 and ∆Σ = 0.254 at Q0 = 1 as realized in
the global analysis27,28. We also show the evolution of 12∆Σ and the evolution of the
total orbital angular momentum Lq +Lg. Notice that both ∆G and Lq +Lg have a
divergent behaviour at large scales, resulting in a rather unphysical cancellation of
two very large contributions to fulfill the spin sum rule. Again it is also interesting
to analyze the behavior of the gluonic spin contribution at lower scales. In the
right part of Fig. 2 we show the backward evolution of ∆G at LO (dashes), NLO
(dots) and NNLO (solid line) for three different scenarios, corresponding to setting
∆G(Q0) = +1, 0.1,−1 at the initial scale Q0 = 1 GeV. For each scenario, we
observe a striking convergence of the fixed order results down to very low scales,
always towards small gluonic contributions. Our findings set a strong constraint
on the proton spin content carried by gluons at hadronic scales. Within the rather
extreme scenarios analyzed here (for which the gluon contribution accounts for as
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much as twice the spin of the proton at Q0 = 1 GeV!), we obtain the requirement
|∆G(Q ∼ 0.35 GeV)| . 0.3.
We finally note that, depending on the input values of ∆G(Q20) and ∆Σ(Q
2
0)
the evolution can be towards large positive or negative values. This implies that
there is a specific input, a “critical point”, for which ∆G(Q2) actually remains al-
most constant and tends to a finite asymptotic value as Q2 → ∞. This “static”
value of ∆G is expected to change from order to order in perturbation theory. The
explicit calculation shows18 that ∆GLOstat(Q
2
0) ' −0.113, ∆GNLOstat (Q20) ' −0.13,
∆GNNLOstat (Q
2
0) ' −0.125, at Q0 = 1 GeV. Beyond LO, the “static” solutions are no
longer completely constant in Q2; however, by construction they converge asymp-
totically to a finite value. We believe that these solutions, especially because of the
fact that they have a well behaved asymptotic limit at large scales, deserve further
attention since they arise as strong boundaries on non-perturbative physics from
almost purely perturbative considerations.
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Twist three Generalized Parton Distributions and Generalized Transverse Momentum
Distributions are central to the description of partonic orbital angular momentum. We
discuss the origin of the genuine twist three contribution, described by the quark gluon
quark correlator, to the twist three Generalized Parton Distribution E˜2T and how it
connects to calculations of the k2T moments of the Generalized Transverse Momentum
Distribution F14.
1. Introduction
Higher twist effects are of interest due to multiple reasons, while on the one hand
they provide a direct window into non-perturbative effects explicitly involving quark
gluon interactions,1–4 on the other, they also hold the promise of connecting to ob-
servables accessible in current experiments.5 We focus on twist three Generalized
Parton Distributions (GPDs) in the chiral even sector that describe partonic or-
bital angular momentum and spin orbit correlations. However, this work can also
be extended to the chiral odd sector highlighting completely different aspects of the
partonic structure of the proton. In essence, this work is an extension of similar
studies on the twist three PDF gT
6,7 to the off forward sector which facilitates the
existence of polarization states of the initial and final hadrons that are not permis-
sible in the forward case.
Although twist three GPDs are defined by a quark-quark correlator, they do
receive a contribution from a genuine twist term involving an explicit quark gluon
quark correlator. The other piece comes from leading twist GPDs. The way to de-
rive this decomposition essentially involves two steps, first, to study the dependence
of kT dependent distributions called Generalized Transverse Momentum Dependent
Distributions (GTMDs)8 and collinear distributions on functions that parameterize
the completely unintegrated correlator to derive the so called Lorentz Invariance
Relations (LIRs) and second, to use the Equations of Motion (EoM) to derive a
relation describing the Wandzura-Wilczek contribution to the twist three GPD and
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the genuine twist three contribution.2,3
In this contribution, we discuss in section 2 the derivation of LIRs and EoM
relations and finally the steps involved in singling out the genuine twist three piece.
In section 3, we focus on the role of the gauge link. As the derivation involves going
through the kT dependent distributions, one is free to choose between a staple
gauge link (which describes the final state interactions in an actual experiment)
and a straight gauge link simply connecting the quark field operators entering the
quark-quark operator by a straight line. If one starts from the premise that the
shape of the gauge link is immaterial to the GPDs (which are collinear) entering
the LIRs and EoM relations, one finds the genuine twist three terms contributing
to the twist three GPD in either case to be the same. However, a more interesting
exploration would be if we had a way of independently measuring quantities entering
the relations for the two cases. We are interested in the twist three GPD E˜2T and
the GTMD F14 which enter the description of partonic orbital angular momentum.
9
While the lattice provides actual calculations of the k2T moment of the GTMD F14
both in the straight and staple cases,10 the extraction of twist three GPDs from
experiment would provide a clean comparison of the two cases.5 Recently, there
have also been suggestions to directly measure the multiparton distribution or the
form factor that would connect to the genuine twist three piece.11,12
2. Quark-gluon-quark contribution to twist three GPDs
To single out the contribution from the quark-gluon-quark correlator to twist three
GPDs we need to first work out the LIRs and EoM relations. We focus on the twist
three GPD E˜2T , described by the matrix element of quark fields with the projec-
tion operator γiT in a longitudinally polarized proton, and the GTMD F14 describing
unpolarized quarks in a longitudinally polarized proton. LIRs are derived by ex-
pressing both E˜2T and F14 in terms of Generalized Parton Correlation Functions
(GPCFs)8 that parameterize the completely unintegrated quark-quark correlator.
As both E˜2T and F14 describe vector distribution functions (some component of γ
µ
between the quark field operators), the same set of GPCFs describe both functions.
As a result, one arrives at the following LIR2,
dF
(1)
14
dx
= E˜2T +H + E +AF14 . (1)
Here, H and E are the vector twist two GPDs. AF14 essentially signifies the effect of
the shape of the gauge link used, going to zero for a straight gauge link connecting
the quark field operators in the quark-quark correlator describing these functions.
The source of this term is the introduction of new GPCFs in the case of a staple
gauge link because of the inclusion of another vector v− describing the gauge link
either going to +∞ or −∞ on the light cone. F (1)14 is defined as follows2,
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F
(1)
14 = 2
∫
d2kT
k2T
M2
k2T∆
2
T − (kT ·∆T )2
k2T∆
2
T
F14(x, 0, k
2
T , kT ·∆T ,∆2T ). (2)
Note that, in the forward limit, this reduces to the standard k2T -moment,
F
(1)
14
∣∣∣
∆T=0
=
∫
d2kT
k2T
M2
F14(x, 0, k
2
T , 0, 0) . (3)
A completely independent set of relations is obtained by using the equations of
motion. Central to the construction of these relations is the observation that, taken
between physical particle states, matrix elements of operators that vanish according
to the classical field equations of motion vanish in the quantum theory. One obtains
a relation involving the twist three GPD E˜2T , the twist two GPDs H, E and H˜,
F
(1)
14 and a genuine twist three termMF14 explicitly involving the gluon field which
originates from the gluon field in the covariant derivative and the derivatives acting
on the Wilson line,
0 = xE˜2T + H˜ − F (1)14 +MF14 . (4)
Using the LIR to eliminate F
(1)
14 from the EoM relation one obtains
2,
E˜2T = −
∫ 1
x
dy
y
(H+E)−
[
H˜
x
−
∫ 1
x
dy
y2
H˜
]
−
[
1
x
MF14 −
∫ 1
x
dy
y2
MF14
]
−
∫ 1
x
dy
y
AF14 .
(5)
In the above, there are two distinct contributions - one that comes from the
leading twist GPDs also known as the Wandzura-Wilczek contribution and the
genuine twist three contribution described by MF14 and AF14 . In the next section
we explore how the choice of the gauge link affects these terms.
3. Role of the Gauge link
As GPDs are collinear objects one expects them to be unaffected by the choice
of the shape of the gauge link. Hence, evaluating the LIRs and EoM relations in
equations (1) and (4) for the two cases allows one to obtain a relation between AF14
and MF14 . Here, |v=0 denotes the straight gauge link scenario.
From the LIR,
dF
(1)
14
dx
− dF
(1)
14
dx
∣∣∣∣∣
v=0
= AF14 . (6)
From EoM,
F
(1)
14 − F (1)14
∣∣∣
v=0
=MF14 − MF14 |v=0 . (7)
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Thus MF14 and AF14 are related as follows,
AF14(x) =
d
dx
(MF14 − MF14 |v=0) . (8)
To check if this framework does indeed describe the physics of twist three objects,
one should calculate the pieces separately and compare. F14 depends on the intrinsic
transverse momentum kT and any experimental measurement of it in future will
involve final state interactions described by a staple shaped gauge link. Hence,
from this viewpoint, F
(1)
14
∣∣∣
v=0
is more abstract but, even so, it can be accessed on
the lattice as can F
(1)
14 with a staple gauge link.
10 Hence, the experimental extraction
of E˜2T will provide an independent check of these ideas and a deeper understanding
of the role played by the gauge link.
4. Conclusions
We have discussed the decomposition of the twist three GPD E˜2T into two compo-
nents, one involving leading twist quantities, the Wandzura-Wilczek piece, and the
other explicitly involving the gluon field which is referred to as the genuine twist
three piece. As kT dependent distribution functions are involved in the derivation,
the gauge link plays a key role. Although the final result involves well defined
collinear quantities, independent calculations, on the lattice and in models, and
experimental measurements of the separate pieces involved will provide deeper un-
derstanding of higher twist effects and verification of the framework used to describe
them.
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Week IV
Introduction for Week IV
In this Chapter we present the proceedings of a five-day symposium held in the
middle of our INT program, which covered all the major EIC physics topics. The
symposium involved researchers from BNL and JLAB, and from the national and
international EIC communities, representing all the major topics of the program.
The contributions in this Chapter represent a sample of the symposium’s program.
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The LHCspin project aims to bring polarized physics at the LHC through the installa-
tion of a gaseous fixed target at the upstream end of the LHCb detector. The forward
geometry of the LHCb spectrometer (2 < η < 5) is perfectly suited for the reconstruc-
tion of particles produced in fixed-target collisions. The fixed-target configuration, with
center-of-mass energy at
√
s = 115 GeV, allows to cover a wide backward center-of-
mass rapidity region, corresponding to the poorly explored high x-Bjorken and high
x-Feynman regimes. The project has several ambitious goals, in particular regarding
nucleon’s internal dynamics in terms of both quarks and gluons degrees of freedom. The
use of transversely polarized H and D targets will allow to study the quarks TMDs in
pp collisions at unique kinematic conditions.
Keywords: Fixed target, spin, LHC, LHCb
1. Introduction
Fixed-target collisions with a proton beam at the TeV scale provide unique labo-
ratories for the study of the nucleon’s internal dynamics and, more in general, for
the investigation of the complex phenomena arising in the non-perturbative regime
of QCD. In particular, due to the substantial boost of the reaction products in
the laboratory frame, fixed-target collisions measured with a forward spectrome-
ter such as LHCb, allow one to access the backward center-of-mass rapidity region
(−3 < y∗ < 0), corresponding to the poorly explored high x-Bjorken regime. These
measurements will thus allow to open the way to innovative and fundamental mea-
surements in regions of the kinematic plane which are still essentially unexplored1,
Fig.1 left. Furthermore, the use of a gas target has the advantage of allowing for
a broad variety of nuclear targets, thus providing novel probes for the study of the
nucleon and nuclear structure, and for measurements of great interest ranging from
heavy-ion physics to cosmic rays physics and dark matter search. A first step in
this direction has been already done at LHCb with the installation, during the LHC
Long Shutdown II 2019-2020, of an unpolarised fixed gas system called SMOG22.
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Fig. 1. Left: Accessible range in the (x, Q2) plane with fixed-target collisions at LHCb with
SMOG23. Right: details of the SMOG2 storage cell.
2. The physics case
Although tremendous advances have been made over the past decades in defining
the quark and gluon dynamical substructure of the nucleon, the present knowledge
of the PDFs still suffers from large uncertainties, especially at very-high and very-
low x, leaving open fundamental questions about QCD and confinement. In many
cases, the PDF uncertainties have become the limiting factor in the accuracy of the
predictions for LHC measurements, especially concerning measurements of SM and
BSM observables. Considering also the explicit dependence of PDFs on the parton
transverse momenta, radically new perspectives in the exploration of the structure
of the nucleon can be opened. Transverse Momentum Dependent PDFs (TMDs)
decribe to spin-orbit correlations inside the nucleon, and are indirectly sensitive to
the still unknown parton orbital angular momentum, the main missing piece in the
proton spin puzzle. In addition, they provide the possibility to map the parton den-
sities in the 3-dimensional momentum space, allowing for a nucleon tomography4.
Quark TMDs can now be studied at LHC in fixed-target hadron-hadron collision
(Drell-Yan) at unique kinematic conditions, providing a complementary approach
and an ideal test-bench for testing universality, factorization and evolution of QCD.
In contrast to the quark TMDs, the experimental access to the gluon TMDs is still
extremely limited. In high-energy hadronic collisions, heavy quarks are dominantly
generated by gluon-gluon interactions. As a consequence, the most efficient way
to access the gluon distributions is through the study of inclusive heavy-flavour
production in fixed-target measurements at
√
s =115 GeV.
Relativistic heavy-ion collisions allow to investigate the high-density and high-
temperature regime of QCD. The production of heavy quarks is particularly suited
for the study of the phase transition between ordinary hadronic matter and the
Quark-Gluon Plasma (QGP). Furthermore, studying the production of quarkonia
and heavy mesons with different nuclear targets will allow to set stringent con-
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straints on the nuclear PDFs and to investigate their peculiar features. Furthermore,
by exploiting the use of the LHC Pb beams, one can also study QGP formation in
fixed-target PbA collisions at
√
sNN = 72 GeV through the measurement of flow
observables and correlations for a variety of collision systems. In particular, by
measuring the production of different charmonia excited states (J/ψ, ψ′, χc, etc.) a
study of the intriguing phenomenon of sequential suppression is also possible.
3. Unpolarized Target
Among the main LHC experiments, LHCb is the only detector that can already run
both in collider and fixed-target mode. By using the SMOG system3, a low flow
rate of noble gas was injected into the vacuum vessel of the LHCb VErtex LOcator
(VELO) detector. The resulting beam-gas collision allowed to study proton-nucleus
and nucleus-nucleus collisions on various target types and at different center-of-mass
energies. Several dedicated runs have already been performed since 2015 using He,
Ar, or Ne targets with proton and Pb beams5. New perspectives will be open
with the more complex SMOG2 target system. Among several advantages, this
new setup increases by up to two orders of magnitude the target areal density (and
thus the luminosity), by injecting the same amount of gas of SMOG and to run
simultaneously with the collider mode, with a negligible impact on the beam life-
time and on the LHCb physics program at
√
s = 14 TeV. The final design of the
storage cell is shown in Fig. 1 right.
4. Polarized Target
The implementation of a polarized gaseous target at the upstream end of the LHCb
spectrometer6, together with the SMOG2 system, constitutes the core of the LHC-
spin project7. The concept of the apparatus is based on the polarized target system
used at the HERMES experiment8. The setup will consist of four main components:
an Atomic Beam Source (ABS), a Target Chamber (TC) hosting a T-shaped stor-
age cell with a length of the order of 30 cm, a diagnostic system, and an additional
tracking detector. The ABS generates a beam of polarized atomic gas (H or D) that
is injected into a storage cell, in order to maximize the target areal density. The
cell is placed inside the TC, into the LHC primary vacuum. The diagnostic system,
including a Breit-Rabi polarimeter and a Gas Target Analyzer, allows to monitor
both the fraction of atomic gas into the cell and the degree of polarization. The
target chamber also hosts a transverse magnet (∼ 300 mT), needed to define and
keep the transverse polarization of the target gas. The HERMES polarized target
has been successfully operated over a decade, with very high performances8. The
arrangement of the Polarized Gas Target (PGT) in the beam line upstream of the
VELO is shown schematically in Fig.2. Due to the distance between the target cell
and the VELO detector, an additional tracker has to be installed inside the TC, in
order to supplement the tracking capabilities of the VELO in this upstream region.
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To maximize the acceptance, this new tracker must be located as close as possible
to the beam. Considering the geometry of the cell, assuming an ABS intensity of
6.5 · 1016 atoms/s into the cell feed tube and a conservative LHC proton beam in-
tensity of 3.8 · 1018 p/s for the LHC Run4, one obtains an instantaneous luminosity
for pH collisions of the order of LpH = 2.7 · 1032 cm−2s−1 with the cell at room
temperature, or LpH = 4.6 · 1032 cm−2s−1 with the cell cooled at 100 K.
Fig. 2. Schematic drawing of the proposed PGT arrangement upstream of VELO detector.
5. Conclusions
Fixed target collisions at the LHC offers unique opportunities. The LHCb unpolar-
ized gas target SMOG2 will be installed by the end of 2019, while, if approved, the
polarized gas target in front of the LHCb spectrometer will bring for the first time
spin physics to the LHC, and LHCb will become the first experiment simultaneously
running in collider and fixed-target mode with polarized targets, opening a whole
new range of explorations.
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Probing BFKL dynamics, saturation and diffraction at hadronic
colliders
Christophe Royon
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We discuss how we can probe BFKL dynamics and saturation effects at the LHC and
the EIC. We also present prospects concerning photon induced processes at the LHC
and the EIC.
1. Proton and heavy ion structures
Following the proton structure determined using fixed target data from the SLAC,
BCDMS, NMC, E665, etc, experiments, the H1 and ZEUS experiments at HERA
completed the knowledge by measuring the proton structure function F2 down to
x ∼ 3× 10−5 that led to the discovery of the rise of the gluon density at small x1.
The Dokshitzer Gribov Lipatov Altarelli Parisi (DGLAP)2 evolution equation can
describe data over 6 orders of magnitude in Q2. The D0 and CDF experiments at
the Tevatron and then the ATLAS and CMS experiments at the LHC completed
our knowledge of the gluon density at high x by measuring the jet inclusive cross
section3. No clear sign of Balitsky Fadin Kuraev Lipatov (BFKL) resummation
effects4 have been shown so far.
The knowledge of the heavy ion structure is much worse and the situation is
similar to the one before HERA. The measurements cover mainly the region above
x > 10−3 and no data is available at small x. The Electron-Ion Collider (EIC) will
allow to reach x values down to ∼ 10−5 where saturation effects are expected to
appear in heavy ions. As an example, we give the precision that can be reached on
the measurement of the eAu → eX cross section5 down to x ∼ 3 × 10−4 in Fig. 1
for three center-of-mass energies at the EIC.
In order to look for BFKL resummation effects, some dedicated experimental
observables are needed. The measurement of very forward jet at HERA is directly
sensitive to these effects. The idea is to measure the scattered electron and jets in
the very forward region with a large rapidity interval between the electron and a jet.
If the transverse momentum of the jets and the Q2 of the exchanged virtual photon
are similar, the DGLAP cross section is suppressed because of the kT ordering of the
gluon emission whereas the BFKL cross section is enhanced6. The H1 collaboration
measured the triple differential jet cross section as a function of x in different bins
of Q2 and jet p2T . A good agreement was found between the BFKL NLL calculation
and the measurement where the DGLAP NLO prediction undershoots data at low
x6.
A similar observable called Mueller-Navelt jets7 relies on the observation of dijet
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Fig. 1. eAu possible cross section measurements at the EIC for three different center-of-mass
energies than can reach high precision at low x.
events with a large rapidity interval between them. The DGLAP cross section is
small and the BFKL cross section enhanced. The azimuthal decorrelation between
the two jets8 is larger for BFKL than for DGLAP because of the additional gluons
that can be emitted along the ladder but unfortunately suffers from higher order
corrections. Many additional observables were proposed to study Mueller-Navelet
jets but they did not lead to a clear observation of BFKL resummation effects since
higher order QCD calculation lead to similar effects. New less inclusive variables
such as the average rapidity of soft gluon emissions between the Mueller Navelet
jets are needed in order to see some evidence of BFKL resummation effects.
Another observable sensitive to BFKL resummation effects is the so-called jet-
gap-jet events where two jets are separated by a gap, a region devoid of any activity.
The BFKL NLL cross section was implemented in the HERWIG Monte Carlo9 in
order to take into account the difference between the gap size and the difference in
rapidity between the two jets. This is due to the fact that the gap is between the
edge of the jets whereas the rapidity difference is between the jet centers. A good
agreement is found between the BFKL NLL calculation and the jet gap jet event
ratio measured by the D0 collaboration10 as a function of jet ET , or ∆η difference
between the two jets for the low and high ET samples as shown in Fig. 2. It is
worth noticing that this calculation did not include the NLO impact factors but a
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Fig. 2. Gap between jets measured by the D0 collaboration as a function of jet ET and ∆ηJ
compared to BFKL LL and NLL calculations.
full NLO calculation (including kernel and impact factors) is in progress.
Looking for BFKL resummation effects and saturation will also be an important
topic at the EIC where forward jet measurements will also be performed for different
heavy ions, A precise measurement of the longitudinal structure function will also
be of great interest since the impact of saturation is different on FL and F2. A nice
test of saturation models is also the clear dependence of the saturation scale as a
function of A for different heavy ions11 that can be probed at the EIC.
2. Inclusive and exclusive diffraction
Diffractive events and the measurement of the parton distributions in the pomeron
have been performed at HERA with high precision12. Two different methods are
mainly used to detect and measure diffractive events, namely the presence of a ra-
pidity gap in the direction of the outgoing proton or the direct detection of the intact
proton in the final state. This led to the first measurement of the parton distribu-
tions in the pomeron and to the evidence that the Pomeron is gluon-dominated12.
Diffractive measurements have also been performed at the Tevatron and the LHC
and the percentage of diffractive events at the Tevatron was measured to be around
1% compared to about 10% at HERA. This difference is due to the additional soft
gluon exchanges than can suppress the gap at hadronic colliders. The measurement
of the gluon and quark densities in the pomeron (and the comparison with the
results at HERA in order to understand if the same mechanism is responsible for
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diffraction) can be achieved at the LHC using as examples dijets, γ+jet or W +X
events at the LHC13. Jet gap jet events in diffraction also lead to a clean test of
BFKL resummation14. Looking for diffractive events at the EIC for different heavy
ions, especially in vector meson production, will be an important part of the pro-
gram following the experience at previous colliders in order to understand better
the mechanism of diffraction and look for saturation effects.
The LHC can also be seen at a γγ collider and photon exchanges can be probed
by tagging the intact protons at the LHC. Measuring for instance two photon pro-
duction in photon induced processes allows to probe the quartic anomalous four
photon coupling with unprecedented precision15. The dominating background at
high diphoton masses (typically about 400 GeV) is typically due to pile up events
where the protons originate from secondary interactions with respect to the two
high pT photons. In order to get rid of this background, a good matching in mass
and rapidity between the diphoton and the intact protons is requested that leads to
a negligible15 background for 300 fb−1. The reach on the 4 γ anomalous coupling
using this method of detecting intact protons in the final state is typically two or-
ders of magnitude better than usual methods at the LHC. The same method can
be used to look for axion like particle (ALP) at the LHC at high mass that might
appear as a photon-induced produced resonance decaying into two photons. The
reach in the coupling versus axion mass is shown in Fig 3 and leads to unprece-
dented sensitivities at high masses16. The same method can also be used to look for
γγWW , γγZZ, γγγZ couplings17. We gain two or three orders of magnitude on
the anomalous couplings with respect to more usual methods at the LHC (looking
for instance into the Z boson decay into three photons).
To conclude, we presented different measurements at HERA, Tevatron or the
LHC that lead to a better understanding of the proton structure or for new phenom-
ena such as quartic anomalous couplings that might appear because of composite
Higgs bosons, extra-dimensions or the existence of ALPs. The EIC will allow ex-
tending our knowledge on heavy ion physics in the same way as we now understand
better the proton and probably discovering for instance saturation phenomena in
the high gluon density regime.
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We summarize recent works on the question of the nucleon mass decomposition and the
2D relativistic distribution of pressure forces on the light front. All these mechanical
properties are encoded in the energy-momentum tensor of the system which can be
constrained using various types of high-energy lepton-nucleon scatterings. Some further
developments for targets with spin > 1/2 are also reported.
Keywords: Hadron mass and pressure, gravitational form factors, generalized parton
distributions
1. Introduction
Elastic scattering on the nucleon provided during the last 60 years key informa-
tion about how electric charge and magnetization are distributed in position space
within the nucleon1,2. 20 years ago, other exclusive reactions like e.g. deeply virtual
Compton scattering and meson production were shown to give access to generalized
parton distributions (GPDs), which are the mother distributions of both ordinary
parton distributions and electromagnetic form factors3–5. On top of providing to-
mographic pictures of the internal structure of the nucleon, GPDs also give access
to the gravitational form factors (GFFs) which characterize the energy-momentum
tensor (EMT)6. Just like the Fourier transform of electromagnetic form factors can
be interpreted in terms of spatial distribution of electric charge and magnetization,
the Fourier transform of GFFs can be interpreted in terms of spatial distribution
of energy, momentum and pressure forces7,8.
We present in this contribution a short summary of some recent developments
providing a new look on the nucleon internal structure.
2. Mass decomposition and balance equations
Because of Poincare´ symmetry, one can write in general for the matrix element of
the EMT Tµν(0) as follows
〈P |Tµν(0)|P 〉 = 2PµP ν (1)
for a spin-1/2 state with relativistic normalization 〈p′|p〉 = 2p0(2pi)3δ(3)(~p′ − ~p).
It is then clear that the mass M of the nucleon can be expressed in an explicitly
covariant way in terms of the trace of the EMT9,10
〈P |Tµµ(0)|P 〉 = 2M2. (2)
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The trace of the QCD EMT tensor being given by
Tµµ =
β(g)
2g
G2 + (1 + γm)ψmψ, (3)
it is tempting to interpret 〈P |β(g)2g G2|P 〉 and 〈P |(1 +γm)ψmψ|P 〉 as the gluon and
quark contributions to the nucleon mass, respectively. This is however incorrect
since the partial (quark or gluon) EMT is not conserved and reads in general11,12
〈P |Tµνq,G(0)|P 〉 = 2PµP νAq,G(0) + 2M2ηµνC¯q,G(0), (4)
where Aq,G(t) and C¯q,G(t) are GFFs depending on the squared four-momentum
transfer t = ∆2 = (p′−p)2. Unlike electromagnetic form factors, GFFs also depend
on the renormalization scale and scheme. The extra term accounts for the non-
conservation of the partial EMT. From a more physical point of view, it is related
to the pressure-volume work exerted by the quark and gluon subsystems. The
nucleon being a stable object, the total pressure-volume work has to vanish and
therefore disappears once the EMT is summed over quark and gluon contributions
like in Eq. (1). Paying attention to properly distinguish contributions to energy and
pressure-volume work, one arrives at a proper mass decomposition and a balance
equation12
M = Uq + UG, Wq +WG = 0 (5)
with Uq,G =
[
Aq,G(0) + C¯q,G
]
M and Wq,G = −C¯q,GM . Using current phenomeno-
logical estimates13, one finds that Uq ≈ 0.44M and Wq ≈ 0.11M . Contrary to
what is sometimes claimed in the literature, the large value of 〈P |β(g)2g G2|P 〉/2M =
UG − 3WG ≈ 0.89M does not indicate that gluons are responsible for most of the
nucleon mass, but comes from the fact that the gluon pressure-volume work is large
(reflecting the relativistic nature of the nucleon) and negative (i.e. attractive).
3. Relativistic 2D distributions of pressure forces
By analogy with electromagnetic form factors, one can interpret the Fourier trans-
form of GFFs in the Breit frame ~P = (~p ′ + ~p)/2 = ~0 in terms of 3D spatial distri-
bution of mass, momentum and pressure forces7. Distributions defined in this way
are however known to be plagued by relativistic corrections14. The latter can be
avoided by considering instead transverse 2D spatial distributions within the light-
front formalism. The ones associated with the EMT are defined in the symmetric
Drell-Yan frame ~P⊥ = ~0⊥, ∆+ = 0 as15,16
〈Tµνq,G〉(~b⊥) =
∫
d2∆⊥
(2pi)2
e−i~∆⊥·~b⊥
1
2P+
〈P+, ~∆⊥2 |Tµνq,G(0)|P+,−
~∆⊥
2 〉 (6)
with a+ = (a0 + a3)/
√
2. The T++ component plays the role of gallilean mass
in the transverse plane and has been studied in Refs. 17,18. The longitudinal
orbital angular momentum of quarks and gluons can be obtained from the T+i
components15 and the transverse T ij components can be interpreted in terms of 2D
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pressure forces16. Remarkably, in the last two cases the relativistic 2D distributions
appear to coincide with the projection of the 3D distributions defined in the Breit
frame onto the transverse plane.
One can write in the transverse plane16
〈T ijq,G〉(~b⊥) = σ(b) δij⊥ + Π(b)
(
bi⊥b
j
⊥
b2
− δij⊥
)
, (7)
where b = |~b⊥|, σ(b) represents 2D isotropic pressure and Π(b) represents 2D pres-
sure anisotropy. In non-relativistic systems, pressure anisotropy is confined to a
very thin region at the boundary and described by a surface tension. In relativis-
tic systems like the nucleon and compact stars, pressure anisotropy extends over
a larger region in the bulk. Using a multipole parametrization for the nucleon
GFFs16, it appeared that the quark contribution to the EMT is mostly repulsive
and short range, while the gluon contribution is mostly attractive and long range.
This configuration ensures naturally the mechanical stability of the nucleon as a
whole.
4. Higher-spin targets
Studies of the EMT mostly focused on the nucleon, or more generally spin-1/2 tar-
gets. Higher-spin targets are however of deep interest in both hadronic and nuclear
physics. Recently, a detailed study of the spin-1 case has been conducted in Ref. 19.
It indicated in particular that higher-spin targets simply involve additional contri-
butions associated with higher spin-multipoles, suggesting an alternative approach
based on a covariant multipole expansion (still under development). Poincare´ sym-
metry has been used to constrain some of the GFFs and to derive the Ji relation
for arbitrary spin targets20,21.
5. Conclusion
We presented a short summary of recent developments about the energy-momentum
tensor of hadrons. A tomography of the origin of mass and spin along with pressure
forces is now possible. Stability conditions may provide new constraints on the
observables and hints about the mechanism of confinement. In the coming years,
further constraints on gravitational form factors using both exclusive high-energy
experiments and Lattice QCD are expected, bringing our understanding of the
hadron internal structure to a whole new and exciting level.
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Generalized TMDs (GTMDs) of hadrons are the most general two-parton correlation
functions. The Fourier transforms of GTMDs are partonic Wigner functions. Both
GTMDs and Wigner functions were only briefly mentioned in the EIC White Paper1,
but in the meantime, several interesting developments have happened in this field. In this
write-up, we give a very brief overview of these objects and address the question whether
they can play an important role for the EIC science case. To answer this question we
discuss the presently known physics content of GTMDs and Wigner functions, as well
as observables that are sensitive to these quantities.
Keywords: GPDs, TMDs, partonic Wigner functions
1. Definition of GTMDs and Wigner Functions
GTMDs can be considered generalizations of either GPDs or TMDs. In the case of
quarks they are defined through the off-forward correlator2–5
W q [Γ](P,∆, x,~k⊥) =
∫
dz− d2~z⊥
2(2pi)3
eik·z 〈p′| q¯(− z2 ) ΓW(− z2 , z2 ) q( z2 ) |p〉
∣∣∣
z+=0
, (1)
where ‘q’ indicates a quark field operator, Γ a generic gamma matrix, and W a
Wilson line. (We have suppressed spin labels for the hadrons, and subtleties related
to the Wilson line that runs along the light-cone6.) The average hadron momentum
is denoted by P = (p+p′)/2, and the momentum transfer by ∆ = p′−p. For leading
twist, the correlator in Eq. (1) can be parameterized in terms of 16 (complex-valued)
quark GTMDs5. The same number of GTMDs exists for gluons7. Each GTMD
depends on the longitudinal (x) and transverse (~k⊥) parton momentum, as well as
the longitudinal (ξ) and transverse (~∆⊥) momentum transfer to the target.
Partonic Wigner functions are typically considered for ξ = 0 only, where the
defining correlator is the Fourier transform of the correlator in Eq. (1)2,3,8,
Wq [Γ](x,~k⊥,~b⊥) =
∫
d2~∆⊥
(2pi)2
e−i ~∆⊥·~b⊥W q [Γ](x,~k⊥, ~∆⊥)
∣∣∣
ξ=0
. (2)
They share important features of Wigner functions in non-relativistic quantum me-
chanics, which are the counterpart of classical phase space distributions and contain
as much information as the wave function9. In particular, also in field theory one
can compute an observable like in statistical mechanics according to
〈O(x,~k⊥,~b⊥)〉 =
∫
dx d2~k⊥ d2~b⊥O(x,~k⊥,~b⊥)Wq[Γ](x,~k⊥,~b⊥) , (3)
which represents a very appealing feature of Wigner functions.
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2. Physics Content of GTMDs and Wigner Functions
We now discuss four aspects related to the very rich physics content of GTMDs and
Wigner functions. First, they can be considered “mother functions” of both GPDs
and TMDs. This is illustrated by the equations
Fq [Γ](x,~b⊥) =
∫
d2~k⊥Wq [Γ](x,~k⊥,~b⊥) , (4)
Φq [Γ](x,~k⊥) =
∫
d2~b⊥Wq [Γ](x,~k⊥,~b⊥) , (5)
where Fq [Γ] is the correlator defining parton distributions that depend on the impact
parameter (~b⊥) (which in turn are Fourier transforms of GPDs), while Φq [Γ] defines
TMDs. Equations similar to (4), (5) hold for the GTMD correlator. GTMDs and
Wigner functions therefore contain all the information encoded in GPDs and TMDs,
and additional physics which drops out upon the projections in Eqs. (4), (5). This
feature alone makes their exploration worthwhile.
Second, Wigner functions may allow for 5D imaging of hadrons8. In fact, for
different polarizations of the nucleon and/or the quark, interesting results in models
have been obtained which are consistent with expectations from confinement8. But,
like in non-relativistic quantum mechanics, partonic Wigner functions are quasi-
distributions only and as such can be negative. Indeed, negative results for Wigner
functions were found in a quark target model10. Husimi distributions were therefore
proposed as alternative tool for quantifying the 5D structure of hadrons10. While
most likely partonic Husimi distributions are positive definite, their connection to
GPDs and TMDs is less clean than for Wigner functions. Clearly, further studies
seem necessary in this field.
Third, GTMDs and Wigner functions have attracted considerable attention in
relation to the spin sum rule of the nucleon. Specifically, based on Eq. (3), the
orbital angular momentum (OAM) of quarks in a longitudinally polarized nucleon
can be computed according to8,11,12
Lqz =
∫
dx d2~k⊥ d2~b⊥ (~b⊥ × ~k⊥)zWq [γ
+]
L (x,
~k⊥,~b⊥)
= −
∫
dx d2~k⊥
~k 2⊥
M2
F q1,4(x,
~k 2⊥)
∣∣∣
∆=0
, (6)
where the subscript ‘L’ indicates longitudinal nucleon polarization, γ+ implies un-
polarized quarks, and F1,4 is a specific twist-2 GTMD
5. It is remarkable that the
definition in Eq. (6) holds for both the Jaffe-Manohar OAM LJM
13 and the Ji OAM
LJi
14. This representation of OAM also leads to an intuitive interpretation of the
difference LJM − LJi 15, which arises due to a different gauge link structure for the
Wigner functions in the two cases. Moreover, Eq. (6) allowed for the first calculation
of LJM in lattice QCD
16,17. We note in passing that Wigner functions could also be
used to define densities of OAM8,11,18–21. Generally, the developments described in
this paragraph can be considered a milestone in high-energy spin physics.
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Fig. 1. Left panel: Schematic representation of diffractive exclusive dijet production in lepton-
nucleon/nucleus scattering24. Right panel: One lowest-order diagram for the exclusive pion-
nucleon double Drell-Yan process28. The di-lepton pairs are not shown.
Forth, GTMDs and Wigner functions give access to spin-orbit correlations8,22,23.
One example is the GTMD G1,1 which contains information about the correlation
between the longitudinal spin and OAM of a parton. Such spin-orbit correlations
are very similar to the ones in atomic systems like the hydrogen atom. Also in this
area more work seems needed in order to fully reveal the underlying physics.
3. Observables for GTMDs and Wigner Functions
After the first publications on partonic Wigner functions2,3 it took about one decade
until a related observable was identified. Specifically, it was shown that diffractive
exclusive dijet production in deep-inelastic lepton-nucleon/nucleus scattering (see
the l.h.s. of Fig. 1), which could be measured at a future electron-ion collider, is
sensitive to GTMDs of gluons24. The first work on the unpolarized cross section
was followed by studies of a particular polarization observable that is related to the
OAM of gluons25,26. One could also measure the same process in ultra-peripheral
proton-nucleus and nucleus-nucleus collisions27. The available studies on exclusive
dijet production deal with the gluon sector only and are largely confined to the small-
x region. At present, it is unclear whether in lepton-nucleon/nucleus scattering one
can also measure GTMDs for moderate x and/or for quarks.
Further opportunities for measuring Wigner functions exist for hadronic colli-
sions. In particular, the exclusive (pion-nucleon) double Drell-Yan process — see
the r.h.s. of Fig. 1 — could give access to quark GTMDs28. In fact, double Drell-
Yan is so far the only known process with a direct sensitivity to quark GTMDs.
Closely related studies showed that gluon GTMDs (at any x) could be addressed
via double quarkonium production in, e.g., proton-proton collisions, either for the
fully exclusive process29 or for the case that one proton breaks up30.
4. Summary and Outlook
GTMDs and partonic Wigner functions contain a wealth of interesting physics.
Though not all questions about their physics content have been answered, it is
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worth trying to measure them — and calculate them in lattice QCD and in suitable
models. From a theoretical point of view it is known by now that observables for
GTMDs exist, and a future electron-ion collider could well play an important role
in this field. With regard to lepton-nucleon/nucleus scattering one would hope
that (theoretically) clean access to gluon GTMDs is possible also for the region of
intermediate x (as opposed to the small-x saturation regime) and, in particular,
that a process can be identified which is sensitive to GTMDs of quarks.
Acknowledgments
This work has been supported by the National Science Foundation under grant
number PHY-1812359, and by the U.S. Department of Energy, Office of Science,
Office of Nuclear Physics, within the framework of the TMD Topical Collaboration.
References
1. A. Accardi et al., Eur. Phys. J. A 52, 268 (2016).
2. X.-D. Ji, Phys. Rev. Lett. 91, 062001 (2003).
3. A. V. Belitsky, X.-D. Ji and F. Yuan, Phys. Rev. D 69, 074014 (2004).
4. S. Meissner, A. Metz, M. Schlegel and K. Goeke, JHEP 0808, 038 (2008).
5. S. Meissner, A. Metz and M. Schlegel, JHEP 0908, 056 (2009).
6. M. G. Echevarria et al, Phys. Lett. B 759, 336 (2016).
7. C. Lorce´ and B. Pasquini, JHEP 1309, 138 (2013).
8. C. Lorce´ and B. Pasquini, Phys. Rev. D 84, 014015 (2011).
9. E. P. Wigner, Phys. Rev. 40, 749 (1932).
10. Y. Hagiwara and Y. Hatta, Nucl. Phys. A 940, 158 (2015).
11. Y. Hatta, Phys. Lett. B 708, 186 (2012).
12. X.-D. Ji, X. Xiong and F. Yuan, Phys. Rev. Lett. 109, 152005 (2012)
13. R. L. Jaffe and A. Manohar, Nucl. Phys. B 337, 509 (1990).
14. X.-D. Ji, Phys. Rev. Lett. 78, 610 (1997).
15. M. Burkardt, Phys. Rev. D 88, 014014 (2013).
16. M. Engelhardt, Phys. Rev. D 95, 094505 (2017).
17. M. Engelhardt et al, PoS SPIN 2018, 047 (2018).
18. X. Ji, X. Xiong and F. Yuan, Phys. Rev. D 88, 014041 (2013).
19. Y. Hatta and S. Yoshida, JHEP 1210, 080 (2012).
20. C. Lorce´, Phys. Lett. B 719, 185 (2013).
21. A. Rajan, A. Courtoy, M. Engelhardt and S. Liuti, Phys. Rev. D 94, 034041 (2016).
22. C. Lorce´, Phys. Lett. B 735, 344 (2014).
23. C. Lorce´ and B. Pasquini, Phys. Rev. D 93, 034040 (2016).
24. Y. Hatta, B. W. Xiao and F. Yuan, Phys. Rev. Lett. 116, 202301 (2016).
25. X. Ji, F. Yuan and Y. Zhao, Phys. Rev. Lett. 118, 192004 (2017).
26. Y. Hatta et al, Phys. Rev. D 95, 114032 (2017).
27. Y. Hagiwara et al, Phys. Rev. D 96, 034009 (2017).
28. S. Bhattacharya, A. Metz and J. Zhou, Phys. Lett. B 771, 396 (2017).
29. S. Bhattacharya et al, arXiv:1802.10550 [hep-ph].
30. R. Boussarie, Y. Hatta, B. W. Xiao and F. Yuan, Phys. Rev. D 98, 074015 (2018).
May 13, 2020 1:25 ws-procs961x669 WSPC Proceedings - 9.61in x 6.69in book page 217
217
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We summarize the results of a recent first computation1 in the Color Glass Condensate
effective field theory (CGC EFT) of the next-to-leading order (NLO) impact factor for
inclusive photon+dijet production in electron-nucleus (e+A) deeply inelastic scattering
(DIS) at small x. Our computation simultaneously provides the ingredients to compute
fully inclusive DIS, inclusive photon, inclusive dijet and inclusive photon+jet channels
to the same accuracy. We outline the Wilsonian renormalization group (RG) procedure
by virtue of which extant results for the next-to-leading log (in x) JIMWLK evolution,
can be integrated with our results to improve the precision to O(α3s ln(1/x)) accuracy.
This paves the way towards quantitative studies of saturation at a future Electron-Ion
Collider.
Keywords: gluon saturation, color glass condensate, Wilson line correlators
1. Introduction
The collective dynamics of saturated gluons is described by a weak coupling, clas-
sical effective field theory (EFT) framework known as the Color Glass Condensate
(CGC)2–8. In this contribution, we will briefly discuss the first computation1,9 in
the CGC EFT of the next-to-leading order (NLO) (in the strong coupling αS) “im-
pact factor” for inclusive production of photon in association with a quark-antiquark
dijet in deeply inelastic electron-nucleus (e+A) scattering at high energies. This is
a timely computation considering the prospect of such a measurement at the lumi-
nosities of a future high energy Electron Ion Collider (EIC)10,11. As we will outline
here, our computation allows predictions to O(α3S ln(1/x)) accuracy which will be
instrumental for precision tests of saturation at an EIC. Embedded in our computa-
tion are also the first CGC results to the same accuracy for inclusive dijet, inclusive
photon+jet and inclusive photon measurements. The momentum space methods
developed in this work are very efficient and allow us to explore even higher order
contributions, starting with next-to-next-to-leading order (NNLO) and beyond.
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2. CGC essentials and the LO computation
At leading order (LO) in the CGC power counting, we obtain the following result12
for the inclusive photon+dijet (γ + qq¯) differential cross-section:
d3σLO;γ+qq¯+X
dx dQ2d6K⊥d3ηK
=
α2emq
4
fy
2Nc
512pi5Q2
1
(2pi)4
1
2
LµνX˜LOµν . (1)
Here αem = e
2/4pi is the electromagnetic fine structure constant, y = q·PN
l˜·PN is the
inelasticity, Q2 = −q2 > 0 is the virtuality of the exchanged photon, and d6K⊥d3ηK
collectively denotes the phase space density of final state quark, antiquark and
photon. Likewise, Lµν is the familiar lepton tensor in DIS a.
We are interested in the hadronic subprocess which can be visualized as a fluctu-
ation of the virtual photon into a qq¯ dipole which interacts with the gluon dominated
nuclear matter via electric/color charges and emits a real photon either before or
after this interaction. The details of this interaction is contained in the hadron
tensor which, at LO, is given by, b
X˜LOµν =
∫
[DρA]WΛ−0 [ρA] Xˆ
LO
µν [ρA]
= 2pi δ(1− zq − zq¯ − zγ)
∫
dΠLO⊥
∫
dΠ′LO⊥
?
τ qq¯,qq¯µν (l⊥, l
′⊥)×
Ξ(x⊥,y⊥;y′⊥,x′⊥) , (2)
where τ qq¯,qq¯µν (l⊥, l
′⊥) denotes the spinor trace in the LO cross-section12. The first
line in the above equation represents the CGC averaging procedure: a classical
statistical (weighted) average over the quantum expectation value, Xˆ[ρA]. Here
ρA represents the color charge density of large momentum (large x) partons that
play the role of static color sources for small x dynamical classical gluon fields; this
Born-Oppenheimer separation of parton modes is the essence of the CGC EFT.
A knowledge of the initial distribution of such sources at the separation scale Λ−0 ,
contained in the nonperturbative gauge invariant weight functional WΛ−0
[ρA] com-
pletely specifies the EFT.
In our momentum space computation, the information about ρA enters through
the quark/antiquark propagators computed in the background classical field of the
nucleus, given in the light cone gauge A− = 0 c by
Sij(p, p
′) = S0(p) Tq;ij(p, p′)S0(p′) , (3)
where S0(p) =
i/p
p2+iε is the free massless fermion propagator, and
Tij(p, p′) = (2pi) δ(p−−p′−)γ−sign(p−)
∫
d2z⊥ e−i(p⊥−p
′⊥).z⊥ U˜
sign(p−)
ij (z⊥) , (4)
aFor notations, conventions and detailed expressions, see1,12.
bHere
∫
dΠLO⊥ =
∫
l⊥
∫
x⊥,y⊥
eil⊥.(x⊥−y⊥)−i(k⊥+kγ⊥).x⊥−ip⊥.y⊥ .
cFor a right moving nucleus with P+N →∞, this is what we call the “wrong” light cone gauge. The
conventional choice A+ = 0 follows from the number density interpretation of parton distribution
functions. See12 for details.
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represents the effective vertex denoted by a cross-hatch circle in Fig. 1. The light-
Fig. 1. “Dressed” fermion propagator in the background classical color field of the nucleus. The ⊗
symbol denotes all multiple scattering insertions including as well, the possibility of no scattering.
i and j denote color indices in the fundamental representation of SU(Nc).
like Wilson lines given in the fundamental representation of SU(Nc) by U˜(x⊥) =
P−exp
[
−ig2 ∫ +∞−∞ dz− 1∇2⊥ ρaA(z−,x⊥)ta], efficiently resum all higher twist contri-
butions ρA∇2⊥
→ QSQ2 from the multiple scattering of the qq¯ pair off the color field of
the nucleus. The CGC averaging introduces non-trivial correlations between the
small x classical gluon fields and this is contained in the object Ξ appearing in the
second line of Eq. 2, defined as
Ξ(x⊥,y⊥;y′⊥,x′⊥) = 1−Dxy −Dy′x′ +Qy′x′;xy . (5)
Here
Dxy =
1
Nc
〈
Tr
(
U˜(x⊥)U˜†(y⊥)
)〉
,
Qxy;zw =
1
Nc
〈
Tr
(
U˜(x⊥)U˜†(y⊥)U˜(z⊥)U˜†(w⊥)
)〉
, (6)
represent respectively the dipole and quadrupole Wilson line correlators which are
the ubiquitous building blocks of high energy QCD. By taking appropriate lim-
its, one can also recover12 the nuclear gluon distribution and unintegrated gluon
distributions13,14 from these correlators.
3. Structure of higher order computations: the NLO impact factor
To match the accuracy of theoretical predictions to the anticipated precision of ex-
perimental data, we need to extend our computation to higher orders which include
contributions from quantum fluctuations in the qq¯ projectile and the target. In the
CGC EFT, leading (large) logarithms in x (αkS ln
k(1/x) ∼ 1 for small x) which are
generated by “slow” or semi-fast gluon modes are absorbed into the renormalization
(RG) evolution of the weight functional W [ρA]; the corresponding RG equation it
satisfies is known as the JIMWLK equation15–18. The JIMWLK equation resums all
powers of αS ln(1/x) and Q
2
s/Q
2 arising in loop corrections. This procedure allows
us to factorize the cross-section into an “impact factor” contribution (free of large
logarithms in x) that is convoluted with generalized unintegrated nuclear distribu-
tions that have the RG evolution of the weight functional embedded in them. In
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our NLO computation1 of the γ+qq¯ process, we have demonstrated an independent
first principles derivation of the JIMWLK RGE.
In addition we have also computed the x-independent genuinely αS suppressed
pieces that constitute the NLO impact factor. This allows us to go one step
further and consider relevant NNLO processes that contain next-to-leading loga-
rithms (in x) (NLLx), α2S ln(1/x) contributions that are effectively of “size” αS for
αS ln(1/x) ∼ 1. By an appropriate matching (see1,9 for details) of such contribu-
tions between the projectile and target modes, characterized respectively by their
longitudinal momenta, l− > Λ−0 and l
− < Λ−0 , we can write the hadron tensor for
inclusive photon+dijet production to NLO+NLLx accuracy as
X˜NLO+NLLxµν =
∫
[DρA]
{
WNLLx[ρA] Xˆ
LO
µν [ρA] +W
LLx[ρA] Xˆ
NLO;finite
µν [ρA]
}
'
∫
[DρA]
(
WNLLx[ρA]
{
XˆLOµν [ρA] + Xˆ
NLO;finite
µν [ρA]
}
+O(α3S ln(Λ
−
1 /Λ
−
0 ))
)
, (7)
where WLLx and WNLLx denote respectively the weight functionals that contain
resummation of leading and next-to-leading logarithms (in x). The latter, defined
as WNLLx
Λ−1
[ρA] =
{
1 + ln(Λ−1 /Λ
−
0 )(HLO +HNLO)
}
WΛ−0
[ρA], requires input about
the NLLx JIMWLK evolution which is contained in the O(α2S) NLO Hamiltonian,
HNLO computed in19–23 (see also24,25).
A knowledge of the NLO impact factor and NLLx JIMWLK evolution can
therefore be combined, as shown above, to extend the scope of the computation
to O(α3S ln(1/x)) accuracy. However as the ' symbol indicates, this knowledge
is insufficient to capture all the diagrams (for example, processes at N3LO) that
contribute to this accuracy.
Fig. 2. Dressed gluon propagator with the dot representing the eikonal interaction vertex with
the background classical field. This includes all possible scatterings including the case of “no
scattering”.
We shall now highlight key features of the computation of the inclusive NLO
photon+dijet impact factor in1. An important ingredient in our computation is the
gluon “small fluctuations” propagator in the A− = 0 gauge classical shock wave
background field4,12,26–28:
Gµν;ab(p, p
′) = G0µρ;ac(p) T ρσ;cdg (p, p′)G0σν;db(p′) , (8)
where G0µρ;ac(p) =
i
p2+iε
(
−gµρ+ pµnρ+nµpρn.p
)
δac is the free propagator with Lorentz
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indices µ, ρ, color indices a, c and nµ = δµ+ . The effective gluon vertex
T µν;abg (p, p′) = −2piδ(p− − p′−)(2p−)gµν sign(p−)×∫
d2z⊥ e−i(p⊥−p
′⊥).z⊥
(
Uab
)sign(p−)
(z⊥) , (9)
corresponding to multiple scattering of the gluon off the shock wave background
field, is represented by the filled blobs in Fig. 2.
The quantum fluctuations (with l− > Λ−0 ) that contribute towards the NLO
impact factor can be broadly classified into the modulus squared of real gluon
emission amplitudes and the interference of virtual gluon exchange processes with
LO diagrams; in each case, the real or virtual gluon can scatter off the shock wave
or propagate freely without scattering (see1 for the complete set of real and virtual
graphs contributing at NLO). These can be categorized systematically by their color
structures, allowing one to clearly observe the cancellation of the soft, collinear and
ultraviolet (UV) divergences that arise in the intermediate steps of our computation.
Soft singularities arising from the l− = 0 gluon pole manifest as logarithms in Λ−0
(or equivalently x) which are absorbed into the RG evolution of WΛ−0
[ρA]; as already
mentioned, this provides an explicit proof of high energy JIMWLK factorization for
a non-trivial process other than fully inclusive DIS.
In the limit of massless quarks, the NLO computation at fixed coupling αS
requires no renormalization. As such the UV divergences cancel between graphs
but because we are not integrating over the momenta of the γ+ qq¯ final state, there
are collinear divergences that survive real-virtual cancellations. These are absorbed
into a jet algorithm. We work in the approximation of narrow jets29 of jet cone
radius R  1. The dominant contribution is of the form αS(A ln(R) + B), where
A,B, spelled out in1, are of O(1); all non-collinearly divergent contributions are
phase space suppressed by powers of R2.
After careful consideration of all divergences, our final result for the triple dif-
ferential cross-section for the γ + qq¯ jet production in e+A DIS is1,9
d3σLO+NLO+NLLx;jet
dxdQ2d6K⊥d3ηK
=
α2emq
4
fy
2Nc
512pi5Q2
1
(2pi)4
1
2
LµνX˜LO+NLO+NLLx;jetµν , (10)
where the hadron tensor at O(α3S ln(1/x)) accuracy can be written as
1,9
X˜LO+NLO+NLLx;jetµν =
∫
[DρA]WNLLxxBj [ρA]
[(
1 +
2αSCF
pi
{
− 3
4
ln
(R2|pJ⊥| |pK⊥|
4zJzKQ2eγE
)
+
7
4
− pi
2
6
})
X˜LO;jetµν [ρA] + X˜
NLO;jet
µν;finite[ρA]
]
. (11)
In Eq. 11 d, the finite terms X˜NLO;jetµν;finite are of order αS relative to the leading term
and constitute the NLO impact factor; their explicit evaluation is the principal goal
dpJ⊥,K⊥ are the transverse momenta carried by the two jets and zJ , zK are their respective
momentum fractions relative to the projectile momentum. γE is the Euler-Mascheroni constant.
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of1. While some of these expressions can be obtained analytically, others have to
be numerically evaluated.
4. Summary and outlook
We provided here a brief summary of the computation of the differential cross-
section for inclusive photon production in small x e + A DIS in the CGC EFT.
We discussed the ingredients, in particular the simple momentum space structures
of the dressed quark and gluon propagators in the LC gauge A− = 0, that allow
for efficient higher order computations. The numerical computation of the NLO
impact factor, along with NLO BK/JIMWLK evolution is a challenging task, but it
is clearly feasible and will be crucial for precision phenomenology of the aforemen-
tioned production channels that can be accessed at a future EIC. Note that pho-
ton+jet measurements were previously performed for e + p collisions at HERA at
fairly large values of Q2 and jet, photon momenta30. Since the integrated luminos-
ity at HERA is likely several orders of magnitude lower than the EIC, photon+dijet
measurements are clearly feasible at EIC despite the somewhat lower energies.
One may also consider employing this framework in p+A collisions, beyond
the current state-of-the art for inclusive hadron31–35, quarkonium36,37 and photon
production38–40, to NNLO in the CGC power counting and beyond. These efforts
will therefore pave the way towards global analyses of multiparton correlators and
the study of their evolution with energy, through quantitative global analyses of
data.
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We briefly illustrate recent developments in the parton branching formulation of TMD
evolution and their impact on precision measurements in high-energy hadronic collisions.
The impact of hadron structure on precision studies of fundamental interactions
and searches for new physics plays an essential role at high-energy colliders of the
present and next generation. The QCD theoretical framework based on collinear
parton distribution functions (PDFs) and parton showers, in particular, is extremely
successful in describing a wealth of collider data.1
However, PDFs are the result of a strong reduction of information and tell us
only about the longitudinal momentum of partons in a fast moving hadron. This
restriction is lifted in the transverse momentum dependent (TMD) parton distribu-
tion functions — more general distributions which provide “3-dimensional imaging”
of hadron structure.2 Such distributions are needed to obtain QCD factorization
formulas for collider observables in “extreme” kinematic regions characterized by
multiple momentum scales. These will be relevant both for experiments at the high-
energy frontier and for exploring the region of the highest masses accessible at the
high-luminosity frontier.
A large body of knowledge has been built about collinear PDFs over the last
three decades from the analysis of high-energy experimental data in hadronic col-
lisions, greatly aided by the development of realistic Monte Carlo (MC) event sim-
ulations3,4 for the parton cascades associated with PDF evolution. TMDs, on the
other hand, are much less known. Hadronic 3D imaging, with its implications for
high-energy physics, will constitute the subject of intensive studies in the forthcom-
ing decade. The construction of MC event generators incorporating TMDs and 3D
hadron structure effects5 is thus a central objective of physics programs for future
hadron colliders (HL-LHC, LHeC, EIC, FCC).
Steps toward TMD MCs have recently been taken in the works6–9, in which a
parton branching formalism is proposed for TMD evolution, and applications to
deep inelastic scattering (DIS) and Drell-Yan (DY) processes are presented. In the
following we give a brief account of these studies.
The parton branching (PB) approach gives TMD evolution equations of the
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schematic form8,9
Aa
(
x,k, µ2
)
= ∆a
(
µ2, µ20
)
Aa
(
x,k, µ20
)
(1)
+
∑
b
∫
d2µ′
piµ′2
∫
dz Kab
(
x,k, µ2; z, zM , µ
′2)×
Ab
(
x/z,k + a(z)µ′, µ′2
)
,
where Aa
(
x,k, µ2
)
is the TMD distribution of flavor a, carrying the longitudinal
momentum fraction x of the hadron’s momentum and transverse momentum k at
the evolution scale µ; z and µ′ are the branching variables, with z being the longi-
tudinal momentum transfer at the branching, and µ′ =
√
µ′2 the momentum scale
at which the branching occurs; zM is the soft-gluon resolution scale; the function
a(z) specifies the ordering condition in the branching; Kab are evolution kernels,
computable in terms of Sudakov form factors, real-emission splitting functions and
phase-space constraints. The initial evolution scale is denoted by µ0; the distribu-
tion Aa
(
x,k, µ20
)
at scale µ0 in the first term on the right hand side of Eq. (1) is
the intrinsic kT distribution.
The PB evolution equations are designed to be applicable over a wide kinematic
range from low to high energies and implementable in MC generators. By taking
the ordering function a(z), soft-gluon resolution scale zM and strong coupling αs
of the form prescribed by angular ordering10,11, Eq. (1) gives, once it is integrated
over transverse momenta, the CMW coherent-branching equation.4,10 On the other
hand, for soft-gluon resolution zM → 1 and strong coupling αs → αs(µ′2), inte-
grating Eq. (1) over transverse momenta gives collinear PDFs satisfying DGLAP
evolution equations.12–14 The convergence to DGLAP at leading order (LO) and
next-to-leading order (NLO) has been verified numerically in9 against the evolution
program15 at the level of better than 1% over a range of five orders of magnitude
both in x and in µ. Besides the collinear limits, Eq. (1) can be used at unintegrated
level for event simulation of TMD physics effects.16
In Figs. 1 and 2 we give examples of PB-TMD applications to DIS and DY
processes. Fig. 17 shows results for TMDs from PB fits at NLO to the HERA high-
precision inclusive DIS data17, performed using the fitting platform xFitter18 and
the numerical techniques developed in19 to treat the transverse momentum depen-
dence in the fitting procedure. In7 two fitted TMD sets are presented, differing
by the treatment of the momentum scale in the coupling αs, so that one can com-
pare the effects of αs evaluated at the transverse momentum scale prescribed by
the angular-ordered branching7,10 with αs evaluated at the evolution scale. The
TMDs are extracted including a determination of experimental and theoretical un-
certainties. The lower panels in Fig. 1 show these uncertainties for u¯ and gluon
distributions, at fixed values of x and µ, as a function of transverse momentum.
The kT dependence in Fig. 1 results from intrinsic transverse momentum and
evolution. The intrinsic kT in Fig. 1 is taken for simplicity to be described by a
gaussian at µ0 ∼ O (1 GeV) with (flavor-independent and x-independent) width
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σ = k0/
√
2, k0 = 0.5 GeV. This is to be compared with higher values of intrinsic
kT ∼ 2 GeV obtained from tuning in shower MC event generators (see e.g.20).
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Fig. 1. TMD u¯ and gluon distributions as a function of kT for µ = 100 GeV at x =
0.017. In the lower panels the relative uncertainties are shown, coming from experimental
uncertainties and the total of experimental and model uncertainties.
In Fig. 26 the PB TMDs are combined with the NLO calculation of DY Z-
boson production to determine predictions for the lepton-pair transverse momentum
pT spectrum. These are compared with LHC measurements.
21 The computation
in Fig. 2 requires addressing issues of matching22 analogous to those that arise
in the case of parton showers. The matching is accomplished in the aMC@NLO
framework.23 The calculations are performed via Cascade24 to read LHE25 files,
perform TMD evolution,8 produce output files, andRivet26 to analyze the outputs.
The behaviors in the DY spectrum in Fig. 2 can be understood in terms of the
kT distributions in Fig. 1. The uncertainties on the DY predictions come from
TMD uncertainties and scale variations, with the latter dominating the overall
uncertainty. We see from the left panel in Fig. 2 that the spectrum at low pT is
sensitive to the angular ordering effects embodied in the different treatment of αs in
the PB Set 1 and Set 2. The bump in the pT distribution for intermediate pT is an
effect of the matching and choice of the matching scale6,23 — a similar effect is seen
when using parton showers instead of PB TMD. The deviation in the spectrum at
higher pT is due to including only O(αs) corrections but missing higher orders. We
see from the right panel of Fig. 2 that the contribution from DY + 1 jet at NLO
plays an important role at larger pT . The merging of higher jet multiplicities
27 in
the PB TMD framework is one of the ongoing developments needed for MC event
generators including 3D hadron structure effects.
May 13, 2020 1:25 ws-procs961x669 WSPC Proceedings - 9.61in x 6.69in book page 228
228
b
b b b b b b b b b b b b b b b b b b b b b b b b b b b b
b
b
b
b
b
b
b
b
b
b
b
b
b
b
b Data
MCatNLO PB-NLO-2018-Set2 (exp+mod)
intr. kt (up)
intr. kt (down)
MCatNLO PB-NLO-2018-Set110−4
10−3
10−2
10−1
1
10 1
Z → ee, dressed level, 66GeV ≤ mℓℓ < 116GeV, |yℓℓ| < 2.4
d
σ
/
d
pℓ
ℓ T
[p
b
G
eV
−1
]
b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b
1 10 1 10 2
0.4
0.6
0.8
1
1.2
1.4
1.6
pℓℓT [GeV]
M
C
/D
at
a
b
b b b b b b b b b b b b b b b b b b b b b b b b b b b b
b
b
b
b
b
b
b
b
b
b
b
b
b
b
b Data
MCatNLO PB-NLO-2018-Set2 (exp+mod)
MCatNLO PB-NLO-2018-Set2 (scale)
DY+1 PB-NLO-2018-Set2 (scale)
10−5
10−4
10−3
10−2
10−1
1
10 1
Z → ee, dressed level, 66GeV ≤ mℓℓ < 116GeV, |yℓℓ| < 2.4
d
σ
/
d
pℓ
ℓ T
[p
b
G
eV
−1
]
b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b
1 10 1 10 2
0.4
0.6
0.8
1
1.2
1.4
1.6
pℓℓT [GeV]
M
C
/D
at
a
Fig. 2. Transverse momentum pT spectrum of Z -bosons as measured by
21 at
√
s = 8 TeV
compared to the prediction6 using aMC@NLO and NLO PB -TMD. Left: uncertainties
from the PB -TMD and from changing the width of the intrinsic gaussian distribution by
a factor of two. Right: with uncertainties from the TMDs and scale variation combined.
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Origin of the Proton Mass? Heavy Quarkonium Production at
Threshold from Jefferson Lab to an Electron Ion Collider
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In this article we discuss the science enabled by heavy quarkonium production in electro-
and photo-production on a proton, its possible relation to the determination of the trace
anomaly contribution to the proton mass, and the search of LHCb charm pentaquark.
We describe the elastic threshold J/ψ production experiments carried out or planned at
Jefferson Lab. We also discuss a possible elastic threshold Υ electroproduction measure-
ment on a proton at a future electron ion collider (EIC).
Keywords: Proton mass; J/ψ; Υ; electroproduction; photoproduction; charm pen-
taquark.
1. Motivation
1.1. Origin of the proton mass
In quest for a deeper understanding of the structure of the proton, there has been a
renewed interest in the proton mass decomposition in terms of its constituents1–4,
similar to that of its spin5, using the energy-momentum tensor. While the proton
mass decomposition is frame dependent and not unique, a judicious choice of frame
might offer a unique insight into the structure of the proton with the added ad-
vantage that all the terms of the decomposition can be measurable. For the sake
of simplicity, we will focus here on the“trace decomposition”, that is of the matrix
element of the trace of the energy-momentum tensor (EMT) at zero momentum
transfer6,7 a direct consequence the anomalous breaking of scale invariance in a
quantum field theory, Quantum Chromodynamics (QCD) in this case8. The trace
decomposition of the EMT reads7:
Θµµ =
β(g)
2g
GαβaGaαβ +
∑
l=u,d,s
ml(1 + γml)q¯lql +
∑
h=c,b,t
mh(1 + γmh)q¯hqh (1)
where β(g) = −bg3/16pi2 + ... and b = 9− 2/3nh At small momentum transfer the
heavy quarks decouple6∑
h=c,b,t
q¯hqh → −2
3
nh
g2
32pi2
GαβaGaαβ + ... (2)
inserting (2) in (1) by replacing β(g) by β˜(g) we obtain an expression of the trace
with two terms only, the light quarks contribution to the trace of the EMT and the
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so-called ”trace anomaly” piece which is purely gluonic in nature.
Θµµ =
β˜(g)
2g
GαβaGaαβ +
∑
l=u,d,s
ml(1 + γml)q¯lql+ (3)
The matrix element of the trace of the EMT in the proton state is proportional to
the mass of the proton. An important question one might ask is whether each of
the two contributions to the proton mass can be measured and evaluated using ab
initio calculations. The light quarks mass term is known as the piN σ term and has
been extensively studied9,10. The trace anomaly piece has received little attention,
since to this day no direct calculation using lattice QCD have been carried out
nor measurements, sensitive directly to this matrix element, performed. Elastic
electro- or photo- production of J/ψ and Υ at threshold measurements with high
precision could pave a path to access the trace anomaly matrix element. Some work
in understanding this non perturbative region of the strong interaction has already
begun11–15
1.2. LHCb pentaquark search
To confirm or refute the resonance nature of the recent LHCb charm pentaquark
discovery16,17several authors18–21 suggested to produce such resonances in the s-
channel in direct photo-production. Such experiments have been recently carried
out at Jefferson Lab in three different halls, hall D, B and C. The GlueX collabora-
tion at Jefferson Lab measured photo-production of J/ψ near threshold using the
GlueX detector in Hall D and published its results22. Experiment E12-16-007 23
in Hall C was designed to perform a direct search of the higher mass narrow width
P+c (4450). It ran during the Spring of 2019 and the analysis will soon be completed.
CLAS12 in Hall B has taken also the relevant data on a hydrogen target and the
analysis is underway.
2. A threshold J/ψ production with SoLID at Jefferson Lab
A more dedicated program of high precision J/ψ electro- and photo-production
measurements on the proton using the Solenoidal Large Intensity Device (SoLID)
is planned in Hall A. In Jefferson Lab experiment E12-12-00624 we will be able
to measure differential cross sections in the four momentum transfer t as well as
determine the total cross section very close to the threshold region on a nucleon.
This experiment will be able to address some of the interesting questions where the
gluonic contribution of the strong interaction is manifest. Whether we are interested
in exploring the trace anomaly contribution to the nucleon mass, the existence of
charm pentaquarks or the binding of the J/ψ-nucleon system through Van der Waals
color forces, the threshold region is the right fertile region for these investigations.
In Fig. 1(a) we show projections of what can be achieved in experiment E12-12-006
in both elastic electro- and photo-production for the total cross section as a function
of the virtual/real photon energy.
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3. A Threshold Υ production at a future Electron Ion Collider
Given the lower center of mass energy of the threshold region for the J/ψ production
on a nucleon it is best to consider a higher center of mass energy provided by the
production of Υ, hence reachable by the current EIC designs and with sufficient
luminosity for a precision measurement. In this case, a more potent way to address
the origin of the proton mass question or the existence of bottom pentaquarks is
through elastic production of Υ in the threshold region again. Here the mass of
the bottom quark as well as the probe resolution in electroproduction gives two
independent knobs in the investigation of the gluonic interaction between the Υ
and the nucleon. In Fig. 1(b) we illustrate what can be achieved in 100 days at a
luminosity of 100fb−1 at an EIC in quasi-real Υ production kinematics.
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Fig. 1. (a) Projection of the total cross section using a 2-gluon exchange model25 along with
the world data. Note that model significantly underestimate the GlueX data which would lead
to larger rates, thus increased sensitivity close to threshold. (b) Projection of the total quasi real
production of Υ using model14 along with the sparse world data.
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Probing Nuclear Structure with Future Colliders
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Improved knowledge of the nucleon structure is a crucial pathway toward a deeper
understanding of the fundamental nature of the QCD interaction, and will enable im-
portant future discoveries. The experimental facilities proposed for the next decade offer
a tremendous opportunity to advance the precision of our theoretical predictions to un-
precedented levels. In this report we briefly highlight some of the recently developed tools
and techniques which, together with data from these new colliders, have the potential to
revolutionize our understanding of the QCD theory in the next decade.
1. Introduction
The recent discovery of the Higgs boson at the Large Hadron Collider (LHC) was
a remarkable endeavour which culminated in the 2013 Nobel Prize. As we look
ahead to the next decade, a number of new facilities on the horizon will provide
new insights about fundamental microscopic phenomena. This includes the high-
luminosity upgrade of the LHC, (HL-LHC), a proposed electron ring for the LHC
(LHeC),a and a proposed Electron-Ion Collider (EIC).b
For all these facilities, the route to new discoveries will be high-precision com-
parisons between theory and data that can validate the features of the Standard
Model and search for discrepancies which may signal undiscovered phenomena.
These comparisons between data and theory rely crucially on the Parton Dis-
tribution Functions (PDFs) which connect the theoretical quarks and gluons with
experimental observations. Unfortunately, the PDFs are often the limiting factor
in these comparisons. Thus, our ability to fully characterize the Higgs boson and
constrain physics Beyond the Standard Model (BSM) ultimately comes down to
how accurately we determine the underlying PDFs. If you cannot distinguish signal
from background, you cannot make discoveries.
In this brief report, we will examine how new data and new tools might facilitate
these discoveries.c
∗Presenter.
aA Large Hadron electron Collider at CERN (http://lhec.web.cern.ch/).
bElectron-Ion Collider (EIC) User Group (http://www.eicug.org/).
cThe articles cited here are limited due to space; please also see references therein.
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Fig. 1. Comparison of selected nuclear PDF flavors and uncertainties including HKN07, DSSZ,
nCTEQ15.1 and EPPS162,
2. Nuclear PDFs
Although the fits to the proton PDFs have been quite successful, it is crucial to
extend the framework to consider the nuclear degrees of freedom. For example,
the neutrino-induced Deeply Inelastic Scattering (DIS) process provides essential
information for PDF flavor differentiation. In Fig. 1 we display a comparison of
recent nuclear PDFs with uncertainties. While there has been impressive progress
in recent years constraining the nPDFs, there is certainly room for improvement,
especially compared to the proton PDF efforts; the new experimental facilities (in-
cluding LBNF) will provide important new PDF constraints which in turn will
constrain potential BSM signals.
3. PDF Sensitivity & PDFSense3,4
In order to quickly and efficiently determine the potential impact of new data sets on
the PDFs and other observables, we introduce a generalization of the PDF-mediated
correlations called the sensitivity Sf . This is a combination of the correlation coef-
ficient and the residuals (data minus theory scaled by the uncertainty) of the PDF
uncertainty, and it identifies those experimental data points that tightly constrain
the PDFs. We find the sensitivity is useful for identifying regions of the {x,Q2} kine-
matic plane in which the PDFs are particularly constrained by physical observables.
The details of the sensitivity can be found in Ref.3 and the implementation is avail-
able in the public package PDFSense (https://metapdf.hepforge.org/PDFSense/).
In Fig. 2 we display the sensitivities Sf for the LHeC, HL-LHC, and EIC using
pseudodata sets for a sample PDF flavor, d(x,Q), c.f., Ref.5. We observe the LHeC
shows strong sensitivity in both the very high- and low-x regions, while the HL-LHC
covers the intermediate-x region out to very large Q2, and the EIC complements
these in the high-to-medium-x region at lower Q2 values. The combination of these
measurements can provide very strong constraints on the various PDF flavors across
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Fig. 2. Future HEP experiments such as the LHeC, HL-LHC, and EIC can have substantial PDF
sensitivity Sf as shown here for the d(x, µ) distribution computed according to the conventions in
Refs. 3, 5.
the broad {x,Q2} kinematic plane.
In Fig. 3, we plot the sensitivity of EIC pseudodata to the high-energy LHC
Higgs production cross section, σH . The constraints that a medium-energy machine
like an EIC would place on Higgs phenomenology stem from the predominance of
the gg → H fusion channel at the LHC, and the sensitivity of the DIS data to the
gluon via QCD evolution, which then connects the high-x and low-Q gluon PDF
probed by the EIC to the lower-x and high-Q PDF of the LHC. The sensitivity
of the EIC pseudodata generally surpasses that of the fixed-target experiments
that currently dominate the constraints on high-x PDFs. Therefore, the EIC will
strongly constrain the PDF dependence of HEP observables at moderate to large-x,
including several in the Higgs and electroweak sectors, like MW and sin(2θW ).
4. PDFs from Lattice QCD
Additional information on PDFs may also come from Lattice QCD calculations6
which generally compute the Mellin moments of PDFs, as illustrated in Fig. 4,
where we display the sensitivity, Sf , of the first moment for the strange quark.
4
Despite additional data from HERA and LHC, it is interesting to note that some
of the strongest sensitivities come from the fixed-target neutrino DIS experiments
(CCFR, NuTeV) in the high-x and low-Q region. At present, the strange PDF still
has relatively large PDF uncertainties, and this can limit the precision of “standard
candle” benchmark process such as W/Z production; hence, additional constraints
from Lattice QCD would be welcome.
5. Borrowing from Machine Learning
Finally, in Fig. 5 we display a distribution of residuals using a t-distributed Stochas-
tic Neighbor Embedding (t-SNE) which is a machine-learning algorithm for visual-
ization of high-dimensional data. In this case, we have taken the 56-dimensions of
the PDF uncertainty eigenvectors and reduced this to a 3D projection of the 4000+
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Fig. 3. The EIC pseudodata
sensitivity for Higgs produc-
tion5 with
∫
L = 100 fb−1.
△
●
◆
◆ ◆
× ×
●
●
○ ■
●
● □
◇
⊖ ⊖
★
▽ ▽
●
●
⊖ ⊖
●
●
○
○
■
⊖ ⊖
●
●
◆ ◆
◆ ◆
●
●
●
◆
●
●
○
○ ○
●
◆ ◆
○
●★ ●
▲
●
●
△ △
□ □
◇
◆
◆ ◆
◆ ◆
●
●
★
▽ ▽
▽ ▽
■
●
△ △
◆ ◆
◆ ◆
●
○
□ □
◆ ◆
■ ■
●
●
○
◆ ◆
○
●
△ △
◆
★●
□ □
■ ■
△
○◆ ◆
● ○
× ×
○
■ ■
◇
●
□ □
× ×
●
●
◆
●
●
■
◆
★
⊖ ⊖
●
■
△ △
▽ ▽
◆ ◆
●
●
□ □
○
■
×
○
⊖●
●
●
●
★ ★
□ □
●
●
◆
■ ■
×
●
◆
◆
△△
○
◇ ◇
●
●
●
●
●
▲
●
●
■
●
◇
○
○
●
■
★
●
●
○
⊖ ⊖
▽
◆
◇
▼
○
●
◆ ◆
● ○
× ×
■
●
●
●
◇
□ □
■ ■
◇
○
⊖ ⊖
●
□ □
●
●
× ×
●
○ ○
○
×
⊖
⊖ ⊖
▽ ▽
●
○
●
●
●
●
○
●
◇
■
●
◆
●
□ □
○
●
▽ ▽
●
●
■
●
●
□ □
◆
▽ ▽
□ □
◇
◇ ◇
⊖ ⊖
●
●
●
⊖ ⊖
× ×
●
●
●
◆ ◆
●
●
○
●
●
■
●
◆
●●
●
● ○
■
⊖ ⊖
★
□ □
●
◆
× ×
○
×
◆ ◆
◇
⊖
●
■
□ □
◆ ◆
■
●
◇ ◇
●
● ●
△△
× ×
× ×
○
◆ ◆
●
⊖
◆ ◆
× ×
◆
▼
●
◆ ◆
◆ ◆
×
⊖
○
● ◇
▼
⊖ ⊖
◆ ◆
□ □
●
◇
●
■
× ×
●
⊖ ⊖
●
★ ★
●
●
× ×
◆ ◆
●
●
△ △
◆ ◆
◇
★
■
○ ○
△ △
●
□ □
●
●
◆
○
●
■
×
●
●
●
●
○
○
●
■
× ×
◆
●
◆ ◆
●
●
★
◆ ◆
●
◆ ◆
■
▼
◆ ◆
□ □
●
● ●
◆ ◆
◆ ◆
⊖ ⊖
○ ○
◇
●
●
◆ ◆
★
●
■ ■
▼
□ □
●
■
⊖ ⊖
○
◆
⊖
●
●
●
●
●
■
●
○
◆
★
●
●
▼ ▼
■
⊖ ⊖
●
●
●
★
× ×
◆ ◆
◇ ◇
◇
□ □
●
●
●
● ●
■
◆
□ ◆
◆
◆ ◆
●
★
◆ ◆
◆
●
●
◆ ◆
× ×
○
× ×
●
○
▲
○
●
●
●
▼ ▼
●
●
■
◇
●
★
● ●●
●
●
■
◆
■
□ □
◆ ◆
◆ ◆
■ ■
◇
●
●
■
●
● ●
★
○
◇ ◇
◇
◇
●
●
●
⊖
⊖ ⊖
■
●
●
●
○■
○ ○
○
▽
⊖
●
●
◆
●
▼
■ ■
◆ ◆
◆
■
●
●
◆
○
●
◆ ◆
○ ○
■
◆
●
◆ ◆
◇
○
× ×
□ □
●
●
○
□ □× ×
●
■
●
●
◆
○
△△
■
●
▼
▽
○
■ ■
⊖ ⊖
× ×
●
■ ■
●
★
●
●
●
●
⊖ ⊖
■
●
★
◆ ◆●
× ×
◆ ◆
●
●
●
× ×
■
□ □
◆ ◆
◆
■
▼ ▼
○ ○
△
●
●
★
◆
■
● ●
●
■ ■
■
●
○ ○
●
●
●
●
○
○ ○
●
○ ○
●
■
△
◆ ◆
●
■
●
□ □
●
●
■ ■
× ×
●
▼
◇
× ×
● ●
⊖ ●
⊖ ⊖
■
■ ■
● ●
■
■
▼
●
●
●
◆
●
●
●
◆
★●
■ ■
●
●
◆ ◆
●
◆
▼
●
○
△ △
●
●
●
■
●
△ △
●
▲
× ×
◇ ◇
○
●
●
●
▼ ▼
●
◆ ◆
□ □
●
◇
●
●
●
◆ ◆
●
◆
●
▼
■
◆
× ×
●
●
●
■
■
□ □
▽ ▽
●
□ □
◆ ◆
▼
★
●
▲
●
●●
●
△ △
○
■
★
□ □
■
■
◆
□ □
△△
○
●
●
× ×
○
■
○
★ ★
●
○
■ ■
●
●
⊖ ⊖
■
× ×
○ ○
□ □
●
●
□ □
△ △
▲
■
●
△ △
▼
●
■
⊖ ⊖
■
●
●
■ ■
●
◆ ◆
◆ ◆
○
■
■ ■
●
▼
●
★
□ □
▽ ▽
●
■
▼
●
□ □
●
× ×
●
●
●
▼
◇
▼
○ ○
●
●
○ ○
○
×
●
●
◆ ◆
○ ○
× ×
●
◆ ◆
▼
●
○
◆
× ×
× ×
●
◆
● ●
■
●●
◇ ◇
⊖ ⊖
●
▲
●
■
□
★
●
●
◆ ◆
●●
□ □
●
● ●
●
■ ■
◇
●
△ △
○
× ×
●
○
◆ ◆
●
◇
○
○
○ ○
●
●
○ ○
◆
○
⊖
◆ ◆
▽ ▽
◆
◆
▽ ▽
○
⊖ ⊖
●
◆
■ ▼
△△
◆
●
▼ ▼
△ △
○
◇
● ●
■
× ×
★
●
▼
●● ◆
●
▼
△△
▼ ▼
○
●
●●
◆ ◆
●
× ×
◆ ◆
■
■
◆
★
■
□ □
●
× ×
●
■
◆ ◆
▲
●
●
◇
★
■ ■
●
○ ○
◆
□ □
⊖ ⊖
●
◆ ◆
●
●
●
△ △
●
◇ ◇
◆ ◆
■ ■
●
× ×
●
▼
○
■ ■
●
●
⊖ ⊖
●
★
★
◆
⊖ ⊖
× ×
●
●
◇
○ ○
▲
◇ ◇
● ●
●
○ ○
●
○
●
●
×
×
■
●
■●
◇
◆ ◆
△
● ●
■
●
◇
×
■ ■
●
○
× ×
■
■
●
○ ○
■
◇
○
■
□ □
○ ○
■ ■
⊖ ⊖
●
●
●
○
●
◆
■
◆
●
▽ ▽
●●
■
△
●
●
□ □
◆ ◆
●
× ×
○ ○
□ □
▽ ▽
■●
●
◇□
◆
◆ ◆
●
●
□ □
○ ○
●
⊖ ⊖
■
●
■
★
●
○
◆
●
★ ★
★
■ ■
× ×
●
⊖
● ●
●
■
■
●
●
●
□ □
× ×
⊖ ⊖
◇
◆ ◆
○ ○
●
◇
●
□ □
△
●
○
▽ ▽
●
○
●
■ ■
○
●
△
▽ ▽
□ □
●
◇
★
□ □
◆
●
◆ ◆
●
▽ ▽
■
●
★
●
× ×
⊖ ⊖
△ △
■
△ △
× ×
⊖ ⊖
○ ○△
× ×
○
● ●
□ □
■
●
●
●
× ×
○
○
●
●
○
●
×
●
◆
◆
▽ ▽
●
□ □
■
◆
●
●
◆
■
◆ ◆
●
× ×
▼ ▼
●
■
⊖
◆
△ △
■
□ □
○
●
□ □
◆
○
■ ■
× ×
■
◇ ◇
●●
■
⊖ ⊖
●
◆
●
◆
◆ ◆
■
■
×
× ×
● ●
●
●
●
■
●
●
▽ ▽
●
× ×
●
●
▽
●
●
△
◆ ◆
□ □
⊖ ⊖
⊖ ⊖
◆ ◆
⊖ ⊖
◆ ■
▽ ▽
○ ○
○ ○
●
■
■
●
●
■
□
●
■◆ ◆
△ △
■
◆
●
●
◇ ◇
◇
●
△ △
●
⊖ ⊖
⊖ ⊖
● ●
●
△△
○ ○
●
◆
●
●
●
●
○
□ □
■
●
■ ■
■ ■
■
◆
◆ ◆
○ ○
△△
● ●
●
●
◆ ◆
● ■
▼ ▼
● ■
◇
■
× ×
◇
□ □
× ×
×
●
× ×
●
⊖ ⊖
× ×
⊖ ⊖
■
●
■
◆ ◆
●
▽ ▽
●
●
○ ○
■
■ ■
●
★
◆
●
★
●
●
●
●
■ ■
▲
●
◆
●
○
■
△ △
●
▽ ▽
●
●
◆
●
●
■
●
▼
□ □
●
●
●
■
■
■
■
◆ ◆
●
★
▼
▽ ▽
●
●
◆ ◆
■
○ ○
●
■■
◆ ◆
○
◆
○ ○
★
●●
◆ ◆
■
●
◆
●
○ ○
■
⊖ ⊖
◆
●
●
▽
⊖ ⊖
●
○
●
▼
●
⊖ ⊖
●
× ×
■
◇
□ □
●
× ×
△ △
■
◆ ◆
●
■
●
× ×
●
▼
●
●
□ □
●
◇
○ ○
○
⊖ ⊖
■
●
■
■
× ×
○ ○
◆
■
○ ○
●
●
■
●
◆
●
▽ ▽
●
●
■
★
⊖ ⊖
◆ ◆
⊖ ⊖
⊖ ⊖
○
●
⊖ ⊖
◇
● ●
●
●
■
⊖
■
■
◆
●
●
●
× ×
◇ ◇
◆
□ □
●
○
●
⊖
□ □
× ×
●
▲
○
●
× ×
△ △
●
■
◆ ◆
□ □
●
●
●
◆ ◆
●
◇
●
●
■
●
■
◆
○ ○
× ×
◆
●
★ ★
●
□ □
○ ○
▽ ▽
●
■
× ×
●
⊖ ⊖
●
◆
■ ■
△△
●
■
■
◆
●
●
●
●
●
× ×
△ △
■ ■
◆ ◆
●
●
○ ○
× ×
○
◆
▽ ▽
□ □
○ ○
■
●
◆
▽ ▽
●●
□
◇
◆
●
× ×
●
●
◇ ◇
○ ○
●
× ×
⊖ ⊖
△△
◆ ◆
●
□ □
■
○
⊖ ⊖
●
●
■
●
■ ■
●
●
●
⊖ ⊖
●
●
●
★
◇
□ □
●
●
●●
× ×
◆ ◆
× ×
△△
▽
●●
■
●
◆ ◆
⊖
● ●
◆
▲
◆ ◆●
●
◆ ◆
■◆ ◆
◆
▽ ▽
⊖ ⊖
△ △
□ □
◆
◆
■
■
■
□ □
▼ ▼
◆ ◆
●
○
■
× ×
●
△ △
◇
□ □
●
○
●
◇
●
●
□ □
● ● ▼
× ×
■ ■
◆ ◆★
●
× ×
⊖ ⊖
× ×
■
⊖ ⊖
○
◆
⊖
●
■
○
●
●
◆
⊖ ⊖
▽ ▽
◆ ◆
⊖ ⊖
●
●
⊖ ⊖
◆ ◆
■
⊖ ⊖
○
◆ ◆
× ×
■
■
●
○ ○
●
⊖ ⊖
■ ■
○
○ ○
□
●
○
⊖ ⊖
□ □
●
◆ ◆
●
○ ○
●
●
●
□ □
◆
⊖ ⊖
× ×
⊖ ⊖
●
× ×
⊖ ⊖
× ×
■
●
○ ○
⊖ ⊖
●
■
○
○ ○
●
●
□ □
○ ○
●
○
● ■
■ ■
■
○ ○
◆ ◆
●
●
○ ○
●
◇
× ×
●
△
●
■ ■
◆
● ◇
◇
●
× ×
▼
◆ ◆
▲ ▲
★
□ □
× ×
⊖ ⊖
▽ ▽
○ ○
●
■
◆ ◆
× ×
●
●
●
● ●
□ □
●
■
■
●
■
▽ ▽
●
●
★
◆
◆
■
●
□ □
★ ★
●
■
◆ ◆
◆
●
●
●
●
● ●
◆ ◆
◇
▽
■ ■
◆ ◆
▲
○ ○
■
◆
△△
○
× ×
○
○
◆◆
●
○
○
◇
●
● ●
● ●
○ ○
■ ■
◇ ◇
●
●
■
●
●●
◆
●
● ●
⊖
▼
□ □△ △
△△
◇
× ×
●
●
●
◆
□ □
●
■
■ ■
◆
○ ○
● ◆
■
○
▲
○
■
●
◆ ◆
◆ ◆
▽ ▽
●
■ ■
●
○
◇
◆
◇
× ×
●
●
■
●
× ×
●●
●
●
◆
●
○
○ ○
○
●
× ×
□ □
●
●
⊖ ⊖
◆ ◆
●
■
●●
●
× ×
⊖ ⊖
■
●
□ □
◆ ◆
▽
●
■
⊖ ⊖
◆
●
◇
□ □
○
▽ ▽
■
● ●
■
●
●
■
▽ ▽
■●
▲
●
■
▲
●
⊖ ⊖
●
◆
▽ ▽
●
□
●
× ×
□ □
◆ ◆
●
●
○
◆
× ×
▽ ▽
◆
◆
▽ ▽
■
▽ ▽
■ ■
○
○
▽ ▽
○ ○
●
■
× ×
■
●
× ×
★ ★
○
■
○
◆
◆
▽ ▽
● ◆ ◆
◆
⊖ ⊖
◆
□ □
●
●●
● ●
◆ ◆
●
▼
□ □
◆
▲
●
× ×
▼
◆ ◆
●
◆ ◆●
□ □
●
■
●
× ×
▽ ▽
▽ ▽
◆ ◆
■
□
●
× ×
●
⊖ ⊖
◆
◆
○
◆
●
■
▲
●
□
●
○
× ×
●
●
□ □
●
●
■
△◆ ◆
□ □
△ △
◆
⊖ ⊖
◆ ◆
★ ★
○ ○
■
○
×
●
●●
□ □
○
● ●
◇
■
◆ ◆
△ △
× ×
□ □
◆
◆
■
⊖ ⊖
△ △
□
□ □
▽ ▽
⊖ ⊖
○ ○
■ ■
◇
○ ○
●
□ □
◇ ◇
● ●
▽ ▽
□ □● ●
○ ○
▽
■
●
◇
●
▼
■
●
★
●
◆ ◆ ◆
★
●
□
●
▽ ▽
●
⊖ ⊖
●
◇
▼
●
●
■
◆
◇ ◇
□ □
▼
◇
■
◇
○
■
●
● ●
■
●
●
▲
□
○ ○
▲
●
◇
●
▽ ▽
▽
△△
■●
●
●
●
■ ■
▼
△△
◆
□ □
●
○ ○
△△
◇
●
◆ ◆
●
○ ○
◆ ◆
▽ ▽
◆ ◆
◆
● ●
○
⊖ ⊖
▼
◆
● ○
□
●
× ×
□
◆
△ △
◇ ■
●
●
■ ■
●
●
●
▽ ▽
●
●
▲
□ □
◆ ◆
●
●
▽ ▽
●
○
○
□ □
●
●
○ ○
▽ ▽
○ ○
◆ ◆
◇
●
×
○
○
●
■
◆◆
○ ○
●
●
●
◆
△
●
● ●
●
●
× ×
■
■
□
●
●
■
■ ■
□
▲
●
□ □
■
■ ■
□ □
●
▲
■
●
▽
■
◇
× ×
●
●
◇
▽
◆ ◆
●
●
●
×
■ ■
●
●
●
○ ○
□
●
△ △
▽ ▽○ ○
●
●
◇
■
●●
●
■
◆ ◆
□ □
◆●
□ □
●
◆
▽
× ×
●
× ×
○ ○
△ △
●
◆
■ ■
■
◇
× ×
■
× ×
●
○ ○
●
■
■
◆
●
●
□
■
●●
⊖ ⊖
●
◆ ◆
■ ■
■
◆
⊖ ⊖
■
◆ ◆
■
⊖ ⊖
■
□
●●
▽ ▽
●
▼ ▼
▲
⊖ ⊖
× ×
●
■ ■
●
■
◇
●
★ ★
● ●
●
▲ ▲
●
◇ ◇
●●
◇ ◇
■
△
●
▲ ▲
▽ ▽
◆
●
■
●
▲
★
●
○ ○
●
⊖ ⊖
□ □
■
●
●
▽
▽ ▽
◇ ◇
●
◆ ◆
●
▽ ▽
▲
●
× ×
○ ○
▽ ▽
■ ■
▲
★
× ×
●
⊖ ⊖
●
●
●
●
⊖ ⊖
●
◇
●
△ △
■
●
◆
× ×
◆ ◆
●
▼
●
△ △
△ △
◇
□ ●●
○
●
● ●
●
◆
○ ○
◆
▼
●
◆
●
▽ ▽
■
●
◆ ◆
■
●
◆
■
●
△
●
●
◆
■ ■
●
●
◇ ◇
○ ○○ ○
■
●
◆
⊖
× ×
◆□
△ △
□
◆ ◆
⊖ ⊖
□ □
■
● ●
□
◇
□
●
◇
▲
◆ ◆
⊖
■
◆ ◆
● ●
●
●
◇ ◇
◇
× ×
●
●●
■●
●
●
▽ ▽
◆
◆ ◆
■
■
□ □
●
□ □
●
× ×
●
●
⊖ ⊖
▽ ▽
◆
●●
◆
▼
■
●
■
▲
× ×
□ □
◆
●
◆ ◆
× ×
◆ ◆
■
◆●
★
●●
◇ ◇
▼
■
●●
●
■
□
▲
▽ ▽
▽
◆
◇◆
×
◆ ◆
■ ■
□
●
●
■ ■
◆
■
● ●
○ ○
●
■
◇
■
⊖
△
●
□ □
■
× ×
◆
◆
⊖ ⊖
▲
● ●
□
▲
⊖ ⊖
× ×
●
□ □
◆ ◆■
●
⊖ ⊖
■
□ ◆■ ■
●
▲
×
◆
●
▼ ▼
■
▽ ▽
○ ○
●
▽ ▽
× ×
●
▲
▽ ▽
◇
■
▲
■
●
■
□ □
◆ ◆
×
◆ ◆
■
○
■
○ ○
◇ ◇
■
●
○ ○
○ ○
● ●
□ □
●
□
○ ○
○ ○
■
●
● ●
●
◆ ◆
●●
●
○ ○
◆
▽ ▽
◆
◆ ◆
●
□ □
▲
●
◇
⊖
□ □
●
▽ ▽
□
● ●
■ ■
□ □
□ □
●
○ ○
■
▼
□ □
■
○ ○
△ △
◇
▲
●
●
⊖ ⊖
▼
■
◇
●
□ □
⊖
◇
◆
△ △
▲
◇
●
■
★ ★
× ×
□ □⊖ ⊖
⊖ ⊖
⊖ ⊖
●
◆ ◆
▼ ▼
●
●
●●
●
◇ ◇
●
■
■ ■
■ ■
⊖ ⊖
▽ ▽
■
◆ ◆
▲ ▲
■
▽ ▽
◆
◇
○ ○
★ ★
▽
★ ★● ●
●
□
●
□
● ●
◆
●
●
○ ○
□ □
■
▲
▲ ▲
■
⊖ ⊖
■
◆ ◆
○ ○
▽ ▽
△ △
○
◆ ◆
◇ ◇
◆ ◆
●
□
●
●
△ △
⊖ ⊖
●●
▽
●●
●
●●
◆■
●●
▽ ▽
◇
●
■ ■
●
○ ○
●
■
▽ ▽
▼ ▼
○ ○
× ×
◇
●
● ●
□
▲
○ ○
◆
● ●
▼●●
○
●●
●
■
●
●
×
●
◇ ◇
●
◆
○ ○
◆
●
▲◆ ◆
○ ○
●
○ ○
◆
■
●
▲
●●
●
●
●
□
●●
◇
◇
■
○ ○
■
□ □
●
●●
● ●
□●
★ ★
●
◇ ◇□ □
●
■
△ △
⊖ ⊖
○ ○
⊖ ⊖
□ □
○ ○
◆
▼ ▼
▽
■
◇
▲
○ ○
▼
●
◆
▲
○ ○
○
●●
●
□ □◇
□
× ×
□ □
▽ ▽
▲
■ ■
□ □
◆
▽ ▽
■
◇
⊖
× ×
⊖ ⊖
■
● ●
▼
○ ○
●
◆ ◆●● ▼
●
◆
◆ ◆
●
●●
■ ■
▲
■
◆
▽
□
■
◇
■
○
●
●
◆ ◆
○ ○
◆
×
●
◇
●
⊖ ⊖
× ×
▲
▼ ▼
◆
●●
◇ ◇
●●
●
●
●●
◆ ◆
●
▲
■
× ×
◆ ◆
●
▽ ▽
◆
■
●
●
● ●
●
◆ ◆
△ △
□ □
◆
⊖
■
■
●
●●
■ ■■ ■
▲
●●
◇ ◇
× ×
▲
▲
■
■
●●
⊖ ⊖
● ●
△ △
□ □
⊖ ⊖
◆ ◆
◇ ◇
◆
● ●
●
◆ ◆
●●
□ □
◆ ◆
■
◆
□
■
■
○
●
●
●
●
▲
●
●
◇ ◇
●
●
× ×
○
▲
■
⊖ ⊖
◇
▽
▲
□ □
■ ■
◆
○
○ ○
■
●
●
■
◇
□ □
◆ ◆
●
⊖ ⊖
▽ ▽
▲
● ●
⊖ ⊖
◆
●
■ ■
★
◆ ◆
○ ○
◇ ◇
▲
■
●
▲
●
■
●
○ ○
◆
▽ ▽
▲
○ ○
○ ○
▽ ▽
▲ ▲
●●
● ●
□
◆ ◆
●
□ □
■
●
●●
▼ ▼
●
□ □
□
●
⊖
▼
□ □
× ×
●
■ ■
□
◆
● ●
◇
× ×
●●
●
●
▲
●
□ □
● □
● ●
▽ ▽
◆
●●
□ □
● ●
□ □
■ ■
◇
◆
●
○ ○
■ ■
◇
○
×
△ △
◇
□
○ ○
■
⊖ ⊖
○ ○
●●
■
■
◇
●
●
●● ●●
◇ ◇
■
×
◆
●●
▽
▲
●
■
■
○ ○
●●
□
× ×
■ ■
●
○ ○
■
●
●
●
●
●
○ ○
●●
●
◆ ◆
● ●
●
◆
●
□
▽ ▽
●
●
□ □
○ ○
★ ★
⊖ ⊖
× ×
▲
◇
× ×
●
□ □
●
× ×
⊖ ⊖
△ △
●
▽
●
▲
◆
■
▼
▲
■ ■
○ ○
▽ ▽
⊖ ⊖△ △□ □
●
○ ○
●●◆
▼
■
●●
■
■
●
★ ★● ●
▽
★ ★
★ ★
×
◇
■
■ ■
□ □
⊖
●●
■
⊖ ⊖
▼
●
● ●
●
▲
●
■ ■
●
□ □● ●
★ ★
◆
□
△ △
△ △
●●
■
○ ○
■
◇
●
■
▽ ▽
○ ○
▲
△ △
●
●
▽ ▽
■ ■
▲ ▲
× ×
○ ○
●
○ ○
●
★ ★
○
○ ○
●
▽ ▽
■
●
◇
◆ ◆
●
■
▽
◆
○
● ●
●
□ □
● ●
●
●
▲
□ □
● ●
■
▲
● ●
□
● ●
■
●
◆
○ ○
◆
◇ ◇▼ ▼
◆ ◆
■
●
●
●
◆ ◆
⊖ ⊖
●
●
●
▽
●
●●
× ×
▲
■
●
■ ■
□ □
◇
●●
■ ■●
●
● ●
●
★ ★
●
◇
●
●
●●
◆
● ●
⊖ ⊖
● ●
▼
●
▼
◆
○ ○
▽ ▽
●
●
●
○ ○
●
■
●
●
●
● ●
●●
◆ ◆
■
△ △
●●
▼
◆ ◆
▼
●
▲ ▲
▲
●
●
□
□ □
●
●
◆
□
▲▲ ▲
◇ ◇
◆
▲
●●
■ ■
●
●●
□ ▼
◆ ◆
■
■
○ ○
●
●●
● ●
● ●
●
◇
△●
■
●
○ ○
●
● ●
×
●
● ●
◇ ◇
▲
◇
▼ ▼
⊖
◇
●
●
▲
□□
●
□
●
○ ○
△ △
■ ■
●
⊖ ⊖
▲
◆
● ●
▼
△ △
▽
● ■
▲
□
●
●
▼
●●◆ ◆
◇◇
■
▲
○ ○
■
■
△
●
◆ ◆
▲
●
▲
▼
■ ■
▼ ▼
●
◆ ◆●●
× ×
◆
●
▲
○ ○
◆ ◆
◇
● ●
●
▲
▲
▲
◇ ◇
◇ ◇
■
■ ■
▲
●
□ □
●
△
□
●
○ ○
⊖
□
◆
●
□
□ □
▼ ▼
○ ○
●●
●
◇
◆ ◆
★ ★
▲
■
● ●
▽ ▽
▼ ▼
■
▽ ▽
×
□
● ●
●
△ △
▽ ▽
●
◇ ◇
⊖ ⊖
●
●
★ ★
□ □
△ △
■ ■
● ●
× ×
■
■
◆
○ ○
▽ ▽
● ●
⊖ ⊖
●●
▽
⊖
◆ ◆
●
○ ○
× ×
●
●
▲ ▲
▲
◆ ◆
×
●
□ □
▲
▲
▲ ▲
×
●●
⊖ ⊖
□ □
★ ★
▲
▲
●●
△ △
●
◆ ◆
▲
▽
⊖ ⊖
■
●
▼
●
□ □
○ ○
●●
◆
▲
●
□ □
⊖ ⊖
○ ○
■
◆ ◆
●
△ △
⊖
■
▲
●●
◇
▲
●
▲
□ □
● ●
▲
●
◆ ◆
▼
×
●
● ●
◆
● ●
○ ○
▲
△ △
⊖
▲
▲
●
□
■
■
× ×
○ ○
● ●
● ●
◆ ◆
●
●
● ●
●
× ×
● ●
▲
● ●
◇
▲
▼
▲
▽
◇
◆
▲
◇
◆ ◆
△ △
▼
×
●
◆
●●
○ ○
▼
⊖ ⊖
●
○ ○
▲
◆◆
○ ○
● ●
△ △
□
▲●
★ ★
▲
● ●
●
● ●
●
▲
●
×
◆ ◆
◇
▽
● ●
○ ○
●
■
●
× ×
▲ ▲
▽
◆
▲
○ ○
○ ○
▲
★ ★
▲ □
●
■
◆
● ●
▼
■ ■
◆
● ●
■
●
◆
▼
□ □
▲
■ ■
○ ○
▽ ▽
◆
▲
▲ ▲● ●
▼
▲ ▲
■
□ □
⊖
▽
□
▼
○ ○
○ ○
◆
★ ★
● ●
▽ ▽
★ ★
◆ ◆
▲
▲
△ △
●
▲
●
■
■ ■
× ×
▲
●
● ●
□ □
⊖
▲
■ ■
■
□
□
◇ ◇◆ ◆
▲
●
●
★ ★
●●
● ●
●
● ●
● ●
◆
●
□
□
●●
◆
▲
▼
×
■
▼
● ●
▽
◇
●
▼
● ●
▼
□ □
▲ ▲
○ ○
●
□
●
◆
●
●
● ●
▼
●
▲
●
▽
★ ★● ●
●
⊖
□ □
●
■
●
◆ ◆
×
▲ ▲
●
○ ○
◆
◆
●
▲
▼
□
○ ○
★ ★
□ □
●
▽
●
▽
■
□
●
◆ ◆
□ □
● ●
●
■
●●
◇ ◇
▲
▲
▲
⊖
■
●
●
⊖
◆
●●
● ●
★ ★
◇ ◇
●●
▲ ▲
●
●
◇ ◇
□ □
●
□ □
◆
□
■
● ●
△
□ □
▼
□ □
● ●
◆
● ●
●
▼
□ □
●
□
▲
●
●
◆
◆
▲
■
■
○ ○● ●
■
●
◇
◆
◆
⊖
×
⊖
◇
◆
□
●
×
●
×
◇
★ ★
×
★ ★
△
○ ○
▲
●●
▼
□
⊖
●
◆
▼
●
★ ★
■
★ ★
●
◆
●
●
×
▼
⊖
◆
×
⊖
□
▼ ▼
□
□
□
▽
◇ ◇
□ □
□ □
●●
◆ ◆
▼
×
×
▼
▽
□ □
◇
□
●
○ ○
□
●●
●
▼
■ ■
●
□
★ ★
●
◇
●
▽
◆
⊖
□ □
⊖
●
◆
○ ○
□
●
◇◇
△
□ □
◇ ◇
●
▼
○
▼
● ●
▼
●
▽
□ ▲
▼
◆
●●
■
◆ △ □
□ □
×
□
◇ ◇
□ □
■
⊖●
▽
□ □
○ ○◇ ◇
◆
●
×
×
●●
⊖
□ □
⊖
□
×▽ □
△
□ □
▽
●
● ●
□ □
□ □
●
●●
□
▽
×
△ □
□ □
▽
○ ○
●
●●
□ □
□
□ □
●
◆
△
○ ○
□
△
□ □
○
▲
□ □
×
□ □
○○ ○
×
□
□ □ □
□
○
□
⊖
×
◇ ◇
▽
⊖
□ □
⊖
○○
⊖
●
▽
×
△
⊖
⊖
□
⊖
△ ×▽▽
△
× ▽▽
×
●
⊖
⊖
▽
×
×
▽
×
□□
△
□ □
×
○ ○
△
□ □
□
△⊖
×
□△
×
×
○
×
△
△
×
▽
×
△
▽
⊖
○
×
×▽
△
×
×
⊖
▽⊖
△
⊖
△
△
▽
⊖
▽
△
▽
⊖
⊖
△△△
△
△△
10-6 10-5 10-4 10-3 10-2 10-1 1
1
101
102
103
x
μ
[G
e
V
]
Npt: 4021
highlighted range:
|Sf |>0.25
0
0.15
0.30
0.45
0.60
0.75
0.90
| Sf | for 〈x1〉s+, CT14HERA2
Fig. 4. Sensitivity to the 1st-
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Fig. 5. Distribution from the
t-SNE clustering method.3
data from the CT14 fit. The algorithm identifies points with similar characteristics
and groups these together. We have color coded the points for the DIS, Drell-Yan,
and Jets+tt¯ sets. In this case, the fact that the algorithm has grouped similar
experiments together suggests that such machine-learning techniques can help us
identify subtle relations that may not be apparent via other methods.3
6. Conclusions
We have highlighted a few of the tools and techniques that will allow us to most
effectively capitalize on the wealth of new data from these proposed colliders to
advance our knowledge of the structure of the nucleon, the associated nuclear PDFs,
and the underlying QCD theory. Additionally, these tools demonstrate how each of
these experimental facilities occupies a unique place in the kinematical parameter
space. As such, these complementary data sets will provide us with unprecedented
understanding of strong interaction physics, and provide the key for many new
discoveries.
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Radiative processes and jet modification at the EIC
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A U.S.-based Electron-Ion Collider will provide the ultimate capability to determine both
the structure and properties of nucleons and nuclei, as well as how matter and energy
can be transported through a strongly interacting quantum mechanical environment.
The production and propagation of long-lived heavy subatomic particles is a unique
and critical part of this planned decade-long research program. In these proceedings we
report the derivation of all branching processes in nuclei that lead to a modification of
semi-inclusive hadron production, jet cross sections, and jet substructure when compared
to the vacuum. This work allows for their evaluation to any desired order in opacity. As
an example, we show an application to the modification of light hadron and open heavy
flavor fragmentation functions at the EIC. We discuss how this observable can shed light
on the physics of hadronization and parton energy loss in large nuclei.
Keywords: EIC, Parton branching, Heavy flavor.
1. Introduction
The EIC is the top priority for new construction for DOE Office of Science, Of-
fice of Nuclear Physics and is expected to come online around 2028. There is a
short window of opportunity to sharpen its physics program and ensure that the
experimental capabilities to carry out the required measurements are available. To
understand how partons propagate in cold nuclear matter and how hadrons form in
the QCD environment is an important pillar of the EIC science portfolio. Existing
measurements from the HERMES Collaboration1 have not been able to differenti-
ate between competing models of light hadron attenuation2,3 in semi-inclusive deep
inelastic scattering (SIDIS) on nuclear targets. As we will show below, D-mesons
and B-mesons production in such reactions is a sensitive probes of the nuclear mat-
ter transport properties and the suppression patterns these heavy particles show are
distinctly different for different theoretical models. This, in turn, requires better
understanding of medium-induced branching processes for light partons and heavy
quarks4 and the process of hadronization.
2. Radiative processes in DIS on large nuclei
Recently, we developed a formalism5 that allows us to compute the gluon spectrum
of a quark jet to an arbitrary order in opacity, the average number of scatterings
in the nuclear medium. This calculation goes beyond the simplifying limit in which
the gluon radiation is soft and significantly extends previous work, which computes
the full gluon spectrum only to first order in opacity, see Fig. 1. As all branching
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µ
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Fig. 1. Illustration of the indicated jet kinematics for SIDIS in the Breit frame. The dark box
represents the medium (nucleus) and the red cone represents the jet.
processes in matter have the same topology, the calculation can be generalized to
obtain the full set of in-medium splittings6. The parton flavor and mass dependence
are elegantly captured by the lightcone wavefunction formalism.
We can express the medium-induced radiative processes as a sum of Ini-
tial/Initial, Initial/Final, Final/Initial and Final/Final contributions, where the
nomenclature refers to an interaction with a scattering center in matter before or
after the splitting in the amplitude and the conjugate amplitude, respectively. By
evaluating Feynman diagrams corresponding to an interaction between the prop-
agating parton system and the medium we derive both the initial conditions and
kernels that relate N and N − 1 orders in opacity. The recursion relations between
these four functions can be cast in the form of a matrix equation, with a particularly
simple triangular form due to their causal structure:
f
(N)
F/F
f
(N)
I/F
f
(N)
F/I
f
(N)
I/I
 =
min[x+,y+,R+]∫
x+0
dz+
λ+
∫
d2q
σel
dσel
d2q

K1 K2 K3 K4
0 K5 0 K6
0 0 K7 K8
0 0 0 K9


f
(N−1)
F/F
f
(N−1)
I/F
f
(N−1)
F/I
f
(N−1)
I/I
 , (1)
where the matrix of integral kernels K1−9 is an explicit representation of the reaction
operator, λ is the parton scattering length, and dσel/d2q describes the distribution
of transverse momentum transfers.
We have written a Mathematica code to solve the recursion relation Eq. (1) and
obtained explicit results to second order in opacity5. The fully differential spectrum
of in-medium branchings has been evaluated numerically6.
3. Modification of light and heavy flavor mesons in SIDIS on nuclei
Let us now turn to one physics example at the EIC. The tremendous discriminat-
ing power of heavy flavor with respect to models of energy loss (solid lines) and
hadronization in nuclear matter (dashed lines) is shown in Fig. 2. We use the soft
gluon emission energy loss limit of the full splitting kernels described above. The
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Fig. 2. Heavy quarks (B- and D-mesons) provide unparalleled discrimination power for the nature
of relativistic transport through nuclear matter. Expected statistical precision for pi± (black), D±
(red), B± (blue) with conservative FST and other EIC detector efficiencies compared to models of
parton energy loss (solid lines) and in-medium hadronization (dashed lines). Projected measured
shape is set to be flat for simplicity.
observable
ReA =
dσeA
dνdzh
/
A · dσ
ep
dνdzh
(2)
is the hadron cross sections ration in e+A to e+p reactions, appropriately normal-
ized, versus the hadron momentum fraction zh. The calculation is performed for
ν = 20 GeV and Q2 integrated in the relevant kinematic range. ReA shows strong
enhancement for D-mesons and B-mesons if hadronization takes place outside of the
large nucleus, where the heavy quark-to-meson fragmentation functions are taken
from7. ReA is, however, suppressed if hadrons are formed early and absorbed in nu-
clear matter. Such differentiation is not possible with light hadrons (shown by solid
and dashed black lines) since both models predict similar cross section attenuation.
We note that the absorption model shown here relies on the fact that formation
time of heavy hadrons decreases with mass.
To perform this measurement, a forward silicon tracker (FST) in the proton or
nucleus going direction at the EIC is necessary. Conceptual design for such tracker
has been developed by Los Alamos National Laboratory (LANL) scientists. Our
simulations show that with one year of low luminosity running at center-of-mass
energy
√
s = 69.3 GeV, the statistical precision of the measurement is high, as
illustrated by the small statistical error bars in Fig. 2. Future heavy flavor results
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from the EIC will allow us to pin down the opacities of cold nuclear matter and
transport properties of large nuclei. For reference, the yellow band in Fig. 2 shows
the effect of a factor of two uncertainty in nuclear opacity on the distribution of D-
mesons in e+A collisions. It is clear that data taken with the FST can constrain such
quantities at the ∼ 20% level. Decorrelation of hadrons due to multiple scattering
in nuclear matter8 can complement cross section attenuation measurements.
4. Conclusions
In summary, inclusive hadron and jet production will play an important role at
the EIC in determining the transport properties of nuclei. With this in mind, we
presented solutions for the q → qg, g → gg, q → gq, g → qq¯ in-medium splitting
kernels beyond the soft gluon approximation to O(αs) and to any desired order in
opacity. We also demonstrated that the full process-dependent in-medium splitting
kernels can be evaluated numerically to higher orders in opacity in a realistic nuclear
medium. The splitting functions are ready for broad phenomenological applications,
such as jet and heavy flavor production at the EIC.
The way in which the cross sections of heavy mesons are modified in reactions
with nuclei of known size (such as Cu or Au) relative to the ones measured in
reactions with protons provides an experimental handle on the space-time dynamics
of hadronization – the process that describes how elementary particles are formed
from the fundamental quark and gluon constituents. The way in which heavy quarks
lose energy as they propagate in the nucleus is a key diagnostic of the dynamic
response and not yet known transport properties of nuclear matter. Knowledge
of such properties is essential to understand particle transport in extremely dense
environments, for example neutron stars. For these measurements to become reality,
silicon tracking with high spatial and timing resolution at the EIC is necessary.
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The difference between the quark orbital angular momentum (OAM) defined in light-
cone gauge (Jaffe-Manohar) compared to defined using a local manifestly gauge invariant
operator (Ji) is interpreted in terms of the change in quark OAM as the quark leaves
the target in a DIS experiment. We also discuss the possibility to measure quark OAM
directly using twist 3 GPDs, and to calculate quark OAM in lattice QCD.
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1. Introduction
GPDs provide information about the longitudinal momentum and the transverse
position of partons1. This is reminiscent or orbital angular momentum (OAM),
which also requires momentum and position in orthogonal directions. It is thus not
completely surprising that GPDs can be related to angular momentum as2
Jq =
1
2
∫ 1
0
dxx [Hq(x, 0, 0) + Eq(x, 0, 0)] . (1)
Here Jq = Lq +
1
2∆q where
1
2∆q is the quark spin contribution and
Lzq =
∫
d3r〈PS|q†
(
~r × 1
i
~D
)z
q|PS〉/〈PS|PS〉 (2)
in a nucleon state polarized in the +zˆ direction. Here ~D = ~∂ − ig ~A is the gauge-
covariant derivative.
2. Angular Momentum Decompositions
Unfortunately, there are complications due to issues related to the definition of
OAM. To illustrate this point, let us start from a definition of photon total angular
momentum based on the Poynting vector. Performing some integration by parts
and making use of ~∇· ~E = eψ†ψ one can rewrite ~Jγ as a term that can be interpreted
as photon OAM, a term that cancels the contribution involving ~A in ~Lq, and a term
that can be interpreted as photon spin:
~Jγ =
∫
d3r ~r ×
(
~E × ~B
)
=
∫
d3r
[
Ej
(
~r × ~∇
)
Aj +
(
~r × ~A
)
eψ†ψ + ~E × ~A
]
(3)
Eq. (3) illustrates that decomposing ~Jγ into spin and orbital also shuffles angular
momentum from photons to electrons!
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Jaffe and Manohar have proposed an alternative decomposition of the nucleon
spin, which does have a partonic interpretation, and in which also two terms, 12∆q
and ∆G, are experimentally accessible3
1
2
=
1
2
∑
q
∆q +
∑
q
Lq + ∆G+ Lg. (4)
In this decomposition the quark OAM is defined as
Lq ≡
∫
d3r〈PS|q†+
(
~r × 1
i
~∂
)z
q+|PS〉/〈PS|PS〉, (5)
where light-cone gauge A+ = 0 is implied. Although Eq. (5) is not manifestly
gauge invariant as written, gauge invariant extensions can be defined6,7. Indeed,
manifestly gauge invariant definitions for each of the terms in Eq. (4) exist, which,
with the exception of ∆q, involve matrix elements of nonlocal operators. In light-
cone gauge those nonlocal operators reduce to a local operator, such as Eq. (5).
3. OAM from Wigner Distributions
Given the fact that different spin decompositions and corresponding definitions for
quark OAM are possible raises the question about the physical interpretation of
those differences. In this effort significant progress has been made based on 5-
dimensional Wigner distributions.
Wigner distributions can be defined as off forward matrix elements of non-local
correlation functions4–6 with P+ = P+′, P⊥ = −P ′⊥ = q⊥2
WU(x,~b⊥,~k⊥)≡
∫
d2~q⊥
(2pi)2
∫
d2ξ⊥dξ−
(2pi)3
e−i~q⊥·~b⊥ei(xP
+ξ−−~k⊥·~ξ⊥)〈P ′S′|q¯(0)ΓU0ξq(ξ)|PS〉. (6)
Throughout this paper, we will chose ~S = ~S′ = ~ˆz. Furthermore, we will focus on
the ’good’ component by selecting Γ = γ+. To ensure manifest gauge invariance, a
Wilson line gauge link U0ξ connecting the quark field operators at position 0 and ξ
is included. The issue of choice of path for the Wilson line will be addressed below.
In terms of Wigner distributions, TMDs and OAM can be defined as6
f(x,~k⊥) =
∫
d2~b⊥WU (x,~b⊥,~k⊥) (7)
LU =
∫
dxd2~b⊥d2~k⊥
(
~b⊥ × ~k⊥
)z
WU (x,~b⊥,~k⊥).
No issues with Heisenberg’s uncertainty principle arise here: only perpendicular
combinations of position ~b⊥ and momentum ~k⊥ are needed simultaneously in order
to evaluate the integral for LU .
A straight line connecting 0 and ξ for the Wilson line in U0ξ results in4
Lqstraight = L
q
Ji. (8)
However, depending on the context, other choices for the path in the Wilson link U
should be made. Indeed for TMDs probed in SIDIS the path should be taken to be
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a straight line to x− =∞ along (or, for regularization purposes, very close to) the
light-cone. This particular choice ensures proper inclusion of the FSI experienced
by the struck quark as it leaves the nucleon along a nearly light-like trajectory in the
Bjorken limit. However, a Wilson line to ξ− =∞, for fixed ~ξ⊥ is not yet sufficient
to render Wigner distributions manifestly gauge invariant, but a link at ξ− = ∞
must be included to ensure manifest gauge invariance. While the latter may be
unimportant in some gauges, it is crucial in light-cone gauge for the description of
TMDs relevant for SIDIS.
Let U+LC0ξ be the Wilson path ordered exponential obtained by first taking a
Wilson line from (0−,~0⊥) to (∞,~0⊥), then to (∞, ~ξ⊥), and then to (ξ−, ~ξ⊥), with
each segment being a straight line (Fig. 1)7. The shape of the segment at ∞ is
Fig. 1. Illustration of the path for the Wilson line gauge link U+LC0ξ entering W+LC
irrelevant as the gauge field is pure gauge there, but it is still necessary to include
a connection at ∞ and for simplicity we pick a straight line. In light-cone gauge
A+ = 0, only the segment at ξ− = ±∞ contributes and the OAM looks similar to
the local manifestly gauge invariant expression, except
~r × ~A(~r) −→ ~r × ~A(r− = ±∞, r⊥). (9)
This observation is crucial for understanding the difference between the Ji vs.
Jaffe-Manohar OAM, which in light-cone gaugea involves only the replacement
Ai⊥(~r) −→ Ai⊥(r− = ±∞, r⊥). Using
Ai⊥(r
−=∞, r⊥)−Ai⊥(r−, r⊥) =
∫ ∞
r−
dz−∂−Ai⊥(z
−, ~r⊥) =
∫ ∞
r−
dz−G+i(z−, ~r⊥) (10)
where G+⊥ = ∂−A⊥ is the gluon field strength tensor in A+ = 0 gauge.
Lq − Lq = −g
∫
d3x〈P,S|q¯(~x)γ+
[
~x×
∫ ∞
x−
dr−F+⊥(r−,x⊥)
]z
q(~x)|P,S〉 /〈PS|PS〉 (11)
Note that
−
√
2gG+y ≡ −gG0y − gGzy = g (Ey −Bx) = g
(
~E + ~v × ~B
)y
(12)
yields the yˆ component of the color Lorentz force acting on a particle that moves
with the velocity of light in the −zˆ direction (~v = (0, 0,−1)) — which is the direction
aAs Lq involves a manifestly gauge invariant local operator, it can be evaluated in any gauge.
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of the momentum transfer in DIS. Thus the difference between the Jaffe-Manohar
and Ji OAMs has the semiclassical interpretation of the change in OAM due to the
torque from the FSI as the quark leaves the target:8 while Lq represents the local
and manifestly gauge invariant OAM of the quark before it has been struck by the
γ∗, Lq represents the gauge invariant OAM after it has left the nucleon and moved
to r− =∞.
To convince oneself that the net effect from such a torque can be nonzero, one
can consider an ensemble of quarks ejected from a nucleon with a color-magnetic
field aligned with its spin.
4. Torque in Spectator Models
Given the fact that the Jaffe-Manohar and Ji definitions of quark orbital angular
momentum are differ by the potential angular momentum raises the question as
how significant that difference actually is. In Ref.9 it was shown that to O(α) in
QED LJi = LJM . This corrects an earlier result10 where the contribution from
states with longitudinally polarized Pauli-Villars photons had been omitted.
In order to assess the significance of FSI effects for quark OAM we thus con-
sidered the effects of the vector potential in the scalar diquark model. While we
do not consider this model a good approximation for QCD, it has been very useful
in several respects: Most importantly, the model allows for a fully Lorentz invari-
ant calculation of ’nucleon’ matrix elements — which is not the case for almost
all other models for nucleon structure. Furthermore, this was the first model that
clearly illustrated the role of FSI and the Sivers effect11 in SIDIS and DY12.
We found that a nonzero potential angular momentum arises at the same order
as transverse single-spin asymmetries12, i.e. one photon/gluon exchange8.
Acknowledgements: This work was supported by the DOE under grant num-
ber DE-FG03-95ER40965
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Weeks 5 and 6 of the INT program 2018 were dedicated to physics opportunities at a
future Electron-Ion Collider. Discussions were wide ranging and included topics such as
short-range correlation, jets physics in deep inelastic scattering, nuclear PDFs, TMDs,
and GPDs as well as small-x helicity distributions, non-linear small-x evolution equa-
tions, diffraction and particle production and correlations.
Keywords: Jets, nuclear PDF, TMD, GPD, small-x physics
1. Jet physics
Since the beginning of high-energy collider physics, jets have been an important tool
in the exploration of the Standard Model and especially of QCD and have provided
discoveries and insights in e+e−, ep, pA, and AA collisions. Jet computations
have become highly advanced in the high energy physics community, and are an
important ingredient in searches for the physics beyond the standard model. In
heavy-ion physics, jet quenching provides a quantitative measure of the transport
properties of the strongly interacting quark-gluon plasma (QGP). Because jets have
proven to be such a powerful tool, physicists have invested greatly in improving the
understanding and simulation of jets over the last decade. These sophisticated tools
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are now available for use as probes of the partonic structure of protons and nuclei
in DIS collisions at an EIC. In the extensive report of the 2010 INT program on
“Gluons and the quark sea at high energies” in Fall of 2010, jets were listed as a
golden measurement in eA collisions at an EIC although the subsequent EIC White
Paper did not address this topic largely due to a lack of follow-up studies. While
still in the early stages, studies have now begun on a number electron-nucleus and
electron-hadron topics where jets could play an important role. Examples relevant
for the eA program are the study of hadronization to shed light on the nature of
color neutralization and confinement, parton shower evolution in strong color fields
to measure cold nuclear matter transport coefficients, and the study of diffractive
dijet production, which can provide direct access to gluon distribution functions in
nuclei and possibly even the nuclear Wigner function.
During this INT program the current status of jet finding at EIC energies was
prominently discussed, including overviews of general jet properties, underlying
event characteristics, and preliminary substructure investigations. It was empha-
sized that jets at an EIC will have substantially lower pT and fewer particles per jet
than at hadron colliders but will also experience relatively little underlying event
contamination, allowing for jet finding even with large cone radii not possible in
pp, or AA at the LHC or RHIC. The importance of high center-of-mass energies
to jet yields and kinematic reach was also underscored. Two goals of the EIC pro-
gram will be the exploration of cold nuclear matter and study of the hadronization
process. Substructure observables, which quantify how energy is distributed within
the jet may be useful in the study of these topics. The comparison of the substruc-
ture in eA with that in ep is expected to be sensitive to details of hadronization in
nuclear matter and possibly to certain properties of the matter such as transport
coefficients. Theoretical and simulation studies of angularity, a specific substruc-
ture variable, at EIC energies are currently ongoing and the latest progress was
presented.
The current theoretical understanding and especially the modeling of energy
loss in matter has made substantial progress in the past few years, due in part
to concerted efforts such as the former JET and more recently the JETSCAPE
collaboration. While these groups focused on the modification of jet substructure
in relativistic heavy-ion collisions, the available expertise and new insight can now
be deployed for DIS in eA. Multistage jet evolution in JETSCAPE, a publicly
available software package containing a framework for Monte Carlo event generators,
provides an integrated description of jet quenching by combining multiple models,
with each becoming active at a different stage of the parton shower evolution. Jet
substructure modification due to different aspects of jet quenching can be studied
using jet shape and jet fragmentation observables and various combinations of jet
energy loss models are exploited. Going from AA (hot) to eA (cold QCD) physics
implies various changes. There is little to no hadronic energy loss in eA, the hadronic
response of the medium is substantially smaller, and may require the simulation of
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TMDs and GPDs. Transport coefficients that quantify how the medium changes
the jet and those that quantify the space-time structure of the deposited energy are
smaller in eA than in AA and studies will have to quantify what key measurements
are needed to determine them with the highest precision. First attempts to include
eA into JETSCAPE are underway but will take some time and effort until it will
be completed.
Besides the study of energy loss and fragmentation in matter, jet physics in
eA has the potential to greatly expand the experimental toolbox and sensitivity to
nuclear effects, thereby allowing a close connection to first principles calculations
in QCD. One example is the Weiza¨cker-Williams TMD gluon distribution, and in
particular the distribution of linearly polarized gluons that appears in a variety
of processes but most promisingly in dijets. New NLO calculations of exclusive
diffractive dijet production show that these processes are perfectly suited for pre-
cision saturation physics and gluon tomography with bT dependence at an EIC.
Furthermore, there is an increasing body of theoretical work on probing the small
x gluon Wigner function in both ep and eA collisions by quantifying the angular
correlation between the nucleon recoil momentum and the dijet transverse momen-
tum in diffractive dijet production. So far many of these exciting measurements are
based on theoretical work alone. Feasibility studies of these measurements at an
EIC need to be conducted in the near future before they can be regarded as part of
the EIC physics program.
2. Nuclear TMDs and GPDs
Many contributions and discussion at this INT program focused on imaging of the
proton, i.e., establishing its complete momentum and spatial structure in many
dimensions and the dependence of this structure on the spin of the proton. On
the one hand, the three-dimensional structure of the proton in momentum space
can be described via Transverse Momentum Dependent (TMD) parton distribution
functions that encode a dependence on the intrinsic transverse momentum of the
parton, kT , in addition to the longitudinal momentum fraction, x, of the parent pro-
ton carried by the parton. On the other hand, the structure of partons in a proton
and their correlations in the impact parameter space is encoded in the Generalized
Parton Distributions (GPDs), which lead to tomographic imaging of a proton in
spatial coordinates. TMDs and GPDs are three-dimensional functions that have
been introduced as a suitable theoretical tool to study the partonic structure of
the nucleon in kT or bT space. However, accessing their mother functions, the five-
dimensional Wigner distributions, would provide the most complete information.
The Wigner functions are not calculable from first principles in perturbative QCD,
thus possibility of experimental constraints are of crucial importance. It was only
recently that experimental means to access the elliptic gluon Wigner function were
proposed focusing on exclusive dijet production measurements.
While many studies have been carried out in the past decade to demonstrate
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how an EIC could constrain TMDs and GPDs of a free proton, very few such studies
exist for nuclei. Our knowledge of the modifications of TMDs and GPDs induced
by the nuclear environment is rudimentary, providing an enormous opportunity for
the EIC to improve our knowledge of the multidimensional partonic structure of
nuclei.
Current knowledge of quark TMDs typically comes from polarized semi-inclusive
DIS (SIDIS) experiments, where a final state hadron is observed. Today, very little
is known about gluon TMDs, because they typically require higher-energy scat-
tering processes and are harder to isolate as compared to quark TMDs. Nuclear
gluon TMDs can be accessed through measuring heavy-quark meson pairs, quarko-
nia, or through the analysis of azimuthal asymmetries for heavy quark pair and
dijet production in eA collisions. These studies are quite crucial since important
connections have been established between the framework of TMDs and the theory
of Color Glass Condensate (CGC) at small x that need to be explored.
GPDs of the proton were extensively discussed in the first week of the program.
As with TMDs, little is known about nuclear GPDs (nGPDs) and few data ex-
ists. To-date no feasibility study has been conducted to establish how well an EIC
could constrain nGPDs. GPDs can be experimentally constrained in exclusive DIS
processes, such as Deeply Virtual Compton Scattering (DVCS), which is the pro-
duction of a real photon, and Vector Meson Production (VMP). In ep the scattered
proton can be measured with Silicon tracker detectors installed along the beam line
on moving vessels, known as Roman pots (RPs). Such spectrometer enables a pre-
cise measurement of the momentum transfer by the scattered proton, t. For light
nuclei (D to He4) this might be still possible, while heavy nuclei stay within the
beam envelope and are not detectable. An alternative way is to derive t from the
event kinematics since the angle and momentum of the scattered electron and the
produced real photon (DVCS) or vector meson (VMP) are known. This method
was also used at HERA but has the downside that it is less precise and incoherent
diffractive events can contaminate the sample. At an EIC, incoherent processes
might be detected and suppressed by tagging the fragments of the nuclear breakup
using Zero-Degree Calorimeters (ZDC) and Roman Pots combined.
Studying DVCS and VMP in light nuclei is also interesting because existing EIC
designs make possible to polarize beams from D up to Li. Polarized He3 beams for
example will allow us for the simultaneous measurement of both, the tagged neutron
structure and coherent diffraction, which is especially interesting since the spin of
He3 is dominated by the neutron. Measuring DCVS on the neutron compared to the
proton is key to understand the underlying u/d quark-flavor separation in GPDs.
While experimentally relatively easy, He3 is theoretically more challenging. In that
aspect it is probably convenient to also measure DVCS on deuteron via applying
a double tagging method by tagging the neutron with the ZDC and measuring the
recoil proton momentum in the RPs. This way, providing a measurement of the
neutron structure not affected by final state interactions. Again, more simulations
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are currently needed to establish the degree of feasibility and accuracy if these
measurements at an EIC.
3. Diffraction at an EIC
An important discovery at HERA electron-proton collider was the observation that
about a significant fraction of the events, about 10%, were diffractive. These were
the events where the proton stays intact or dissociates into a state with proton
quantum numbers despite highly energetic collision. The proton, or the proton
remnant, was separated from the rest of the event by the rapidity gap, the large
region of the detector which was void of any activity. Both HERA experiments, H1
and ZEUS performed detailed measurements of the diffractive events, both inclusive
and exclusive. The measurements of the inclusive diffraction were performed using
two complementary experimental methods, using the rapidity gap method and us-
ing the forward (or leading) proton spectrometer to detect the elastically scattered
proton. The measurement of diffraction is crucial as it tests our understanding of
the transition between the soft and hard QCD dynamics. The fact that the event
contains the rapidity gap, and the proton stays intact in the violent interaction
means that the interaction is likely to proceed through the exchange of the color
neutral object, and detailed measurements of such reaction can provide vital infor-
mation about the confinement phenomena. Theoretical studies of the QCD in the
high energy limit also point to the link between the diffraction and the low x as well
as saturation phenomena. In the case of the scattering off nuclei, there exists known
relation between the nuclear shadowing and diffraction in ep scattering. The study
of diffraction in DIS allows to investigate the range and limits of the factorization in
the perturbative QCD. Exclusive diffraction of vector mesons in electrons scattering
off protons and nuclei, is especially sensitive to the details of the 3D structure of
hadrons and nuclei.
4. Inclusive diffraction on protons and nuclei
EIC would be able to measure the inclusive diffraction off protons and nuclei. In the
proton case the kinematics covered will be heavily overlap with HERA kinematics,
and will allow for the in-dependent measurement of the FD2 (3). A novelty at an EIC,
would be a possibility of the measurement of the longitudinal diffractive structure
function FDL (3). This observable was extracted at HERA, but the possibility of
the variation of the electron energy at an EIC, would likely allow to measure this
important quantity to a precision competitive with HERA. This quantity could
provide a vital information about the diffractive gluon distribution in the proton,
as well as provide the information about the importance of the higher twists in
diffraction.
An EIC would be able to extract the diffractive structure functions and diffrac-
tive parton distribution functions in nuclei for the first time. The large luminosity
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and wide range of nuclei injected at the EIC, would allow to perform the extrac-
tion of the nuclear diffractive parton densities with the precision comparable to the
precision of the diffractive parton densities that were measured at HERA in electron-
proton collisions. One important aspect, that needs to be studied carefully is that
of distinguishing between a coherent and incoherent diffraction in electron-nucleus
collisions. The coherent diffraction is the case when the nucleus stays intact, and it
is expected that it will dominate for very low values of the momentum transfer. In
the case of the incoherent diffraction, the nucleus can easily break-up into nucleons,
while still the rapidity gap can be present between the nuclear remnants and the
rest of the event. Still, the incoherent diffraction off of the nucleus can be a coherent
event on the nucleon, as there could be a simple break up of the nucleus without
the pion production. This has to be distinguished from the incoherent-inelastic
diffraction where the event is inelastic scattering off the nucleons. A dedicated
instrumentation in the forward region of the EIC detector, with the Zero Degree
Calorimeter, will need to be implemented to clearly distinguish between these dif-
ferent scenarios. Another challenging problem is the experimental separation of
events in which the scattered nucleus is in excited state as opposed to the non-
excited one for low momentum transfers. An EIC would also provide a possibility
of unique tests of the Gribovs relation between the shadowing and diffraction. This
can be achieved by measuring precisely diffractive structure functions in electron –
proton and comparing them with the inclusive structure functions in the electron –
deuteron scattering. Extension of this relation to higher number of scatterings can
be effectively tested by the measurements of the inclusive structure functions and
the shadowing for heavier nuclei.
Recent study shows that there exists an analogy between diffractive electron-
nucleus scattering events and realizations of one-dimensional branching random
walks selected according to the height of the genealogical tree of the particles near
their boundaries in statistical physics. This allows the prediction of rapidity gap
distribution in diffractive DIS which can be potentially measured and tested in the
future EIC. It may lead to more fundamental and quantitative understanding of
diffraction in DIS.
5. Exclusive diffraction on protons and nuclei
In addition to the inclusive diffraction, an EIC would be an excellent machine to
perform detailed measurements of the exclusive diffraction, where the final states
involve elastically scattered protons (or nuclei) as well as vector mesons. Such mea-
surements were performed at HERA, and sparked a lot of interest, due to their
unique sensitivity to the spatial distribution of gluons in-side the proton. The pro-
cess of exclusive diffractive vector meson production can be theoretically described
using a dipole model, which assumes a factorization of the process into two steps:
the fluctuation of the virtual photon in to a dipole and formation of the vector
meson wave function and the dipole interaction with the target. The latter one
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encodes all the information about the interaction with the hadronic target. By
measuring the momentum transfer dependence of this process, one can learn about
the spatial distribution of gluons inside the target, through the Fourier transform
into the coordinate space. Simulations were performed using various models, which
include the small x effects and demonstrate that such a process offers a sensitivity
to the small x dynamics and can potential be a smoking gun to determine the onset
of the parton saturation in hadrons and in nuclei. The presence and the position of
the minima in the t distribution of this process, and in particular the dependence
of the minima on the virtuality, type of vector mesons and the energy can provide
the valuable information about the change of the density distribution inside the
hadron with respect to these variables. The same process can be studied in the case
of the nuclear targets. In the nuclear case, the coherent and incoherent diffractive
production of vector mesons, have to be clearly distinguished, as they would pro-
vide different constraints on the internal structure of the nuclei. The incoherent
diffraction, in particular, can provide the information about the fluctuations of the
density in-side the hadrons and nuclei.
Exclusive diffractive productions of dijets and ρ mesons are known to be sensitive
to the gluon generalized-TMD and the gluon GPDs at small-x, respectively. They
provide important channels for the multiple-dimensional tomography of low-x region
of partons inside hadrons. Recently, these two processes have been computed at
the NLO level in the small-x formalism, which paves the way for NLO quantitative
studies of small-x phenomenologies in diffractive processes, and for precision tests
of saturation effects at an EIC.
6. Small-x behavior of quark and gluon helicities
Since many years ago, DIS experiments have revealed that proton is a composite
particle made up by quarks and gluons, and proton spin is expected to be the helicity
sum of the spin and orbital angular momentum of quarks and gluons. Small-x
behavior of quark and gluon helicities also play an important role in understanding
the outstanding proton spin puzzle, since the helicity contributions from the small-x
regime may be significant. Recently, a series of work on the small-x asymptotics
and evolution of helicity distributions can provide better constraints on the quark
and gluon spin contributions. Also, one should be able to measure related spin
contributions and spin dependent TMDs at an EIC with high precision.
7. TMD factorization and rapidity evolution
Despite the fact that the small-x gluon distribution and the gluon TMD are usually
used in different kinematical region, there have been a lot of theoretical interests
in the intimate connection between the gluon distribution in small-x formalism and
the gluon TMD in the TMD formalism. In particular, they have the same operator
definition before any quantum evolution. Although the gluon distributions in these
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formalisms follow two different evolution equations, recent work demonstrates how
the rapidity evolution of gluon TMD distribution changes from nonlinear evolution
at small-x to the linear TMD evolution at moderate x. Moreover, it has been
suggested that the small-x inspired rapidity scheme for TMD is an alternative choice
to the known ultraviolet-rapidity Collins-Soper-Sterman formalism.
8. Small-x physics and gluon saturation
8.1. Non-linear small-x evolution
The non-linear small-x evolution equation, which is known as the Balitsky-
Kovchegov-JIMWLK evolution equation, provides a vital description of the QCD
dynamics at small-x region. It predicts the gluon saturation phenomenon which
could be tested and measured at the EIC. The leading order version of this evo-
lution equation has been studied extensively, however, the impact of the next-to-
leading order correction turn out to be quite subtle, due to instability of the large
and negative double collinear logarithms appeared at NLO. The resummation of
these double logarithms can cure the instability and match to the full NLO small-x
evolution.
8.2. Particle production in dilute-dense collisions
In recent years, the outstanding negativity problem in single forward rapidity
hadron productions in proton-nucleus collisions has attracted a lot of theoretical
attention. It was found that the NLO corrections in the small-x formalism for
single hadron production overwhelm the LO contribution and make the total con-
tribution negative in the high pT region of produced hadron. The essential step
of the NLO calculation involves subtractions of collinear and rapidity divergences.
A new factorization scheme without the rapidity subtraction for this process can
avoid the inherent fine-tuning issue in the rapidity subtraction, which might be the
origin of the negativity problem.
Similar to the above-mentioned single inclusive forward hadron productions, the
DIS structure function at NLO also receives large and negative contribution. The
total DIS cross section in the small-x dipole formalism can be computed at the
NLO accuracy, which in principle can allow us to go beyond leading order in the
era of the EIC. Again, due to the instability caused by large and negative NLO
contributions, the NLO cross section depends on the factorization scheme used to
resum large logarithms of energy into renormalization group evolution with the BK
equation. It has been shown to be plausible to use a factorization scheme consistent
with the one proposed in single inclusive production to obtain meaningful results
for the DIS structure function.
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8.3. Gluon TMDs at an EIC and in pA collisions
There has been significant process in the understanding of the relation between the
process dependence of gluon TMDs and the corresponding gauge links in recent
years. This allows to clarify the two gluon distributions puzzle in small-x physics
and make predictions for various gluon TMDs which can be measured at the future
EIC. In addition to the usual unpolarized gluon TMD, the linearly polarized gluon
distribution and the gluon generalized-TMD as well as odderon effects can be also
probed in various processes in electron-ion collisions. The interaction region design
of the EIC with the forward detector system can cover these interesting physics
needs for wide ranges of nucleon energies. Together with complementary studies
of other observables such as dijet productions in proton-nucleus collisions, one can
test the universality of gluon distributions and its gauge link dependence predicted
by theoretical calculations.
8.4. Gluon saturation dynamics and long-range rapidity
correlations
Long-range two-particle rapidity correlations have been observed at RHIC and the
LHC in both heavy ion collisions and small systems created in high-multiplicity
proton-proton and proton-nucleus collisions. The origin of such correlation, in par-
ticular the odd azimuthal harmonics, is one of the most interesting topics in heavy
ion physics. Usually, the direct production of two particles involving gluons gives
zero contribution to the odd harmonics due to the vanishing imaginary amplitude.
Usually, odd azimuthal harmonics appear only in the terms contributing at least
three interactions with the projectile to the two-gluon production cross section.
This may resolve the ambiguity and allow for further successes of the saturation
approach to the long-range correlation phenomenology.
9. Summary
In summary, as outlined above, there is quite a lot of interesting physics that one can
explore in a future EIC especially via eA collisions. The synergy between the EIC
experiment and theory can enable us to obtain the multi-dimensional tomography
of nucleon and heavy nucleus and to understand intriguing phenomena such as short
range correlations.
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We discuss how vector meson production at the future Electron Ion Collider can be used
to probe non-linear dynamics in heavy nuclei. Additionally, the potential to study the
evolution of proton and nuclear geometries with event-by-event fluctuations is illustrated.
1. Introduction
Exclusive vector meson production is a very powerful tool to probe the internal
structure of protons and nuclei. In these processes no color string between the target
and the produced particle can exist (as it would break and produce many particles).
Thus, there can not be net color transfer to the target, which in perturbative QCD
requires at least two gluons to be exchanged. Consequently, the cross section is
approximatively proportional to the squared gluon distribution1.
Good sensitivity on the small-x gluonic structure makes exclusive processes po-
tentially very powerful in studies of non-linear saturation effects. As the gluon
densities rise towards small x due to the enhanced radiation of soft gluons in QCD,
at some point it is expected that one reaches the limit where non linear effects tame
this growth. As a result, anew state of matter where color fields are as strong as
allowed in the nature is formed. An effective field theory describing QCD in this
regime is known as the Color Glass Condensate2.
Additionally, in exclusive process the total momentum transfer can be measured
by reconstructing the momentum of the produced particle and that of the outgoing
lepton. As the transverse momentum transfer is the Fourier conjugate to the impact
parameter, these processes at high energies provide access to the spatial distribution
of small Bjorken-x gluons in the target wave function, as well as to the event-by-
event geometry fluctuations as discussed below.
2. Proton structure
At high energies, the cross section for the exclusive production of the vector meson
V can be written as5
Aγ∗p→V pT,L = i
∫
d2r
∫
d2b
∫
dz
4pi
(Ψ∗ΨV )T,L(Q2, r, z)e−i[b−(1−z)r]·∆2N(r,b, xP),
(1)
where Ψ∗ΨV is the overlap between the virtual photon wave function (computed
from QED) and the vector meson wave function (modelled), and the dipole ampli-
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tude N describes the scattering of a dipole with size roff the target, with the impact
parameter b. Here Tand L refer to the photon polarization.
When the target remains intact, we talk about coherent diffraction and the cross
section can be written as dσ
γ∗p→V p
dt =
1
16pi
∣∣∣〈Aγ∗p→V pT,L 〉∣∣∣2 . Here the avarage 〈〉is taken
over the possible configurations of the target, and consequently the cross section
is sensitive on the average bdependence of the dipole-target interaction. On the
other hand, if one subtracts the coherent contribution from the total diffractive
cross section, the incoherent contribution where the target is required to break up
remains: dσ
γ∗p→V p∗
dt =
1
16pi
(〈∣∣Aγ∗p→V p∣∣2〉− ∣∣〈Aγ∗p→V p〉∣∣2) . As this cross section
is a variance, it measures the amount of event-by-event fluctuations in the impact
parameter dependence of N , and thus the amount of density fluctuations.
The Bjorken-xevolution of the dipole amplitude Ncan be computed perturba-
tively (see e.g.6) However, the initial condition for the evolution is non-perturbative
and is usually obtained by fitting the HERA structure function data. When con-
sidering exclusive processes additional complications arise as one has to describe
also the geometry evolution, which is sensitive to infrared dynamics. For example
in Ref.4 the geometry evolution from JIMWLK evolution equation was included in
the analysis of the HERA data. An alternative approach is to parametrize the x
dependence and geometry as e.g. in the IPsat model.
Different experiments at HERA and at the LHC have measured J/Ψproduction
in photon-proton interaction at different center-of-mass energies W . As this cross
section is generally expected to be sensitive to saturation effects, in Ref.3 the IPsat
model parametrization for the dipole-proton interaction, and its linearized version
(IPnonsat), were fitted to the HERA structure function data. In both cases, equally
good description of the total cross section data was obtained. Then, the vector
meson production as a function of Wwas calculated and compared with the available
data. The results are shown in Fig. 1, where it is seen that the non-linear effects
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are small in the currently available energy range with proton targets.
The geometry evolution in Ref.4 makes it possible to study how the event-
by-event fluctuations evolve towards small x. As discussed in Refs.7,8, the event-
by-event fluctuating proton shape can be constrained by requiring a simultaneous
description of the coherent and incoherent J/Ψproduction t spectra from HERA.
This analysis shows that at x ≈ 10−3 the fluctuations are significant. Then, one
can perform a JIMWLK evolution down to small x. What is found in Ref.4 is
that the evolution makes protons smoother at long distance scales. This causes the
incoherent cross section to grow more slowly than the coherent cross section (note
that in the black disk limit the incoherent cross section is suppressed as it gets
contributions only from the edges of the target). This observation is compatible
with the HERA measurements as shown in Fig. 2. In the IPsat model, on the other
hand, there is no geometry evolution and the cross section ratio is constant.
3. From protons to heavy nuclei
As gluon densities at given transverse point are enhanced by roughly A1/3, vector
meson production off nuclei is a promising process to look for saturation effects10.
The size rof the interacting dipole is set by the vector meson mass MV , such that
|r| ∼ 1/MV . Very small dipoles have vanishing interaction probability due to the
color transparency. Similarly, larger dipoles interact more strongly and as such are
more sensitive to saturation effects. In Fig. 3 the cross section for exclusive vector
meson production off gold nucleus is shown, divided by the same cross section off
protons normalized such that in the absence of non-linear effects the ratio would be
unity. This indeed is the case when the linear IPnonsat model is used to calculate
dipole-nucleus interaction.
In the IPsat parametrization which includes saturation, the suppression factor
is found to depend strongly on the meson mass, the light ρ and φmesons being more
heavily suppressed than J/Ψ. In Fig. 3 the suppression is shown as a function of
photon virtuality Q2, which also controls the dipole size. At large virtualities the
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dipoles are in general smaller and suppression vanishes. However, this transition
is relatively slow, due to the significant contribution from the large dipoles to the
transverse cross section even at large Q2, see Ref.3 for more details.
Finally in Fig. 4 the coherent and incoherent J/Ψ photoproduction cross section
off lead are shown in the LHC kinematics. The results are shown in two cases:
with proton shape and normalization (Qs) fluctuations, and with nucleons having
no substructure (dashed lines). As the substructure has little effect on average
geometry, the coherent cross sections are compatible. The incoherent cross sections,
on the other hand, are very different at |t| & 0.2 GeV2, which corresponds to the
distance scale of the hot spots in nucleons.
4. Outlook
New nuclear DIS data at high energies, both from the ultra peripheral heavy ion
collisions at the LHC and from the future EIC, will provide us a new window for the
studies of non-linear dynamics in the dense QCD matter. In addition to saturation
effects, it will also be possible to study the evolution of the fluctuating transverse
geometry, which is fundamentally interesting and provides crucial input for the
modelling of Quark Gluon Plasma production.
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We discuss conformal properties of TMD operators and present the result of the confor-
mal rapidity evolution of TMD operators in the Sudakov region.
In recent years, the transverse-momentum dependent parton distributions
(TMDs)1–4 have been widely used in the analysis of processes like semi-inclusive
deep inelastic scattering or particle production in hadron-hadron collisions (for a
review, see Ref.5).
The TMDs are defined as matrix elements of quark or gluon operators with at-
tached light-like gauge links (Wilson lines) going to either +∞ or −∞ depending on
the process under consideration. It is well known that these TMD operators exhibit
rapidity divergencies due to infinite light-like gauge links and the corresponding
rapidity/UV divergences should be regularized. There are two schemes on the mar-
ket: the most popular is based on CSS2 or SCET6 formalism and the second one is
adopted from the small-x physics7,8. The obtained evolution equations differ even
at the leading-order level and need to be reconciled, especially in view of the future
EIC accelerator which will probe the TMDs at values of Bjorken x between small-x
and x ∼ 1 regions.
In our opinion, a good starting point is to obtain conformal leading-order evo-
lution equations. It is well known that at the leading order pQCD is conformally
invariant so there is a hope to get any evolution equation without explicit running
coupling from conformal considerations. In our case, since TMD operators are de-
fined with attached light-like Wilson lines, formally they will transform covariantly
under the subgroup of full conformal group which preserves this light-like direction.
However, as we mentioned, the TMD operators contain rapidity divergencies which
need to be regularized. At present, there is no rapidity cutoff which preserves con-
formal invariance so the best one can do is to find the cutoff which is conformal at
the leading order in perturbation theory. In higher orders, one should not expect
conformal invariance since it is broken by running of QCD coupling. However, if
one considers corresponding correlation functions in N = 4 SYM, one should expect
conformal invariance. After that, the results obtained in N = 4 SYM theory can
be used as a starting point of QCD calculation. Thus, the idea is to find TMD
operator conformal in N = 4 SYM and use it in QCD.
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1. Conformal invariance of TMD operators
For definiteness, we will talk first about gluon operators with light-like Wilson
lines stretching to −∞ in “+” direction. The gluon TMD (unintegrated gluon
distribution) is defined as9
D(xB , k⊥, η) =
∫
d2z⊥ ei(k,z)⊥D(xB , z⊥, η), (1)
g2D(xB , z⊥, η) z−=0= −x
−1
B
2pip−
∫
dz+ e−ixBp
−z+〈P |Faξ (z)[z −∞n,−∞n]abFbξ(0)|P 〉
where |P 〉 is an unpolarized target with momentum p ' p− (typically proton) and
n = ( 1√
2
, 0, 0, 1√
2
) is a light-like vector in “+” direction. Hereafter we use the
notation
Fξ,a(z⊥, z+) ≡ gF−ξ,m(z)[z, z −∞n]ma
∣∣∣
z−=0
(2)
where [x, y] denotes straight-line gauge link connecting points x and y:
[x, y] ≡ Peig
∫
du (x−y)µAµ(ux+(1−u)y) (3)
To simplify one-loop evolution we multiplied Fµν by coupling constant. Since the
gAµ is renorm-invariant we do not need to consider self-energy diagrams (in the
background-Feynman gauge). Note that z− = 0 is fixed by the original factorization
formula for particle production5 (see also the discussion in Ref.10,11).
The algebra of full conformal group SO(2, 4) consists of four operators Pµ, six
Mµν , four special conformal generators Kµ, and dilatation operator D. It is easy
to check that in the leading order the following 11 operators act on gluon TMDs
covariantly
P i, P−,M12,M−i, D,Ki,K−,M−+ (4)
while the action of operators P+,M+i, and K+ do not preserve the form of the
operator (2). The corresponding group consists of transformations which leave the
hyperplane z− = 0 and vector n invariant. Those include shifts in transverse and
“+′′ directions, rotations in the transverse plane, Lorentz rotations/boosts created
by M−i, dilatations, and special conformal transformations
z′µ =
zµ − aµz2
1− 2a · z + a2z2 (5)
with a = (a+, 0, a⊥).
As we noted, infinite Wilson lines in the definition (2) of TMD operators make
them divergent. As we discussed above, it is very advantageous to have a cutoff of
these divergencies compatible with approximate conformal invariance of tree-level
QCD. The evolution equation with such cutoff should be invariant with respect to
transformations described above.
In the next Section we demonstrate that the “small-x” rapidity cutoff enables
us to get a conformally invariant evolution of TMD in the so-called Sudakov region.
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2. TMD factorization in the Sudakov region
The rapidity evolution of TMD operator (1) is very different in the region of large
and small longitudinal separations z+. The evolution at small z+ is linear and
double-logarithmic while at large z+ the evolution become non-linear due to the
production of color dipoles typical for small-x evolution. It is convenient to consider
as a starting point the simple case of TMD evolution in the so-called Sudakov region
corresponding to small longitudinal distances.
First, let us specify what we call a Sudakov region. A typical factorization
formula for the differential cross section of particle production in hadron-hadron
collision is5,12
dσ
dηd2q⊥
=
∑
f
∫
d2b⊥ei(q,b)⊥Df/A(xA, b⊥, η)
× Df/B(xB , b⊥, η)σ(ff → H) + ... (6)
where η = 12 ln
q+
q− is the rapidity, Df/h(x, z⊥, η) is the TMD density of a parton
f in hadron h, and σ(ff → H) is the cross section of production of particle H of
invariant mass m2H = q
2 ≡ Q2 in the scattering of two partons. (One can keep in
mind Higgs production in the approximation of point-like gluon-gluon-Higgs vertex).
The Sudakov region is defined by Q q⊥  1GeV since at such kinematics there is
a double-log evolution for transverse momenta between Q and q⊥. In the coordinate
space, TMD factorization (6) looks like
〈pA, pB |g2F aµνF aµν(z1)g2F bλρF bλρ(z2)|pA, pB〉 (7)
=
1
N2c − 1
〈pA|O˜ij(z−1 , z1⊥ ; z−2 , z2⊥)|pA〉σA〈pB |Oij(z+1 , z1⊥ ; z+2 , z2⊥)|pB〉σB + ...
where
Oij(z+1 , z1⊥ ; z+2 , z2⊥) = Fai (z1)[z1 −∞n, z2 −∞n]abFbj (z2)
∣∣∣
z−1 =z
−
2 =0
, (8)
O˜ij(z−1 , z1⊥ ; z−2 , z2⊥) = Fai (z1)[z1 −∞n′, z2 −∞n′]abFbj (z2)
∣∣∣
z+1 =z
+
2 =0
,
F i,a(z⊥, z−) ≡ gF+i,m(z)[z, z −∞n′]ma
∣∣∣
z+=0
. (9)
Here pA =
√
s
2n+
p2A√
2s
n′, pB =
√
2
sn
′+ p
2
B√
2s
n and n′ =
(
1√
2
, 0, 0,− 1√
2
)
. Our metric
is x2 = 2x+x− − x2⊥.
As we mentioned, TMD operators exhibit rapidity divergencies due to infinite
light-like gauge links. The “small-x style” rapidity cutoff for longitudinal divergen-
cies is imposed as the upper limit of k+ components of gluons emitted from the
Wilson lines. As we will see below, to get the conformal invariance of the leading-
order evolution we need to impose the cutoff of k+ components of gluons correlated
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with transverse size of TMD in the following way:
F i,a(z⊥, z+)σ ≡ gF−i,m(z)
[
Peig
∫ z+
−∞dz
+A−,σ(up1+x⊥)
]ma
,
Aσµ(x) =
∫
d4k
16pi4
θ
(σ√2
z12⊥
− |k+|
)
e−ik·xAµ(k) (10)
Similarly, the operator O˜ in Eq. (9) is defined with with the rapidity cutoff for β
integration imposed as θ
(
σ˜
√
2
z12⊥
− |k−|).
The Sudakov region Q2  q2⊥ in the coordinate space corresponds to
z212‖ ≡ 2z−12z+12  z212⊥ (11)
where z12 ≡ z1 − z2. In the leading log approximation, the upper cutoff for k+
integration in the target matrix element in Eq. (7) is σB =
1√
2
z12⊥
z−12
and similarly
the β-integration cutoff in projectile matrix element is σA =
1√
2
z12⊥
z+12
∗.
In the next Section we demonstrate that rapidity cutoff (10) enables us to get a
conformally invariant evolution of TMD in the Sudakov region (11).
3. One-loop evolution of TMDs
3.1. Evolution of gluon TMD operators in the Sudakov region
In this Section we derive the evolution of gluon TMD operator (8) with respect to
cutoff σ in the leading log approximation. As usual, to get an evolution equation
(a)
(b)
Fig. 1. Typical diagrams for production (a) and virtual (b) contributions to the evolution kernel.
The dashed lines denote gauge links.
we integrate over momenta σ2
√
2
z12⊥
> k+ > σ1
√
2
z12⊥
. To this end, we calculate diagrams
shown in Fig. 1 in the background field of gluons with k+ < σ1
√
2
z12⊥
. The calculation
is easily done by method developed in Refs.13,14 and the result is
Oσ2(z+1 , z+2 ) =
αsNc
2pi
σ2
√
2
z12⊥∫
σ1
√
2
z12⊥
dk+
k+
KOσ1(z+1 , z+2 ) (12)
∗Hereafter we use the simplified notation z12⊥ ≡ |z12⊥ |.
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where the kernel K is given by
KO(z+1 , z+2 ) (13)
= O(z+1 , z+2 )
∫ z+1
−∞
dz+
z+2 − z+
e
−i z12⊥σ√
2(z2−z)+ + O(z+1 , z+2 )
∫ z+2
−∞
dz+
z+1 − z+
e
i
z12⊥σ√
2(z1−z)+
−
∫ z+1
−∞
dz+
O(z+1 , z+2 )−O(z+, z+2 )
z+1 − z+
−
∫ z+2
−∞
dz+
O(z+1 , z+2 )−O(z+1 , z+)
z+2 − z+
where we suppress arguments z1⊥ and z2⊥ since they do not change during the
evolution in the Sudakov regime. The first two terms in the kernel K come from the
“production” diagram in Fig. 1a while the last two terms from “virtual” diagram in
Fig. 1b. The result (13) can be also obtained from Ref.14 by Fourier transformation
of Eq. (5.9) with the help of Eqs. (3.12) and (3.30) therein. The approximations
for diagrams in Fig. 1 leading to Eq. (13) are valid as long as
k+  z
+
12
z212⊥
(14)
which gives the region of applicability of Sudakov-type evolution.
Evolution equation (12) can be easily integrated using Fourier transformation.
Since
Ke−ik
−z+1 +ik
′−z+2 =
[
− 2 lnσz12⊥ − ln(ik−) (15)
− ln(−ik′−) + ln 2− 4γE + O
( z+12
z12⊥σ
)]
e−ik
−z+1 +ik
′−z+2
one easily obtains
Oσ2(z+1 , z+2 ) = e−2α¯s ln
σ2
σ1
[lnσ1σ2+4γE−ln 2
]∫
dz′+1 dz
′+
2 Oσ1(z′+1 , z′+2 ) z
−2α¯s ln σ2σ1
12⊥
× 1
4pi2
[
iΓ
(
1− 2α¯s ln σ2σ1
)
(z+1 − z′+1 + i)1−2α¯s ln
σ2
σ1
+ c.c.
][
iΓ
(
1− 2α¯s ln σ2σ1
)
(z+2 − z′+2 + i)1−2α¯s ln
σ2
σ1
+ c.c.
]
(16)
where we introduced notation α¯s ≡ αsNc4pi . It should be mentioned that the factor
4γE is “scheme-dependent”: if one introduces to α-integrals smooth cutoff e
−α/a
instead of rigid cutoff θ(a > α), the value 4γE changes to 2γE .
It is easy to see that the r.h.s. of Eq. (16) transforms covariantly under all
transformations (4) except Lorentz boost generated by M+−. The reason is that
the Lorentz boost in z direction changes cutoffs for the evolution. To understand
that, note that Eq. (15) is valid until σ >
z+12
z212⊥
so the linear evolution (16) is
applicable in the region between
σ2 = σB =
z12⊥
z−12
√
2
and σ1 =
z+12
√
2
z12⊥
(17)
From Eq. (16) it is easy to see that Lorentz boost z+→λz+, z−→ 1λz− changes the
value of target matrix element 〈pA|O|pB〉 by exp{4λα¯s ln z
2
12‖
z212⊥
} but simultaneously
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it will change the result of similar evolution for projectile matrix element 〈pA|O˜|pA〉
by exp{−4λα¯s ln z
2
12‖
z212⊥
} so the overall result for the amplitude (7) remains intact.
To compare with conventional TMD analysis let us write down the evolution of
“generalized TMD”15,16
Dσ(x, ξ) =
∫
dz+e−ix
√
s
2 z
+〈p′B |Oσ
(− z+
2
,
z+
2
)|pB〉
where ξ = −p′B−pB√
2s
. From Eq. (16) one easily obtains
Dσ2(x, ξ)
Dσ1(x, ξ)
= e−2α¯s ln
σ2
σ1
[lnσ2σ1(x
2−ξ2)sz212⊥+4γE−ln 2] (18)
For usual TMD at ξ = 0 with the limits of Sudakov evolution set by Eq. (17) one
obtains
Dσ2(x, q⊥)
Dσ1(x, q⊥)
= e
−2α¯s ln Q
2
q2⊥
[
ln Q
2
q2⊥
+4γE−ln 2
]
(19)
which coincides with usual one-loop evolution of TMDs17 up to replacement
4γE − 2 ln 2 → 4γE − 4 ln 2. As we discussed, such constant depends on the way
of cutting k−-integration which should be coordinated with the cutoffs in the “co-
efficient function” σ(ff → H) in Eq. (6). Thus, the discrepancy is just like using
two different schemes for usual renormalization. It should be mentioned, however,
that at ξ 6= 0 the result (18) differs from conventional one-loop result which does
not depend on ξ , see e.g.18.
4. Conclusions and Outlook
The first conclusion is that the 11-parameter subgroup of SO(2, 4) formed by gen-
erators (4) formally leaves TMD operators invariant.
The second result is related to the fact that conformal invariance is violated by
the rapidity cutoff (even inN = 4 SYM). We have studied the TMD evolution in the
Sudakov region of intermediate x and demonstrated that the rapidity cutoff used in
small-x literature preserves all generators of our subgroup except the Lorentz boost
which is related to the change of that cutoff.
Our main outlook is to try to connect to small-x region, first in N = 4 SYM and
then in QCD. As we mentioned above, although the TMD evolution in a small-x
region is conformal with respect to SL(2, C) group, and our evolution (16) is also
conformal (albeit with respect to different group of which SL(2, C) is a subgroup),
the transition between Sudakov region and small-x region is described by rather
complicated interpolation formula13 which is not conformally invariant. Our hope
is that in a conformal theory one can simplify that transition using the conformal
invariance requirement. The study is in progress.
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We review recent progress in NLO calculations for dilute-dense processes in the CGC
picture. In particular, we focus here on recent steps in understanding high energy renor-
malization group evolution (BK/JIMWLK), the total DIS cross section at small x and
forward particle production in proton-nucleus collisions at next-to-leading order.
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tering
1. Introduction
The increasing accuracy of experimental data for small x processes, both from
the EIC and from ongoing LHC experiments, calls for a corresponding increase in
the accuracy of theoretical calculations. This requires going to higher orders in
perturbation theory also for processes where nonlinear gluon saturation phenomena
are dominant. In order for the theory to have predictive power, it is crucial to have a
consistent treatment of both inclusive and exclusive processes in DIS, and in forward
rapidity proton-nucleus collisions and ultraperipheral collisions of heavy ions. In
the high energy limit such a consistent, systematically perturbatively improveable,
framework for describing the physics of gluon saturation is provided by the Color
Glass Condensate (CGC) effective theory formulation. Here, the gluon fields of
the target are described in terms of Wilson lines, path ordered exponentials in the
strong color fields, which are measurable as the eikonal scattering amplitudes of a
light projectile passing through the field.
Here we will review recent progress on NLO calculations in the CGC picture,
concentrating on three different parts of the program towards a consistent frame-
work for small-x physics. We will first, in Sec. 2 discuss high energy (BK/JIMWLK)
renormalization group evolution of the Wilson lines and their correlators, i.e. eikonal
scattering amplitudes, with the energy scale of the process. We will then, in Sec. 3
move to calculations of the total DIS cross section in the dipole picture that natu-
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rally emerges in the CGC framework. Finally, in Sec. 4, we discuss single inclusive
particle production in forward rapidity proton-nucleus collisions. Exclusive pro-
cesses will be discussed in other contributions to this volume.
2. High energy evolution
Starting at next-to-leading order in perturbation theory, calculations of scattering
processes at very high energy contain large logarithms of the center of mass energy√
s which can be resummed into a RG evolution. In terms of Wilson lines, which
are appropriate for describing the scattering of small projectiles off a generic target,
this evolution is given by the JIMWLK equation1–3. In most applications one
only needs the scattering of a color dipole, whose evolution can be derived from
the JIMWLK equation in a mean field approximation. The corresponding closed
equation is known as the Balitsky-Kovchegov (BK) equation4,5.
2.1. Double logarithms and instabilities
The BK equation has now been derived up to NLO accuracy6–8. For the moment we
shall take into account only the most dominant of the NLO terms, which also require
a special treatment in order to lead to physically meaningful results. With (x,y)
the transverse coordinates of the dipole, the equation of interest for the S-matrix
Sxy(Y ) reads
∂Sxy
∂Y
=
α¯s
2pi
∫
d2z (x−y)2
(x−z)2(z−y)2
[
1−α¯s ln (x−z)
2
(x−y)2 ln
(z−y)2
(x−y)2
]
(SxzSzy−Sxy) , (1)
where α¯s = αsNc/pi and with Nc the number of colors. We stress that the variable,
for which the above equation has been derived, is the projectile rapidity Y . The
dipole is a right moving object with large plus longitudinal momentum q+ and
the target hadron a left moving object with minus longitudinal momentum, so
that s = 2q+P− is the COM energy squared. If a typical parton in the target
carries a fraction x0 of P
− and if Q0 is its typical transverse momentum, we define
p+ = Q20/2x0P
−. Then the rapidity variable is defined as the boost invariant ratio
Y = ln
q+
p+
= ln
x0s
Q20
= ln
x0
x
Q2
Q20
, (2)
where Q2 ∼ 1/r2 with r = |x − y| the dipole size and x = Q2/s as traditionally
defined. In the kinematical limit of interest, Y is assumed to be parametrically
large. In general, the scattering amplitude Txy = 1− Sxy is small when the target
is dilute, while it approaches the unitarity limit Txy(Y ) = 1 when the target is
dense or “saturated”. The two regimes are separated by a dynamically generated
scale, the saturation momentum Qs(Y ), which should be an increasing function
of the rapidity Y . In other words, the scattering amplitude should increase with
increasing Y and fixed dipole size r, or with increasing r and fixed rapidity Y . This
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is the physical expectation and this is indeed what happens when we keep only the
LO term in Eq. (1) as one can verify both numerically and analytically.
The next natural step is to solve Eq. (1) including the “non-conformal” NLO
term. In the regime where the daughter dipoles are large, i.e. for |x−z| ' |z−y| 
r, the double logarithm gets significantly large. For any reasonable value of the
coupling α¯s, the total contribution of the NLO term is larger in magnitude than
the one of the LO term, and because of its negative sign it leads to a particularly
awkward solution which exhibits an unphysical oscillating behavior. These features
have been confirmed by analytical studies and numerical solutions9–11.
Such big collinear logarithms spoil the convergence of the perturbative expansion
in α¯s and an all-orders resummation in the regime where large daughter dipoles
are emitted, can be the only resolution to the problem. As is always the case
in a Quantum Field Theory, large logarithmic contributions are associated with
a certain physical mechanism. Here, they are generated by diagrams in light-cone
perturbation theory in which the successive gluon (or dipoles at large-Nc) emissions
in the projectile are not only strongly ordered towards smaller (plus) longitudinal
momenta and larger dipoles sizes, as clear from the above discussion, but are also
ordered towards smaller lifetimes or equivalently larger light-cone energies11,12.
Simply by enforcing this time-ordering in the projectile wavefunction, we are
led to a well-defined evolution which goes beyond a fixed order expansion in α¯s. In
fact there are two possibilities on how to proceed, and they are equivalent to the
order of accuracy. In the one approach, the resummation of the double collinear
logarithms is explicit in the evolution kernel and the ensuing equation reads11
∂Sxy
∂Y
=
α¯s
2pi
∫
d2z (x− y)2
(x− z)2(z − y)2 KDLA(ρxyz) (SxzSzy − Sxy) , (3)
where the kernel is given by
KDLA(ρ) ≡ J1(2
√
α¯sρ2)√
α¯sρ2
with ρ2xyz = ln
(x−z)2
(x−y)2 ln
(z−y)2
(x−y)2 . (4)
Eq. (3) remains a local equation in Y , like Eq. (1). When expanding to first non-
trivial order in α¯s we recover the NLO double logarithm in Eq. (1). But the all-
orders kernel exhibits a completely different behavior at large distance: the Bessel
function oscillates strongly when its argument gets large, and thus eliminates the
contribution of large daughter dipoles which could violate time-ordering.
In the other approach the respective evolution equation reads12
∂Sxy(Y )
∂Y
=
α¯s
2pi
∫
d2z (x− y)2
(x− z)2(z − y)2 ×Θ(Y −ρmin)
[Sxz(Y −∆xz;r)Szy(Y −∆zy;r)− Sxy(Y )] , (5)
where the two quantities ρmin and ∆xz;r are given by
ρmin = ln
1
r2minQ
2
0
and ∆xz;r = max
{
0, ln
|x−z|2
r2
}
, (6)
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and rmin is the size of the smallest of the three dipoles. Although we shall not
show the details here, which require to write Eq. (5) in an integral form, the shifts
in the arguments of the S-matrices are a direct consequence of the time-ordering
constraint. Again there is a change w.r.t. the LO BK equation only regarding the
contribution of the sufficiently large daughter dipoles. Contrary to Eq. (3), the
above keeps the LO dipole kernel but is a non-local equation in Y . Equations (3)
and (5) both reduce to the LO BK equation when expanded to LO in α¯s, while
they agree to all orders in α¯s so long as one is interested in the double logarithmic
contributions arising from the emission of very large dipoles. The pure α¯2s terms
(i.e. terms of order O(α¯2s) not enhanced by large collinear logarithms) in the two
equations are not the same, but they can be made to match each other and also
match the respective terms of the full NLO BK equation.
Eqs. (3) and (5) have been solved as initial value problems13,14, using typical
initial conditions like the MV model15,16. The solutions seem to be stable, but there
are many issues in the results which are puzzling. The solution to the BK equation
is always characterized by the speed λ = d lnQ2s/dY of the evolution and the slope
γ = d lnT/d ln r2 in the perturbative side of the amplitude. The aforementioned
equations lead to a somewhat low speed (such that after taking into account all the
NLO corrections, it is difficult to cope with the phenomenology) and a significantly
larger slope when compared to the LO dynamics. For fixed coupling evolution one
finds that γ is close to 1 or even larger than 1, except for values of α¯s which are
unnaturally small. Given that at LO the asymptotic value γ ' 0.63 is a hallmark
of BFKL dynamics and saturation, one may wonder why this feature is lost when
moving to NLO and beyond.
The first thing to realize, is that Y is not the correct variable to use. It was
merely introduced since in the presence of saturation it is much easier to calcu-
late using the kinematics of the projectile which is a simple object. Instead, we
should use the target rapidity η defined as the logarithm of the ratio of the minus
longitudinal momenta, namely
η = ln
x0P
−
q−
= ln
x0s
Q2
= Y − ρ. (7)
We have defined the minus longitudinal momentum of the dipole according to 2q− =
Q2/q+ and the logarithmic variable ρ = ln 1/r2Q20. When doing DIS of a photon
off the hadronic target, typically Q2 is also the virtuality of the photon and thus η
is closely related to the logarithm of the Bjorken variable. Moreover, since we are
mostly interested in a situation where Q2  Q20, the rapidities Y and η can be very
different. We express the results in terms of the physical variable η defining
S¯xy(η) ≡ Sxy(Y = η + ρ), (8)
from which we extract the saturation momentum Q2s(η). We find that indeed the
evolution in terms of η is faster, since the new speed reads λ¯ = λ/(1−λ), while the
shape of the amplitude is less steep since the new slope is given by γ¯ = γ(1− λ).
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Still, there are two serious issues, which seem too difficult to deal with using the
current procedure. First, we have not been very careful about the initial condition at
Y = 0 when solving Eqs. (3) or (5). In fact, these two equations are boundary value
problems, more precisely a condition must be given at Y = ρ, but such a problem
looks very hard to solve. A workaround, would be to write an initial condition at
Y = 0 which reproduces via evolution the desired amplitude, e.g. the MV model,
at Y = ρ. This has been exactly done only at the level of linear evolution in the
DLA17, but it looks almost impossible to do it for the non-linear equation. Second,
the shift ∆ in Eq. (5), is not really uniquely defined as we have written in Eq. (6),
rather it can be only specified within double-log accuracy. This arbitrariness in
the choice of ∆ leads to a small reasonable uncertainty in the results terms of
Y . However, such a scheme dependence becomes very strong when expressing the
results in terms of η and leaves the whole approach without any predictive power17.
For example, for certain schemes which at a first sight look fair, the speed λ¯ turns
out to be physically non-acceptable even for typical values of α¯s.
2.2. Evolution in the target rapidity
The way to avoid the difficulties encountered at the end of Sect. 2.1 is rather simple.
Instead of making the change of variables given in Eq. (8) on the solution, we shall
do it directly on the evolution equation. Focusing on the non-local version in Eq. (5),
it is an easy exercise to show that going from (Y, ρ) to (η, ρ) leads to17
∂S¯xy(η)
∂η
=
α¯s
2pi
∫
d2z (x− y)2
(x− z)2(z − y)2
×Θ(η−δxyz)
[
S¯xz(η−δxz;r)S¯zy(η−δzy;r)− S¯xy(η)
]
, (9)
where the shifts are given by
δxz;r = ln
|x−z|2
r2
−∆xz;r = max
{
0, ln
r2
|x−z|2
}
, δxyz = max{δxz;r, δzy;r}. (10)
We are still looking at the evolution from the projectile point of view, since the
transverse sector involves the splitting of a dipole into two. The equation remains
non-local where now the shift is effective only when one of the daughter dipoles
is very small. When evolving in η time ordering is trivially satisfied, while it is
only due to the shift δ in Eq. (10) that k+ ordering is also guaranteed to hold.
As before, the prescription for the shift is not unique beyond double-logarithmic
accuracy. Finally, let us mention that we can truncate Eq. (9) to second order in
α¯s by expanding to first order in the shift. Not surprisingly, the ensuing equation
contains a large double logarithm when a small daughter dipole is formed. Although
such an emission is atypical in the course of evolution, it can give rise to instabilities
when η gets large due to BFKL diffusion, and thus it is mandatory that one use
Eq. (9) which effectively resums such logarithmic contributions to all orders in α¯s.
The most essential feature of Eq. (9) is that, contrary to Eq. (5), it is an initial
value problem. We can specify a physical condition S¯xy(η = 0) = S¯
(0)
xy and proceed
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to solve the equation. The solution shows a weak dependence on the detailed form
of the shift δ, e.g. the uncertainty in the value of the speed λ¯ is of order O(α¯2s),
which is precisely what we should expect to the order of accuracy. Also the speed
does not show any weird behavior, and the ratio λ¯/α¯s is a monotonic function of
α¯s, namely it decreases when the coupling increases. Thus, we have a procedure
which contains the proper physics in a controlled approximation.
2.3. Beyond double logarithms
So far we have focused on the higher order terms enhanced by double collinear
logarithms, but there are other large corrections to be taken into account. The NLO
BK equation also contains single transverse logarithms13, for which it is intuitively
clear that they stand for DGLAP corrections on top of the small-x evolution. That
is, we can have a sequence of two emissions where only the first one is enhanced
in the longitudinal sector, while both are strongly ordered in dipole sizes, either
towards large daughter dipoles or towards dipoles of which one is much smaller. To
a first approximation, such effects can be naturally resummed by inserting a power
law suppression in the evolution kernel. More precisely, we introduce the factor
KA1 =
[
(x− y)2
min{(x− z)2, (z − y)2}
]±A1
, (11)
with A1 = 11/12 the familiar coefficient in the relevant DGLAP anomalous dimen-
sion. The sign in the exponent is such that KA1 is never larger than one.
The last corrections that are mandatory to be included, are those related to the
running coupling. We recall that on the r.h.s. of the NLO BK equation there is a
term proportional to the first coefficient of the QCD β-function and which reads6,7
b¯α¯2s
2pi
∫
d2z (x−y)2
(x−z)2(z−y)2
[
ln(x−y)2µ2− (x−z)
2−(y−z)2
(x−y)2 ln
(x−z)2
(y−z)2
]
. (12)
Here b¯ = (11Nc−2Nf)/12Nc, Nf is the number of flavors and µ is a renormalization
scale at which the coupling is evaluated. The logarithms can give large contributions
and spoil the convergence of the perturbative expansion when either r is very small
or very large compared to 1/µ or when the gluon at z is close to any of the legs of
the parent dipole. Thus µ must be chosen in such a way to guarantee that there
are no large logarithms for any size of the three dipoles involved in the splitting
process. Usually in QCD it is the hardest scale that determines the scale for the
running coupling and one readily sees that this is true also here. The choice of µ is
not unique and we shall list two different prescriptions which are equivalent to the
order of accuracy. The first one is just the smallest dipole scheme defined by
α¯min = α¯s(rmin) with rmin = min{|x− y|, |x− z|, |z − y|}. (13)
The second one is the BLM scheme, which in the current context means to choose
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µ so that the whole integrand in Eq. (12) vanishes. This leads to
α¯BLM =
[
1
α¯s(|x−y|) +
(x−z)2 − (z−y)2
(x−y)2
α¯s(|x− z|)− α¯s(|z − y|)
α¯s(|x− z|)α¯s(|z − y|)
]−1
, (14)
and it is an elementary exercise to show that α¯BLM reduces to α¯min for all the
configurations in which one of the three dipoles is much smaller than the other two.
Finally, we point out that there are other NLO corrections, which however are
not enhanced by large logarithms in any kinematic regime. It suffices to say that the
resummations which we reviewed here, can be matched to the full NLO BK equation.
Thus, we have a stable formalism which includes the necessary resummations and
is accurate to order O(α¯2s). In particular one must revise here the discussion given
in Sect. 2.2, where the matching was done only at LO (cf. Eq. (9)) and this is why
the uncertainty due to the choice of δ was of order O(α¯2s). When the matching is
lifted to NLO accuracy, we can show that such an uncertainty due to the choice of
a scheme is reduced to order O(α¯3s), as it should.
3. Total DIS cross section
The simplest scattering observable where the dipole S-matrix element Sxy appears
is the total deep inelastic scattering cross section. Here the leading order picture is
that the quark-antiquark dipole discussed in the context of the evolution equation
is a quantum fluctuation of the virtual photon emitted by the lepton. Depending
on the polarization state of the γ∗ one must consider separately transversally and
longitudinally polarized photons. Experimentally the polarization states are sepa-
rated using the kinematics of the scattered lepton and varying
√
s. Measuring both
cross sections will be a central part of the physics program at the EIC.
In this “dipole factorization” one separates the process into an impact factor
describing the fluctuation of the virtual photon into a partonic state, at leading
order a dipole and at NLO also a qq¯g state, and the scattering amplitude of this
state with the target, which at leading order is 1− Sxy. The term “impact factor”
is most often used for calculations in momentum space: for deep inelastic scattering
at small-x there is a momentum space calculation in Refs. 18,19. However, for the
eikonal scattering picture in general, and for nonlinear high energy evolution in the
CGC picture as discussed in Sec. 2, it is more convenient to work in mixed space,
with transverse coordinates and longitudinal momentum. The calculation of the
total DIS cross section in this formulation has been completed more recently in
Refs. 20–22. This is the formulation we will discuss in more detail here.
The theoretical tool of choice for these calculations is light cone perturbation
theory23–26. Here one calculates diagrammatically the perturbative expansion in
terms of bare Fock states of the incoming particle (in this case γ∗) state. The
coefficients of this expansion are known as the light cone wave functions. For the
NLO DIS cross section the calculation is thus based on obtaining the virtual photon
wavefunction to NLO accuracy.
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3.1. Leading order
In general, the total DIS cross section is obtained, via the optical theorem, from
the forward limit of the elastic photon-target scattering amplitude
σγ
∗
[A] =
2
2q+(2pi)δ(q′+ − q+)Re
[
i〈γ∗(~q ′, Q2, λ′)|1− SˆE |γ∗(~q,Q2, λ)〉i
]∣∣∣∣
~q ′→~q
(15)
Here the photon states |γ∗(~q,Q2, λ)〉i are interacting theory states, that must be
developed in a perturbation theory expansion in terms of the bare Fock states of
the theory. The eikonal scattering operator SˆE is diagonal in transverse position
space, and in the CGC expressed in terms of Wilson lines in the target gluon field.
At leading order, the only contributing photon Fock state is the quark-antiquark
dipole, and the corresponding tree-level virtual photon wave functions are easily
calculated. The resulting leading order expression
σγ
∗p
T,L(x,Q
2) = 2
∑
f
∫
dzd2bd2r
∣∣∣Ψγ∗→qq¯T,L ∣∣∣2 (1− S(b, r, x)) , (16)
has been widely used to describe HERA DIS data, with the dipole amplitude S
obtained from BK or JIMWLK evolution or from different more phenomenological
parametrizations.
3.2. Next to leading order
Fig. 1. Loop diagrams needed for the NLO γ∗ → qq¯ wavefunction. In addition to these diagrams
one must also include the corresponding “instantaneous interaction” contributions.
Fig. 2. Gluon emission diagrams needed for the γ∗ → qq¯g wavefunction. In addition to these
diagrams one must also include the corresponding “instantaneous interaction” contributions.
At NLO accuracy one must develop the interacting photon state in Eq. (15)
to include one loop corrections to the γ∗ → qq¯ wavefunction, shown in Fig. 1,
and the contribution of the qq¯g state, shown in Fig. 2. This calculation has been
done in Refs. 20,21 in the conventional dimensional regularization (CDR) scheme
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and independently in the four-dimensional helicity (FDH) scheme in Ref. 22. The
result can be written, using the notations of Ref. 22, as
σγ
∗
T,L [A] = σγ
∗
T,L
∣∣∣∣
qq¯
+ σγ
∗
T
∣∣∣∣
qq¯g
, (17)
where the qq¯ term is
σγ
∗
T,L
∣∣∣∣
qq¯
= 2
∑
f
∫
dzd2bd2r
∣∣∣Ψγ∗→qq¯T,L ∣∣∣2
×
{
1 +
(
αsCF
pi
)[
1
2
log2
(
z
1− z
)
− pi
2
6
+
5
2
]}
(1− S(b, r, x)) (18)
The qq¯g terms have slightly more complicated expressions20–22 that differ for the
trasverse and longitudinal polarizations, and involve the S-matrix elements for the
qq¯g Fock state scattering on the target
Sxyz =
Nc
2CF
[
SxzSzy − 1
N2c
Sxy
]
. (19)
where the nonlinear term is the same as in the BK equation as written in Eq. (3),
and the second, Nc-suppressed one, a part of the linear term.
Further details about the calculations leading to the NLO result can be found
in the original references, so let us here make a few remarks on the slight differ-
ences between the two independent calculations. It is important to note that the
split into the two terms (17) is not unique. Both the virtual (Fig. 1) and real
(Fig. 2) separately contain divergences that, at least in light cone quantization,
appear as logarithmic (transverse) UV ones. In coordinate space they correspond
to the configurations where the gluon (at z) is very close to its parent quark (at
x) or antiquark (at y). In the calculation these divergences are regularized us-
ing transverse dimensional regularization, and cancel between the real and virtual
terms in the end. This cancellation relies on the coincidence limit of the qq¯ and qq¯g
scattering amplitudes Sxyz −→
z→x Sxy, which is always satisfied by their definitions
in terms of Wilson line correlators. In practice the cancellation is effectuated by
subtracting from the real part a divergent term proportional to Sxy. This subtrac-
tion term must have the correct form in the limits z → x and z → y, but there
is freedom in choosing its functional form for other values of z. In addition to the
different variant of the dimensional regularization scheme, the calculation in Refs.
20,21 on one hand and in Ref. 22 on the other hand, differ by the choice of this
subtraction term. Thus the form in which the result is quoted is different, but the
actual expressions equivalent.
The NLO impact factor contains a large logarithm of the energy (or of Bjorken
x in the context of DIS). In the DIS case this large logarithm resides in the σγ
∗
T
∣∣
qq¯g
term in Eq. (17), which contains an explicit integral over the longitudinal mo-
mentum fraction of the gluon in the diagrams of Figs. 1 and 2. When the gluon
becomes very soft (i.e. the momentum fraction zg → 0), this integral yields a large
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logarithm of the lower cutoff, which kinematically is ∼ 1/xBj. This contribution
must be subtracted from the calculation of the cross section and absorbed into the
BK/JIMWLK evolution of the target in order to extract the finite genuinely NLO
contribution. This factorization procedure is much less straightforward in the case
of small x than for collinear factorization. It is tied in with the issues of collinear
logarithms or kinematical constraints in the NLO evolution discussed in 2. For
DIS, there is a preliminary numerical implementation of the cross section formu-
lae27. This work shows that indeed the NLO corrections are sizeable (several tens
of %), but controllable. In particular, there is a large cancellation between the two
different terms in Eq. (17), making the overall NLO correction smaller than the
two separate terms individually. However, a more systematical comparison with
experimental data has not yet been achieved, and it is not obvious if the factoriza-
tion procedure here is the optimal one. The issues here are largely the same as in
forward particle production, which has been discussed more in the recent literature.
Thus we will not discuss this further here, but return to the issue in that context
in Sec. 4.
3.3. Massive quarks
The calculation of the NLO DIS cross section discussed above was only performed
with massless quarks. The total charm quark cross section is likely to be an impor-
tant observable at the EIC. In particular, it is a more safely perturbative probe of
weak coupling physics than the total cross section, being less sensitive to very large
dipoles in the “aligned jet” (large r, small z(1 − z)) configurations allowed even
at large Q2 for massless quarks28. Currently the work to extend the calculation
described here to massive quarks is ongoing, and we shall briefly discuss the new
issues involved.
In principle what one should calculate are precisely the same diagrams as for
massless quarks. The presence of quark masses of course complicates somewhat the
kinematics and the algebra in the loop integrals. More important, however, is that
one must confront the known29–31 issues with quark mass renormalization in light
cone perturbation theory.
To start, let us examine in more detail the structure of the elementary fermion-
gauge boson vertex of QED or QCD, for exaxmple for the emission of a gauge
boson with momentum k from a quark with momentum p, with the quark after the
emission having 3-momentum ~p ′ = ~p− ~k:[
u¯h′(p
′)ε/∗λ(k)uh(p)
]
(20)
Using the properties of the free spinors u, u¯, v, v¯ and polarization vectors ε(k), and 3-
momentum conservation, this vertex can be expressed in terms of three independent
Lorentz structures: u¯h′γ
+uhδ
ijqiε∗jλ , u¯h′γ
+[γi, γj ]uhq
iε∗jλ and u¯h′γ
+γjuhmqε
∗j
λ .
The first two are light cone helicity conserving ones (∼ δh,h′) that are present
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independently of the quark mass. The third one is a light cone helicity flip term
∼ δh,−h′ , and is explicitly proportional to the quark mass. Note also that the
helicity flip vertex has one less power of the transverse momentum than the nonflip
one, thus resulting in less UV divergent contributions.
The inclusion of the additional helicity flip structure introduces two new kinds
mass-dependent UV divergent contributions. Firstly, in the first two diagrams of
Fig. 1 one can have a flip vertex at both ends of the quark line. Since for massless
quarks the transverse momentum integral in the loop is quadratically divergent,
this yields a logarithmic UV divergence proportional to m2q. This divergence is
absorbed into a renormalization of the quark mass squared appearing in the energy
denominator of the leading order wave function. The corresponding counterterm
is the “kinetic mass” counterterm, since it is associated with the kinetic property
of the mass as a parameter in the dispersion relation relating the energy p− to the
momentum p+,p. Secondly, in the second two (vertex correction) diagrams of Fig. 1
one can take one out of the three vertices to have a flip, and get a logarithmically
divergent contribution proportional to the quark mass mq. This divergence, on the
other hand, separately from the other one, is absorbed into a renormalization of
the quark mass appearing in the helicity flip part of the leading order vertex. The
associated counterterm is referred to as the “vertex mass” one, since it is related
to the role of the quark mass as the coefficent of the helicity flip amplitude in an
interaction with gauge bosons.
In a covariant formulation of the theory rotational invariance guarantees that
both the kinetic and vertex masses remain the same at all orders in perturbation
theory. However, in light cone quantization one chooses a specific coordinate axis as
the longitudinal one. If the regularization method used in loop calculations is not
rotationally invariant, the two counterterms can become different. This is indeed
the case for the scheme of transverse dimensional regularization and a cutoff in
the longitudinal (p+) momentum that has been used in NLO calculations of DIS
for mass. There are two possible ways to remedy this problem. One way is to
introduce an additional renormalization condition to separately determine the two
mass counterterms by enforcing rotational invariance order by order in perturbation
theory. A convenient possibility or the case of DIS is to require that the decay
amplitudes of transversally and longitudinally polarized timelike virtual photons
are equal. The other option is to examine more closely the regularization procedure
in the case of the problematic diagrams, which in this case are in fact the propagator
correction ones. By carefully combining them with the corresponding instantaneous
interaction diagrams before integration, and evaluating a specific subset of one-body
phase space integrals in a rotationally invariant manner, one can restore rotational
invariance without an additional renormalization condition. The full details of this
procedure will be explained in more detail in a forthcoming publication.
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4. Forward particle production in pA collisions
Particle production at forward rapidities and semi-hard transverse momenta in pro-
ton (or deuteron)-nucleus collisions at RHIC and the LHC is an important source
of information about the small-x part of the nuclear wavefunction, where gluon
occupation numbers are high and non-linear effects like gluon saturation and mul-
tiple scattering are expected to be important. On the theory side, the cross-section
for single-inclusive particle production has been computed32 up to next-to-leading
order (NLO) in the framework of the so-called “hybrid factorization”33, but the
result is problematic: the cross-section suddenly turns negative when increasing the
transverse momentum of the produced hadron, while still in the semi-hard regime34.
Various proposals to fix this difficulty, by modifying the scale for the rapidity sub-
traction, have only managed to push the problem to somewhat larger values of the
transverse momentum35.
In a recent paper36, it has have argued that this negativity problem is an artefact
of the approximations used within hybrid factorization in order to obtain a result
which looks local in rapidity. On that occasion, it has also been proposed a more
general factorization scheme, which is non-local in rapidity but yields a manifestly
positive cross-section to NLO accuracy. Subsequently, this whole strategy has been
extended to the calculation of the DIS structure functions at NLO27.
Another subtle issue refers to the use of a running coupling within the non-
local factorization. Indeed, the cross-section is written in momentum space, but it
involves the solution to the BK equation, which is most naturally solved in coor-
dinate space; the mismatch between the respective prescriptions for the running of
the coupling can lead into trouble37. A solution to this difficulty that was recently
proposed38 will be briefly reviewed here.
4.1. Leading order formalism
For simplicity, we focus here on the q → q channel and do not consider the frag-
mentation functions. To leading order (LO) in the “hybrid factorization”, quark
production at forward rapidities in pA collisions proceeds as follows: a quark which
is initially collinear with the incoming proton scatters off the dense gluon distribu-
tion in the nuclear target and thus acquires a transverse momentum k. The LO
quark multiplicity is computed as follows:
dNLO
d2k dη
=
xpq(xp)
(2pi)2
S(k, Xg) , S(k, Xg) =
∫
d2r e−ik·rS(r, Xg), (21)
where η is the rapidity of the produced quark in the center-of-mass frame, xpq(xp)
is the quark distribution of the proton, and xp = (k⊥eη/
√
s) and Xg = (k⊥e−η/
√
s)
are the longitudinal momentum fractions carried by the partons participating in
the collision — a quark from the proton and a gluon from the nucleus. The forward
kinematics corresponds to η positive and large, which implies Xgxp<1.
Furthermore, S(k, Xg) is the relevant unintegrated gluon distribution (the
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“dipole TMD”), obtained as the Fourier transform of the S-matrix S(r, Xg) for
the elastic scattering between a quark-antiquark color dipole with transverse size
r and the nucleus. This quantity depends upon Xg via the high energy evolu-
tion responsible for the rise in the gluon distributions with decreasing Xg. To the
LO accuracy at hand, this evolution is described by (the LO version of the) the
BK equation4,5, which resums to all orders the radiative corrections ∝ (α¯sYg)n,
with Y ≡ ln(1/Xg). These corrections are associated with successive emissions of
soft gluons, which are strongly ordered in longitudinal momenta and hence can be
computed in the eikonal approximation.
The LO BK equation is boost invariant — it equivalently describes the high-
energy evolution of the dipole projectile, or of the nuclear target. For what follows
it is suggestive to vizualize this evolution in a Lorentz frame in which the “primary”
gluon (the one which is closest in rapidity to the dipole) is emitted by the dipole,
whereas all the other “soft” gluons belong to the nuclear wavefunction (see Fig. 3
for an illustration). Then the LO BK equation can be written in integral form,
S
(
x,y;Xg
)
= S(x,y;X0) +
α¯s
2pi
∫ 1
Xg/X0
dx
x
∫
d2z (x− y)2
(x− z)2(z − y)2
× [S(x, z;X(x))S(z,y;X(x))− S(x,y;X(x))] , (22)
where x and y are the transverse coordinates of the quark and antiquark legs of
the dipole (so, r = x−y) and z is the transverse position of the primary gluon,
which carries a fraction x  1 of the longitudinal momentum of the incoming
quark. Furthermore, X0 is the value of X at which one starts the high-energy
evolution of the target, S(x,y;X0) is the corresponding initial condition (say, as
given by the McLerran-Venugopalan (MV) model15,16), and X(x) ≡ Xg/x is the
longitudinal momentum fraction of the gluons in the target which are probed by
the scattering. Notice that ln(1/X(x)) = ln(x/Xg) = Yg − ln(1/x) is the rapidity
separation between the primary gluon and the valence partons in the nucleus.
4.2. The NLO impact factor
At NLO, one needs to also include the “pure-αs” corrections, i.e. the radiative
corrections of O(αs) which are not enhanced by Yg. These can be divided into
two classes: (i) NLO corrections to the high-energy evolution, i.e. to the kernel
(more generally, to the structure) of the BK equation, and (ii) NLO corrections to
the “impact factor”, i.e., to the “hard” matrix element which describes the quark-
nucleus scattering in the absence of any evolution, that is for Xg ∼ X0.
The LO impact factor describes the scattering between a bare quark collinear
with the proton and the nucleus. At NLO, the wavefunction of the incoming quark
may also contain a “primary” gluon with longitudinal fraction x (cf. Fig. 3). For
x 1, this primary emission was already included in the LO evolution, as manifest
in Eq. (22). The NLO correction to the impact factor is rather associated with a
relatively hard primary emission, with x ∼ O(1), which must be computed exactly
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Fig. 3. A graph contributing to the amplitude for forward quark. When the longitudinal
fraction x of the “primary gluon” (the gluon directly emitted by the quark) is small, x 1,
this graph is a part of the high-energy evolution of the LO multiplicity. But for generic
values x ∼ 1 (non-eikonal emission), it contributes to the NLO impact factor.
(i.e. beyond the eikonal approximation). In practice though, it turns out that
separating the LO evolution from the NLO correction to the impact factor is quite
subtle. For this reason, we shall first present an “unsubtracted” expression for the
NLO quark multiplicity36 in which these two effects are mixed with each other.
The LO multiplicity (21) receives NLO corrections proportional to the Nc and
CF color factors which have been computed in Refs. 32,39. To keep the discussion
simple, we shall only consider the Nc terms which are
40 the origin of the negativity
problem observed in Ref. 34. Besides, we shall treat the dipole evolution to LO
(the running coupling corrections will be later added). Finally, we shall focus on
relatively hard momenta k⊥ & Qs(Xg) for the produced quark, since this is the most
interesting case for the phenomenology and also the regime where the negativity
problem has been observed in the literature35. The sum of the LO and NLO
contributions proportional to Nc can be written as
36
dNLO+Nc
d2k dη
=
xpq(xp)
(2pi)2
S(k, X0) + α¯s
2pi
∫ 1
Xg/X0
dx
x
K(k, x,X(x)), (23)
where the first term in the r.h.s. is the tree-level contribution (or equivalently
the initial condition at Xg = X0), whereas the second term encodes, in compact
but rather formal notations, all the quantum corrections which are relevant to the
accuracy of interest: the Nc piece of the NLO corrections to the impact factor and
the LO BK evolution of the dipole S-matrix. The kernel K(k, x,X(x)) is built
with vertices for the (generally, non-eikonal) emission of the primary gluon and
with dipole S-matrices — evolved from X0 down to X(x) = Xg/x — describing the
scattering between the nuclear target and the 2-parton projectile (the original quark
plus the primary gluon). Explicit expressions can be found in Refs. 32,36,38,39.
We shall refer to the formula in Eq. (23) as “unsubtracted”, since the NLO
corrections are not explicitly separated from the LO result. This formula has been
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Fig. 4. Numerical results comparing the LO result, Eq. (21), with different formulations of the
NLO factorization: “unsubtracted”, cf. Eq. (23), “subtracted”, cf. Eq. (25), and “CXY”, cf.
Eq. (26). Left: fixed coupling. Right: Running coupling with mixed RC prescriptions: transverse-
space prescription α¯s(k⊥) for the primary gluon emission, but coordinate-space (Balitsky) pre-
scription for the BK equation. These results are taken from Ref. 37, to which we refer for more
details.
numerically evaluated in Ref. 37, with the result shown in the left panel of Fig. 4 (the
curve denoted as “unsubtracted”). This result is seen to be positive, as expected on
physical grounds, and also smaller than the respective LO result — meaning that
the NLO corrections are negative. In order to disentangle these corrections from
the LO contribution and also make contact with the original calculations32,34,39, it
is useful to observe that the LO result (21) can be recovered from Eq. (23) by taking
the eikonal limit x→ 0 in the emission vertices (while keeping the x-dependence in
the rapidity arguments X(x) of the dipole S-matrices); that is,
dNLO
d2k dη
=
xpq(xp)
(2pi)2
S(k, X0) + α¯s
2pi
∫ 1
Xg/X0
dx
x
K(k, x = 0, X(x)). (24)
This is indeed consistent with equations (21) and (22), since the integral term
above is the same as the Fourier transform of the respective term in Eq. (22) times
xpq(xp)/(2pi)
2. By subtracting Eq. (24) from Eq. (23), one finds
dNLO+Nc
d2k dη
=
dNLO
d2k dη
+
α¯s
2pi
∫ 1
Xg/X0
dx
x
[K(k, x,X(x))−K(k, x = 0, X(x))]. (25)
The equivalence between Eqs. (23) and (25) is confirmed by the numerical study in
Ref. 37: the “subtracted” curve in Fig. 4 (left), as obtained by numerically comput-
ing the r.h.s. of Eq. (25), perfectly matches the “unsubtracted” curve obtained from
Eq. (23). But from the previous discussion, it should be clear that this equivalence
relies in an essential way on the fact that the dipole S-matrix is an exact solution to
the LO BK equation. Any approximation in solving this equation or in evaluating
the NLO correction (the integral term) in the r.h.s. of Eq. (25) would lead to dif-
ferences with potentially dramatic consequences. This observation is important in
view of the fact that the “subtracted” formula (25) is not quite the same as the NLO
prediction32,39 of the hybrid factorization (or the closely related kT -factorization).
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The latter is local in rapidity, that is, the NLO correction to the impact factor is
fully factorized from the high-energy evolution, which is evaluated at the scale Xg
(corresponding to the maximal rapidity separation between the projectile and the
target). By contrast, the NLO correction in Eq. (25) is non-local in rapidity : it
involves the dipole evolution at all the intermediate scales X0 > X(x) > Xg.
In order to arrive at the “kT -factorized” formula presented in
32,39, which is local
in X, certain approximations need to be made. First, one observes that due to the
subtraction in Eq. (25), the integral is dominated by large values x ∼ 1. Hence, to
the NLO accuracy of interest, it is justified to (i) replace the rapidity argument
of the dipole S-matrices by its value at x = 1, i.e. X(x) → X(1) = Xg, and (ii)
ignore the lower limit Xg/X0  1 in the integral over x. One thus obtains
dNLO+c
d2k dη
∣∣∣∣
CXY
=
dNLO
d2k dη
+
∫ 1
0
dx
x
[K(k, x,Xg)−K(k, x = 0, Xg)], (26)
where all the S-matrices implicit in the r.h.s. are evaluated at the scale Xg.
Eq. (26) is not anymore equivalent to Eqs. (23) and (25) and, despite the seem-
ingly reasonable approximations, it is rather pathological, as it rapidly becomes
negative when increasing the transverse momentum of the produced quark. This
is demonstrated by the curve “CXY” in the left panel of Fig. 4, obtained37 by
numerically evaluating the r.h.s. of Eq. (26). The reason is that the replacement
X(x)→ Xg in the argument of the dipole S-matrix leads to an over-subtraction: the
negative contribution proportional to K(k, x = 0, Xg) becomes too large in magni-
tude and overcompensates for the LO piece. Moreover, the replacement Xg/X0 → 0
in the lower limit is not physically motivated, since it violates constraints imposed
from the correct kinematics, and thus it introduces spurious contributions.
4.3. Adding a running coupling
So far, we have considered the academic case of a fixed coupling, but it is quite clear
that, both for the consistency of the NLO calculation and for realistic applications to
phenomenology, it is necessary to include the effects of the running of the coupling.
Since the transverse momentum k⊥ of the produced quark is the largest scale in the
problem, it is intuitively clear that this is also the scale which controls the running
of the coupling. It therefore looks reasonable to generalize the previous results by
simply replacing α¯s → α¯s(k⊥) in the primary emission vertices in equations (23)
and (25), while simultaneously using rcBK (the LO BK equation with a running
coupling) for the evolution of the dipole S-matrix. Yet, a moment of thinking reveals
that such a procedure is not exempt of ambiguities, which in some cases may lead
to serious problems. We now present several examples in that sense36–38.
In practice, it is preferable (for many good reasons37) to solve rcBK in the
transverse coordinate space, meaning that the respective running coupling (RC)
prescription must be formulated in coordinate space as well. Clearly, the scale
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dependence of the RC does not “commute” with the Fourier transform (FT), e.g.
α¯s(k⊥)K(k, x,X(x)) 6=
∫
d2r e−ik·rα¯s(r⊥)K(r, x,X(x)) , (27)
where K(r, x,X(x)) is the FT of K(k, x,X(x)). One may interpret this mismatch
as merely a part of our scheme dependence, but in some cases it may have dramatic
consequences.
First, it spoils the equivalence between the “unsubtracted” and “subtracted”
expressions for the NLO multiplicity. Recall indeed that in going from Eq. (23)
to Eq. (25), we have used the fact that the integral term in Eq. (24) coincides
with the Fourier transform of the r.h.s. of the LO BK equation. Clearly, this
property is spoilt after replacing α¯s → α¯s(k⊥) in Eq. (24), while at the same time
using the coordinate-space version of the rcBK equation. Due to the fine-tuning
inherent in the derivation of the “subtracted” expression, any such a mismatch
could lead to a resurgence of the negativity problem. This is indeed observed by the
numerical study in37 (see the right plot of Fig. 4): whereas the “unsubtracted” result
remains positive and shows a similar trend as at fixed coupling, the “subtracted”
one eventually turns negative, albeit at some larger value for k⊥ than for the “kT -
factorized” expression (26) (now extended to a RC).
In order to cope with such issues, an alternative numerical implementation in
which the calculation is fully performed in coordinate space was suggested37. In
particular, the integral term in Eqs. (23) or (25) is constructed as in the r.h.s. of
Eq. (27), that is, as the FT of a quantity originally computed in coordinate space.
To get more insight on the role of the RC in this context, it is instructive to consider
the eikonal limit x→ 0, in which Eq. (23) reduces to the LO result in Eq. (24). In
coordinate space and with a RC, the integrand there should be understood as
“α¯s(r⊥)K(r, x = 0)′′ =
xpq(xp)
(2pi)2
∫
d2x
2pi
α¯s(r)r
2
x2(x−r)2 [S(x)S(r − x)− S(r)] , (28)
where α¯s(r) within the integrand generically refers to any coordinate-space RC pre-
scription which also depends upon the size r of the parent dipole; e.g., the smallest
dipole prescription α¯s(rmin), with rmin ≡ min{|r|, |x|, |r − x|}. The generalization
of Eq. (28) to generic (non-eikonal) values of x can be found in Refs. 37,38.
The final results for the NLO quark multiplicity obtained via this procedure37
turned out to be extremely peculiar and physically unacceptable: not only they
are dramatically different from the results obtained with the momentum-space pre-
scription α¯s(k⊥), but they also show an unphysical trend: the NLO corrections are
very large and positive, and rapidly increase with k⊥ (see the comparison between
the curves “rcBK(rmin)” and “α¯s(k⊥)” in the left plot in Fig. 5).
The origin of this problem and also a solution to it have been identified38. Once
again, this is related to the non-commutativity of the RC with the FT. We have
no place here to explain the precise technical problem in the context of the NLO
multiplicity, but we can illustrate it with a simpler example38: this is Eq. (27) with
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Fig. 5. Left: Ratio of the NLO multiplicity (including only the Nc terms) and the LO one for
different prescriptions of the running coupling. Right: Ratio of the total NLO quark multiplicity
(including both the Nc and CF terms) and the LO one for three running coupling prescriptions.
For comparison, we also show the results for α¯s(k⊥) when including only the Nc terms (same as
the curve “α¯s(k⊥)” in the left panel). For both figures
√
s = 500 GeV, η = 3.2 and the evolution of
the color dipoles is obtained by solving the Balitsky-Kovchegov equation with the smallest dipole
prescription using an MV16 initial condition at X0 = 0.01.
the kernel K replaced by the dipole S-matrix, evaluated at tree-level and in the
single scattering approximation: S = 1 − T with T = r2⊥Q2s ln 1r2⊥Λ2 . The FT of S
(i.e. the analog of the l.h.s. of Eq. (27)) is controlled by the logarithmic singularity
of T as r⊥ → 0, which yields
α¯s(k⊥)
∫
d2r e−ik·r
(
−r2⊥Q2s ln
1
r2⊥Λ2
)
=
16piα¯s(k⊥)Q2s
k4⊥
. (29)
This is the expected result for the high-k⊥ tail of the quark multiplicity within the
MV model. On the other hand, when inserting the RC α¯s(r) inside the integrand,
the mathematics goes very differently: the RC itself has a logarithmic singularity
as r⊥ → 0, due to the asymptotic freedom, which now dominates the FT:∫
d2r e−ik·rα¯s(r⊥)S(r) '
∫
d2r e−ik·rα¯s(r⊥) ' − 4pi
b¯[ln(k2⊥/Λ2)]2
1
k2⊥
. (30)
(We have used α¯s(r⊥) =
[
b¯ ln 1
r2⊥Λ
2
]−1
.) Both the sign and the power law tail in
Eq. (30) are different from the correct ones in Eq. (29). This is very similar with
the results for the coordinate-space calculation “rcBK(rmin)” in Fig. 5.
This example suggests that the difficulty encountered with the coordinate-space
calculation in Ref. 37 is due to the fact that the argument of the RC depends
upon the parent dipole size r (the coordinate involved in the FT). Accordingly, the
solution to this problem as suggested in Ref. 38 consists in using a different RC
prescription, which is independent of r and hence commutes with the FT: in the
notations of Eq. (28), this is the daughter dipole prescription α¯s(x⊥). With this
prescription, the coordinate-space calculation becomes remarkably close to that
using the momentum-space prescription α¯s(k⊥) (see the left plot in Fig. 5).
This being said, the daughter dipole prescription is not ideal either: First, it
is so finely-tuned that one cannot study the scheme-dependence of the calculation.
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Second, it cannot be extended to the NLO corrections proportional to the quark
Casimir CF. We thus consider that the most physical choice in the general case is
the momentum space prescription α¯s(k⊥). In Fig. 5 (right) we show the results we
obtain when including both the Nc and CF NLO corrections with fixed, momentum-
space and coordinate-space RC. For comparison we also show the results obtained
with the momentum space prescription including only the Nc NLO terms. This
allows us to see that the inclusion of the CF terms has a sizable effect and, being
opposite in sign compared to the Nc terms, they reduce the size of the NLO cor-
rections to the cross-section. This cancellation is similar to the one for the DIS
cross section discussed in Sec. 3 between the qq¯-term (with color factor CF) and the
qq¯g-term that has the color factor Nc of the BK equation.
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Probing nuclear gluons with heavy flavor production at EIC
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The nuclear modifications of the parton densities in different regions of x (EMC effect, an-
tishadowing, shadowing) reveal aspects of the fundamental QCD substructure of nucleon
interactions in the nucleus. We study the feasibility of measuring nuclear gluon densities
at large x using open heavy flavor production (charm, beauty) in DIS at EIC. This in-
cludes (a) charm production rates and kinematic dependences; (b) charm reconstruction
at large xB using exclusive and inclusive modes, enabled by particle identification and
vertex detection; (c) impact of inclusive charm data on nuclear gluon density.
Keywords: Heavy flavor production in DIS, nuclear gluon densities, EMC effect
1. Introduction
Measurements of nuclear parton densities are an essential part of the EIC physics
program.1 The nuclear modifications in different regions of x (EMC effect, an-
tishadowing, shadowing) reveal aspects of the fundamental QCD substructure of
nucleon interactions in the nucleus. Of particular interest are the modifications of
the nuclear gluon densities at large x, i.e., their possible suppression at x > 0.3
(gluonic EMC effect) or enhancement at x ∼ 0.1 (gluon antishadowing). Nuclear
gluon densities at x > 0.1 have so far been determined only indirectly, through the
Q2 dependence of inclusive nuclear DIS cross sections (DGLAP evolution).
Open heavy flavor production (charm, beauty) in DIS provides a direct probe of
the gluon density in the target. At leading order (LO) in the pQCD expansion the
heavy quark pair is produced through the photongluon fusion process (see Fig. 1a);
higher-order QCD corrections have been and are under good theoretical control
(uncertainties, stability).2 Extensive measurements of open charm and beauty pro-
duction have been performed at HERA in ep DIS at xB < 10
−2 and found good
agreement with the QCD predictions.3,4
The EIC would make it possible to use heavy flavor production as a probe of
nuclear gluon densities. The EIC luminosity of ∼ 1034 cm−2 s−1 per nucleon (∼ 102
times higher than HERA) would substantially increase the heavy flavor production
rates and allow one to extend such measurements to xB & 0.1. Next-generation
detection capabilities (particle identification or PID, vertex detection) would enable
new methods of charm reconstruction at large xB using exclusive and inclusive
modes. Altogether such measurements could significantly advance knowledge of
nuclear gluon densities at large xB . Their feasibility and impact should therefore
be studied with high priority and inform the detector design.5,6 Here we report
some results of the study of Ref.5 and on-going efforts.
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Fig. 1. (a) Charm production in DIS in LO QCD. (b) Esti-
mated number of DIS events (dashed lines) and charm events
(solid lines) in DIS at EIC (CM energy seN = 2000 GeV
2, in-
tegrated nucleon luminosity 10 fb−1). The bins in xB are 5 per
decade as indicated on the plot. Q2 is integrated from the lower
value indicated (5 or 20 GeV2) to the kinematic limit at the
given xB . (c) Rapidity distribution of cc¯ pairs produced in in
DIS events with xB = 0.1, for electron/nucleon beam energies
5×100 GeV and 10×50 GeV.
(a)
2. Charm production at large xB.
Charm production rates in eN DIS have been estimated using QCD cross sections
and phase space integration (LO formulas, HVQDIS LO/NLO code7). Figure 1b
shows the charm rates differentially in xB (5 bins per decade) and integrated over
Q2 (two different lower limits), for an integrated luminosity of 10 fb−1; it also shows
the total DIS rates in the same bins. One observes: (a) The charm production rates
decrease rapidly above xB ∼ 0.1, due to the drop of the gluon density. Neverthe-
less charm rates of few ×105 are achieved at xB ∼ 0.1 with 10 fb−1 integrated
luminosity. (b) The fraction of DIS events with charm production at xB ∼ 0.1 is
∼ 1% for Q2 > 5 GeV2 (∼ 2% for Q2 > 20 GeV2). These observations define the
baseline requirements for charm reconstruction at large xB with EIC: the charm
reconstruction efficiency should be &10%, and the reconstruction methods have to
work in an environment where charm events constitute only ∼1% of DIS events.
Fig. 1c shows the rapidity distributions of the produced cc¯ pairs in collider exper-
iments. As an example it shows the distributions for two different electron/nucleon
beam energies, 5×100 GeV and 10×50 GeV, corresponding to the same CM energy
s = 2000 GeV2. One sees that charm pairs at xB ∼ 0.1 are produced at central
rapidities, where good PID and vertex detection is provided by the central detector.
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Fig. 2. (a) Exclusive D meson decays into charged pi/K final states. (b) Charm reconstruction
using the decay length significance distribution in inclusive D-meson decays.
3. Charm reconstruction at large xB with EIC
Charm events are identified by reconstructing the D mesons that are produced by
charm quark fragmentation and subsequently decay into pi and K. Charm recon-
struction at large xB relies essentially on the PID and vertex detection capabilities
of the EIC detectors and has been simulated using a schematic detector model5.
Two different methods are being considered:
(a) Exclusive method, in which individual D mesons are reconstructed from exclu-
sive decays into charged hadrons (see Fig. 2a). Experiments at HERA-I made
extensive use of the D∗ channel, which exhibits a distinctive two-step decay
D∗ → D0pi+(slow), D0 → K−pi+, and can be reconstructed without PID or vertex
detection, but provides a reconstruction efficiency of only ∼1%.4 At EIC the PID
and vertex capabilities allow one to use also other D-meson decays (D0, D+, D+s );
summing these channels increases the overall efficiency to ∼6%.4
(b) Inclusive method, in which D mesons are identified through inclusive decays
with a displaced vertex using the decay length significance distributions (hadronic
and semileptonic decays, see Fig. 2.3 This technique was used at HERA-II for charm
reconstruction at xB < 10
−2. At EIC the combination with PID and improved ver-
tex detection would make it possible to use this method at larger xB . The overall
efficiency achievable with this method is estimated at ∼25%.
Both charm reconstruction methods are expected to be applicable in the high-
background environment of DIS at xB & 0.1. The overall efficiency would be
sufficient for F2c measurements and large-x gluon density extraction. Systematic
uncertainties need to be studied with a detailed detector design.
4. Impact on large-x nuclear gluons
The impact of open charm measurements at EIC on the nuclear gluon densities
has been studied using a Monte-Carlo reweighting method8. Figure 3a shows a
sample set of pseudodata for the nuclear charm structure function F c2A(x,Q
2); the
errors in the measured region are dominated by systematics and estimated at ∼10%.
(The F c2A measurements could be extended to larger xB , where statistical errors
dominate.) Figure 3b shows the impact of the pseudodata on the nuclear gluon
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Fig. 3. (a) Sample set of pseudodata in the nuclear charm structure function F c2A used in the
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(b) Impact of charm pseudodata on the nuclear gluon PDF.
density (here EPS09 LO;9 NLO simulations are in progress). One sees that the
charm data substantially reduce the gluon uncertainties at x > 0.1 and would allow
one to establish the presence of a “gluonic EMC effect.”
5. Summary
A high-luminosity EIC with next-generation detectors would offer excellent oppor-
tunities for measurements of open heavy flavor production in ep/eA scattering. The
charm production rates appear sufficient to constrain nuclear gluons at x > 0.1, if
charm reconstruction could be performed with an overall efficiency > 10%. Heavy
quark production at EIC could also be used for other physics studies, such as
heavy quark fragmentation functions, jets physics, and heavy quark propagation
and hadronization in nuclei.
This material is based upon work supported by the U.S. Department of Energy, Office of
Science, Office of Nuclear Physics under contract DE-AC05-06OR23177.
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Week 7 of the INT program 2018 “Probing Nucleons and Nuclei in High Energy Colli-
sions” was dedicated to topics at the interface of the electron-ion collider (EIC), heavy
ion and proton-nucleus collisions. The EIC will provide complementary tools to investi-
gate and constrain the initial state in HIC collisions, as well as transport properties of
QCD matter which can be extracted from observables that are sensitive to final states in-
teractions such as pt-broadening and energy loss. The contributed talks and discussions
covered a variety of physics topics from saturation physics and the origin of multi-particle
correlations in HIC to jet quenching and the strong coupling regime of high energy scat-
tering.
Keywords: Jets, nuclear PDF, Jet quenching, small-x physics, Holography
1. Saturation physics and the Color Glass Condensate
At high energy the nuclear wave function is characterized by a large number of soft
gluons that is bound to saturate as a consequence of unitary. The phenomenon of
gluon saturation is expected to take place at values of x of order 10−2 or smaller
and is accessible at RHIC and the LHC, and will be probed at the future EIC.
In this regime, standard perturbation theory breaks down and the relevant de-
grees of freedom are strong classical fields that scale parametrically like A ∼ 1/g,
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where g  1 is the strong coupling constant. The theory of the Color Glass Con-
densate (CGC) consists in separating in rapidity the forward moving color charges
which are treated as stochastic classical sources and the strong gluonic fields gener-
ated by them. It provides an initial condition for heavy ion collisions characterized
by high occupation number of gluons. It was shown in several simulations based on
solving Yang-Mills equations and kinetic theory that such highly occupied systems
tend to exhibit hydrodynamic behavior before they reach thermal equilibrium.
Saturation physics in the context of the EIC was extensively discussed in previ-
ous weeks of the program. In week 7, K. Watanabe presented work on quarkonium
production in the CGC and argues that factorization breaking effects due to soft
gluon exchanges between the cc¯ pair factorization may be enhanced in pA colli-
sions as compared to AA. Hence, it will be interesting to investigate these effects
in eA collisions at an EIC. S. Benic presented a NLO calculation of photon pro-
duction in pA in the CGC framework. This is part of the recent effort to compute
higher order corrections to less inclusive observables at small-x which will play an
important role for precision predictions at the future EIC to pin down saturation
physics. Finally, L. McLerran discussed the problem of a fast moving particle in-
teracting with a Color Glass sheet in order to understand the fragmentation region
of nucleus-nucleus collisions and the “transport” of baryon number.
2. Multi-particle correlations
One of the most intensely debated questions in recent years in the HI communities
is to what extent the particle correlations measured via a Fourier decomposition of
multi-particle distributions, the so-called vn’s, emerge due to collective behavior of
the produced particles in the final state (“flow”), or from the initial state. Although
it is commonly accepted that in heavy ion collisions collective flow is dominant, in
smaller systems such as proton-proton and proton-nucleus collisions at relatively
small multiplicities the applicability of hydrodynamics is not evident. The EIC will
shed light on the origin of correlations in small systems. Is a droplet of QGP created
in such systems? How important are final state interactions? These are among the
questions that an EIC will help answer. In week 7 M. Mace described the physics of
multiparticle correlations originating in the wavefunctions of the incoming nuclei.
In small collision systems it is important to model simultaneously the effect of both
these initial state correlations and ones originating from hydrodynamical flow. The
talk of B. Schenke discussed the interplay of these two effects in proton-proton
and proton-nucleus collisions in a model that combines a CGC description of the
initial state with a hydrodynamical evolution of the plasma. In a session in week 7
preliminary data from ZEUS at HERA was also discussed. It indicates that at
HERA long-range in rapidity two-particle azimuthal correlations are not visible
within the statistical uncertainties in γ∗ − p collisions at high Q2, even in high
multiplicity events. However, after the INT 2018 program the ATLAS collaboration
presented data on two-particle azimuthal correlations in photo-nuclear γ−Pb events
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at the LHC (ATLAS-CONF-2019-022), which appear somewhat similar to those in
p−p and p−A collisions. Thus, it will be very interesting to study such correlations
with much higher luminosities at an EIC as a function of Q2, nuclear mass number
A, event multiplicity etc.
3. Jets and jet quenching
In the early 80’s Bjorken suggested that the suppression of high energy jets in high
multiplicity proton-proton collisions would signal the creation of the quark-gluon
plasma. Such a suppression is a result of collisional and radiative energy loss suffered
by high-pT partons as they pass trough the hot QCD matter.
This phenomenon dubbed “jet quenching” was successfully observed in the sup-
pression of high pt hadrons in nucleus-nucleus collisions at RHIC as compared to
proton-proton collisions scaled by the number of binary collisions. At the LHC,
fully reconstructed jets were measured. Remarkably their suppression persists up
to 1 TeV as a result of substantial final state interactions.
How energy is transported from the TeV jet scale to the scale given by the
temperature of the plasma, of order few hundred MeV, and how it is dissipated in
the plasma, is one of the central questions in jet quenching studies.
The theory of jet quenching treats jet fragmentation as a perturbation on top of
the strong classical field that describes the QGP. Owing to the fact that interactions
in quantum field theory are not point like the fragmentation of jets in a plasma is
characterized by two regimes: a coherence regime where the splitting of a parton is
not resolved by the medium which rather sees the jet a single color charge, a man-
ifestation of color transparency; and a decoherence regime where the jet fragments
decohere from the parent due to rapid color randomization.
The all order picture of jet quenching to leading logarithmic accuracy was dis-
cussed by E. Iancu. In addition to analytic calculation of jet substructure observ-
ables such as the jet Fragmentation Function a Monte Carlo phenomenological study
was presented. It was pointed out that color decoherence would lead to an excess
of soft particles within the jet cone in qualitative agreement with data. However,
it was recently suggested that medium response to the jet propagation may yield a
similar effect.
The EIC would provide a much cleaner environment to address the question of
color decoherence. In effect, soft particles in high energy collisions are entangled
throughout the entire event, in eA collisions, final state interactions of jets with cold
nuclear matter may alter the color flow. Furthermore, a recent feasibility study has
shown that jets up to 20 GeV can be reconstructed at the EIC. This will allow to
study IR-collinear safe jet observables to investigate final state interactions as well
as nuclear and proton structure.
Moreover, jet substructure studies, emphasized by K. Lee, E. Iancu and B. Ja-
cak in their respective contributions, will open a new channel for addressing the
aforementioned questions by taking advantage of the versatility and wealth of sub-
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structure observables such as angularities, and groomed observables, developed by
the high energy community in the context of new particle searches. By looking
inside jets one may learn about the role of non-pertubative physics in ep and eA
collisions, in particular the effects of color flow and hadronization. One could also
probe the mechanisms that underly the interaction of a coherent multi partonic
system, that is, the QCD jet, with the extended nuclear matter.
4. Transport properties of QCD matter
In general, probing transport properties of hot nuclear matter is a challenging task.
The transport coefficient qˆ was extracted recently with a value of order a couple
GeV2/fm. The uncertainties associated with this extraction are substantial. One
may hope, by investigating momentum broadening and jet energy loss in eA colli-
sions, to mitigate the theoretical uncertainties in the determination of qˆ.
B. Jacak discussed these questions from an experimentalist perspective. In this
contribution, the connexion and complementarity of observables such as forward
di-hadron and di-jet production, that probe saturation physics, and momentum
broadening in single inclusive hadron/jet production in probing transport properties
of cold nuclear matter has been emphasized.
Medium-induced radiation is a building block of in-medium parton cascades in
many jet-quenching models. It is a function of the transport coefficient qˆ and thus
constitutes another measurement of the transport coefficient in addition to elas-
tic processes. This elementary process is characterized by the suppression of large
frequency gluons as a result of the Landau-Pomerantchuk-Migdal effect. A direct
measurement of this coherence phenomena is difficult in a HI environment and suf-
fers from various theoretical uncertainties related to the initial state of the collision,
medium back reaction, multiple gluon emissions. At an EIC, these uncertainties will
be reduced and it would be interesting to investigate this process in more details.
5. Strong coupling aspects of high energy scattering
In the framework of AdS/CFT correspondence a minimal bound for the shear vis-
cosity to entropy ratio for a plasma at infinite coupling was predicted. The phe-
nomenologically extracted values from RHIC and LHC flow harmonics appear to be
close to the holographic prediction leading to the picture of the perfect liquid QGP.
Holography provides a powerful tool to investigate the strong coupling regime of
field theories. This approach may be of phenomenological relevance at the EIC as
well. Two talks addressed this subject. K. Mamo presented a calculation for DIS
based on the AdS/CFT correspondence where the nucleus is described by a black
hole in the gravitational dual. The resulting R ratio is found to exhibit shadow-
ing and anti-shadowing. In the contribution by H.-U. Yee, non-perturbative QED
effects in pA collisions and their interplay with QCD within a QCD string model
were discussed.
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Interplay between Reggeon and Photon in Proton-Nucleus Collisions
Ho-Ung Yee∗
Department of Physics, University of Illinois, Chicago, Illinois 60607, USA
∗E-mail: hyee@uic.edu
In high energy collisions of proton and nucleus of charge Z & 100, the Reggeon process
that involves an exchange of a pair of quark and anti-quark, is subject to non-pertubative
QED interaction with the electromagnetic field of the nucleus projectile, with the effective
coupling constant ZαEM ∼ O(1). We study the interplay between non-perturbative QCD
and QED in the Reggeon process of proton-nucleus collisions, using an effective theory of
confined QCD strings. We find a qualitative change of large s behavior of the amplitude.
Keywords: Reggeon, Proton-Nucleus Collision, High Energy Scattering, String Instanton
1. Introduction
Collision of elementary particles with high center-of-mass energy (
√
s  ΛQCD),
but low momentum transfer (
√−t ΛQCD) is a non-perturbative process in QCD,
involving a large spatial impact parameter b ∼ 1/√−t 1/ΛQCD. In this regime,
an effective theory of confined QCD strings becomes useful, which can give impor-
tant insights to the problem, and even quantitative predictions for some observables
that rely on only a few universal features of the effective theory. The useful con-
cepts such as Pomeron and Reggeon naturally emerge in the effective theory, as
the exchanges of virtual QCD strings between the projectiles across the transverse
distance which is far beyond the non-perturbative scale of QCD. Some important
observables such as the slope and intercept of Regge trajectory can be explained by
this effective string theory, but there are also several limitations of the theory: for
example, the inability of including the Pomeron interactions and all higher Pomeron
loops as string branchings, which is one reason why the Froissart bound is not yet
explained in the theory.
The effective string theory as a non-perturbative QCD finds its more rigor-
ous justification in the AdS/CFT correspondence, a holographic duality between a
strongly coupled gauge theory and a string theory in five dimensional AdS space
that also includes gravity as a new degree of freedom. The fifth extra dimension in
the string theory side of the duality maps to the length/energy scale of the gauge
theory, which gives a powerful treatment of scale variations of physical observables
in the gauge theory. See Ref. 1 for an interesting application of this idea to the
picture of dipole density evolution in high energy collisions. When
√−t  ΛQCD
in high energy scattering problems, it is shown that most of the exchanged strings
in the string theory side resides in the four dimensional bottom of the five dimen-
sional space2–4, which reduces the description of these strings to the original four
dimensional effective theory of QCD strings.
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A neutral Pomeron that carries no quark charges is represented by a closed
string exchange in the effective theory. A process that involves an exchange of a
pair of quark and anti-quark is described by an open string exchange, which we
call the Reggeon. In a minimal model, the action for these objects is given by the
area of the string world-sheet multiplied by the string tension 1/2piα′. In quantum
theory, we do the usual path integral over all possible shapes of the exchanged
strings with the boundary condition that is specified by the projectiles. In the
semi-classical approximation that is leading order in ~, one looks for the saddle
point that extremizes the classical action. As we will review, this is enough to find
the slope parameter of the Regge behavior of the scattering amplitude in large s
limit.
The exchanged pair of quark and anti-quark in Reggeon process carries electric
charges and is subject to QED interactions with the electromagnetic field of the pro-
jectiles, which is normally suppressed by the fine-structure constant αEM ∼ 0.01.
In a proton-nucleus collision with a nucleus charge Z & 100, the electromagnetic
field of the nucleus is enhanced by the factor of Z, and the QED interaction be-
tween the exchanged Reggeon and the electromagnetic field of the nucleus is strong,
ZαEM ∼ O(1). This warrants non-perturbative study of the QED interaction in the
Reggeon exchange process, that possibly interplays with the QCD dynamics cap-
tured by the effective string theory. This is the subject of this presentation, based
on Ref. 5. We will see that there is a qualitative change in the large s behavior of
the Reggeon total cross section in proton-nucleus collisions.
2. String Instantons
A fruitful way of thinking of high energy collision with a large impact parameter
b is to consider it as a time-dependent quantum tunneling process. The QCD
confinement puts a linear potential barrier for a string from one projectile to stretch
to the other projectile, with the barrier height Em =
b
2piα′ . When the end point of
a quantum string tunnels through the barrier and meets the other projectile right
on the time of collision, there will be an enormous acceleration that initiates the
process of string breaking and particle production.
Using something called the world-sheet T-duality, we can map the high energy
scattering problem to the problem of Schwinger pair production of string in an effec-
tive electric field E ∼ χ/α′ acting on the end points of the string stretched over the
distance b, where χ = log s is the rapidity gap of the two projectiles.4 This physics
underlies a striking resemblance between the Regge amplitude exp[−b2/4α′χ] and
the Schwinger pair production amplitude exp[−m2/eE], under a map m→ b/2piα′
and E → χ/α′. The Schwinger pair production is understood as a quantum tun-
neling phenomenon.
Guided by quantum mechanics of tunneling, one looks for a classical saddle
point of the string action in Euclidean space time, an instanton of string, with
the boundary condition set by the projectiles3,6. Comparing the Rindler space
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Fig. 1. (a) The geometry of exchanged open string in the Reggeon process. (b) A typical string
instanton in the Reggeon process of proton-nucleus collision.
ds2 = −dτ2 + τ2dχ2 and the Euclidean space ds2 = dr2 + r2dθ2, the rapidity gap
of the projectiles maps to an angle between the two world-lines of the projectiles in
Euclidean space by an analytic continuation θ = −iχ.7 The geometry of an open
string instanton for the Reggeon process is shown in Fig.1(a). The string world-
sheet lies on a helicoid surface bounded by the two world-lines of the projectiles
making the angle θ and separated by the distance b.3 The shape is parametrized
by a single function τ(σ) (0 < σ < b) that is the width of the string world-sheet at
a coordinate distance σ. The string action becomes
S =
1
2piα′
∫ b
0
dσ
∫ τ(σ)
−τ(σ)
dτ
√
1− χ
2
b2
τ2 , χ = iθ , (1)
with the saddle point τ(b) = b/χ, and Sinstanton(χ, b) = b
2/4α′χ. The instanton in
the T-dual picture of Schwinger pair production can also be constructed with the
same value of the action at the saddle point4,8.
The scattering amplitude of the Reggeon as a quantum tunneling process in
leading order of ~ will be T (s, b) ∼ is exp[−Sinstanton(χ, b)], where the i/s factor
in front is due to the quark wave function overlap in the Reggeon process. The
amplitude in momentum space is T (s, t) = ∫ d2b e−iq·b T (s, b) (t ≡ −q2), and the
total cross section from the optical theorem is
σtot =
1
s
∫
d2b Re [e−Sinstanton(χ,b)] . (2)
With the above result, we obtain T (s, t) ∼ i(log s)sα′t−1, which is the Regge tra-
jectory with a slope α′. It has been shown that the 1-loop fluctuation contribution
around the instanton makes the intercept value σtot ∼ sα0 with α0 ≈ 0.253,4.
3. String Instantons in Proton-Nucleus Collisions
With ZαEM ∼ O(1) in proton-nucleus collisions, the QED interaction between the
exchanged pair of quark and anti-quark in the Reggeon process and the electromag-
netic field of the nucleus projectile is no longer negligible. The QED interaction
is given by the QED Wilson line of the electromagnetic field of the nucleus, com-
puted along the world-lines of the exchanged quark and anti-quark pair, that is, the
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boundaries of the exchanged open string for a Reggeon as shown in Fig.1(a). As
the QED interaction is equally non-perturbative compared to QCD string dynam-
ics, we search for a new saddle point of the total action of the exchanged string,
given by the sum of the usual string action of world-sheet area and the QED Wilson
line described as above5. The electromagnetic field of the nucleus is given by the
Coulomb gauge field in Euclidean space time, A0 = iZe/4pir, where r = |~x| is the
spatial distance from the nucleus, and the QED contribution to the action is
exp
[
ie
∑
i
qi
∫
Ci
Aµdx
µ
]
≡ exp[−SQED] , (3)
where i = u, d labels the exchanged quark or anti-quark with a charge qi, whose
world-line is denoted as Ci. The saddle point equation is modified as (y(σ) ≡ τ(σ)2)
1
2piα′
√
1− χ
2
b2
y(σ)− qiZe
2
4pi
(
cosh(χσb )(σ + r0)− χb sinh(χσb )y(σ)
)(
(σ + r0)2 − sinh2(χσb )y(σ)
)3/2 = 0 , (4)
which we solve numerically for the instanton shape τ(σ) (r0 is the size of the nu-
cleus). In Fig.1(b) we show a typical situation of two branches of solutions: the
upper curve is the “perturbative QED branch” which smoothly connects to the so-
lution in ZαEM → 0 limit, but ceases to exist in the range σ < σc ≈ 0.23 b/χ. One
finds that SQED for this branch is purely imaginary. The lower curve is the new type
of instanton as a result of non-perturbative interplay between QED and QCD string.
It gives rise to a real part of SQED with the total action Re[Stot] ∼ 1/4piα′(Z) b2/χ2,
with a Z dependent numerical constant α′(Z).
From this, the Reggeon amplitude in proton-nucleus collisions behaves as
T (s, t) ∼ i(log s)2eα′(Z)(log s)2t, with the total cross section σtot ∼ (log s)2/s in
large s limit. This is consistent with the Froissart bound σtot ≤ (log s)2.
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Holographic Approaches to DIS on a Nucleus
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We consider deep inelastic scattering (DIS) on a dense nucleus described as an ex-
tremal RN-AdS black hole with holographic quantum fermions in the bulk. We find that
the R-ratio (the ratio of the structure function of the black hole to proton) exhibit shad-
owing for x < 0.1, anti-shadowing for 0.1 < x < 0.3, EMC-like effect for 0.3 < x < 0.8
and Fermi motion for x > 0.8 in a qualitative agreement with the experimental observa-
tion of the ratio for DIS on nucleus for all range of x. We also take the dilute limit of
the black hole and show that its R-ratio exhibits EMC-like effect for 0.2 < x < 0.8 and
the Fermi motion for x > 0.8, and no shadowing is observed in the dilute limit for both
bottom-up (using Thomas-Fermi approximation for the nucleon distribution inside the
dilute nucleus), and top-down (considering the dilute nucleus to be a Fermi gas in AdS)
approaches.
Keywords: DIS on Nucleus; Structure Function of Nucleus; EMC Effect; Shadowing;
Holography; AdS/CFT Correspondence.
1. Introduction
We use holography or the AdS/CFT correspondence to model deep inelastic scat-
tering (DIS) on both dilute and dense nuclei1–3. See Ref. 4 for application of
holography in proton-nucleus collisions. We model a dilute nucleus in a bottom-up
and top-down approaches. In the bottom-up approach, we consider a nucleus to be
made of nucleons distributed according to the Thomas-Fermi approximation, and
DIS on the dilute nucleus is dominated by the incoherent scattering on individual
nucleons. Therefore, in this bottom-up approach, we use the structure function of
each nucleons calculated in holography as input to determine the structure func-
tion of the nucleus. We find that the R-ratio exhibits an EMC effect in the large-x
regime.
In the top-down approach, we consider the nucleus to be a Fermi gas in AdS
spacetime. And, by carrying out the DIS directly on the Fermi gas, we determine
the structure function of the nucleus from the current-current correlation function
computed by using a one-loop Witten diagram in pure AdS where the fermions are
running in the loop forming a Fermi gas. We find that the R-ratio exhibits EMC
effect, similar to the bottom-up approach.
We model the dense nucleus by an extremal RN-AdS black hole, and identify
the structure function of the extremal RN-AdS black hole to the structure function
of a nucleus. At leading order in 1/Nc expansion, the structure function of the
nucleus, is extracted from the current-current correlation function of the classical
extremal RN-AdS black hole background without matter contribution. We find
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that the structure function of the classical extremal RN-AdS black hole is mostly
at small-x, and exhibits shadowing.
At sub-leading order in 1/Nc expansion, the highly damped bulk Dirac fermions
(protons) due to the background RN-AdS black hole, also contribute to the extremal
RN-AdS black hole’s or the dense nucleus’s structure function. We find that the
quantum correction contributes mostly at large-x regime.
2. DIS on a Dilute Nucleus
In holography, Compton scattering on a single nucleon at the boundary maps onto
the scattering of a U(1) current onto a bulk Dirac fermion which, at large-x, is
dominated by s-channel exchange of bulk Dirac fermion resonances, while at small-
x the same scattering is dominated by the t-channel exchange of spin-j glueball
resonances, with the interpolating result for the structure function of the proton
(modeled as a bulk Dirac fermion) as5
F p2 (x, q
2) = C˜
(
m2N
−q2
)τ−1(
xτ+1(1− x)τ−2 + C
(
m2N
−q2
) 1
2 1
x∆P
)
, (1)
with mR = 3/2 or τ = ∆− 1/2 = 3.
2.1. Bottom-up Approach to Dilute Nucleus
In our bottom-up approach to DIS on a dilute nucleus, we consider DIS on a nucleus
described using a density expansion where the leading density contribution to the
current-current correlation of a nucleus is1
GµνA
〈PA|PA〉 ≈ ρ0
4pi
3
R3A
∫
d3p
2V3Ep
θ(pF − |~p|)
4
3pip
3
F
Gµνp
+ 16pi
∫ RA+∆
RA
r2dr
∫
d3p
(2pi)3
1
2V3Ep
θ(pF (r)− |~p|)Gµνp , (2)
where Gµνp is the current-current correlation function for DIS scattering on a single
nucleon. The R-ratio (the structure function of the dilute nucleus normalized by
the structure function of each constituent nucleon) is plotted in Fig. 1a.
2.2. Top-down Approach to Dilute Nucleus
In our top-down construction for DIS on a dilute nucleus, we directly do DIS on a gas
of bulk Dirac fermions (protons) undergoing Fermi motion with momentum k. In
other words, we compute the one-loop correction to the current-current correlation
function in AdS where the bulk Dirac fermions are running in the loop forming a
Fermi gas. In the large-x regime, we find3
F2(x, q
2)
A
≈ 8pi2(τ − 1)2e2R
(βm2N
q2
)τ−1
xτ+1F (1− xF )τ−2 , (3)
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Fig. 1. (a) R-ratio at large-x using the leading density contribution and the holographic nucleon
structure function (solid curves), versus the parametrized empirical ratio (dashed curves), for
atomic number A = 12 (blue curves) and A = 42 (red curves). (b) Dilute R-ratio for kF /mN = 1,
eR = 0.3 (U(1)-charge of the bulk fermion), 2pi
2c5/
√
4piλ = 0.01 (strong coupling), τ = 3 (hard
scaling exponent), j = 0.08 (Pomeron intercept).
where xF =
xmN
EF
is defined in terms of the Fermi energy EF = (k
2
F + m
2
N )
1
2 of a
single nucleon with Fermi momentum kF . Similarly for small-x we have
F2(x, q
2)
A
≈ piCλ
(βm2N
q2
)τ−1 1
xF
[I0,2τ+3 + I1,2τ+3] . (4)
We have plotted the R-ratio in Fig. 1b.
3. DIS on a Dense Nucleus
We model DIS on a dense nucleus by the corresponding DIS on an extremally
charged (RN)-AdS black hole.
3.1. DIS on a Classical RN-AdS Black Hole
The structure function extracted from DIS on a classical extremal RN-AdS black
hole is given by FA2 (x,Q
2) = FT (x,Q
2)+FL(x,Q
2) where (computed in2, by closely
following6 for uncharged thermal AdS black holes)
FAT (x,Q
2) = C˜T
A
x
(
3x2Q2
4m2N
) 2
3
, FAL (x,Q
2) = C˜L
3A
4x
(
3x2Q2
4m2N
)
, (5)
with C˜T,L/CT,L = pi
5(48α)2/2N2c . We have plotted the R-ratio in Fig. 2a.
3.2. DIS on a Quantum RN-AdS Black Hole
The leading order structure function (in 1/Nc expansion of the current-current cor-
relation function) due to the classical RN-AdS black hole receives one-loop correc-
tion from the quantum fermions hovering around the extremal RN-AdS black hole.
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Fig. 2. (a) Parametrized DIS data on nuclei (solid curves) vs holography (dashed curve) in the
shadowing region. (b) Dense R-ratio for kF /mN = 3.5, BH ≡ black hole, F ≡ quantum fermions.
Therefore, by including the quantum correction due to the bulk Dirac fermions
(protons), the total structure function of the dense nucleus, modeled as a quantum
RN-AdS black hole is given by3
F dense2 (x, q
2)
A
≈ CT
(
3q2
4m2N
) 2
3
x
1
3 + CAdS2 e
2
R
(
µ2
q2
)νkF +2
× xνkF +5kF (1− xkF )τ−
3
2 2F
2
1 (τ+, τ−, τ − 1, 1− xkF ) , (6)
where the first contribution (which is the leading and dominant contribution) stems
from DIS on the classical black hole, and the second and subleading contribution
stems from DIS scattering of the emerging holographic Fermi liquid near the black
hole horizon which is a quantum correction that is vanishingly small at small-x. We
have plotted the R-ratio in Fig. 2b.
4. Summary and Conclusion
We have shown that the quantum extremal RN-AdS black hole exhibits shadowing
in small-x regime, see Fig. 2, and EMC effect in the large-x regime where it is
dominated by a Fermi gas in AdS spacetime, see Fig. 1.
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We summarize our analytical and numerical results obtained up to now on CGC photon
production at NLO in high energy hadronic collisions. This includes the full analytic
NLO CGC formula based on which inclusive photon cross section is considered.
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1. On using photons as a probe of the Color Glass Condensate
Photons are a precious tool in high energy hadronic collisions. In AA collisions,
one refers to thermal photons as a probe of the temperature of the formed quark-
gluon plasma, while in pp collisions isolated photons are an important bench-
mark of perturbative QCD calculations. Here isolated means that within a cone
R =
√
∆η2 + ∆φ2 around the photon, hadronic activity should be below some
experimentally set energy threshold. This in particular serves to reduce the contri-
bution from the poorly constrained quark-to-photon or gluon-to-photon fragmenta-
tion. Finally, note that direct photons, also often measured in hadronic collisions,
take into account the fragmentation component as well.
Final states including photons are under better theoretical control than purely
hadronic final states due to the absence of final state interactions. This is an
important, and often stated, advantage in considering photon over hadron, but
there are a couple of noteworthy remarks, nevertheless. Photon cross sections are
smaller by a factor of αe with respect to hadronic cross sections. Direct photons have
a large background from decay photons. Low energy photons typically fragment off
hadrons and are more difficult to measure and isolate.
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The potential of photons to elucidate the CGC gluon distributions in pA is
recognized by the Born level partonic cross section qg → qγ, see1 and references
within. In2–5 we emphasized a purely gluonic channel gg → qq¯γ that induces
significant corrections to the Born process already at RHIC energies while it is
dominating at the LHC. At the same order the qg → qgγ channel contributes in
the forward region6.
At LHC, the following data is currently available. ATLAS and CMS results in
pp at kγ⊥ & 20 GeV, but this is too hard kγ⊥ for CGC. Preliminary ALICE data
for isolated photon in pp at
√
s = 7 TeV (kγ⊥ > 10 GeV) and for direct photon in
pPb at
√
s = 5.02 TeV (kγ⊥ & 0.5 GeV)7 and8, respectively, but without nuclear
modification factor. Isolated photon-jet and photon-hadron angular correlations
from ALICE in pp and pPb9: the results show no nuclear effects.
2. Theoretical framework
We are using a dilute-dense framework, appropriate for particle productions in pA
collisions, but also in pp, where higher twist contributions from the dense target (t)
become small, quantifiable, corrections. Apart from the Born process, our results
are based on the NLO gg → qq¯γ channel. The projectile gluon is described by an
UGD ϕp(Yp,k1⊥), with Yp the rapidity and k1⊥ the finite transverse momentum of
the projectile, k21⊥  (QpS)2 (QpS is the saturation scale in the projectile proton).
The target description in general involves not only 2-point, but also 3-point and
4-point Wilson line correlators. In the large Nc limit adopted here, the inclusive
photon cross section simplifies to3,5
dσpt→γX
d2kγ⊥dηγ
= (piR2t )
∑
f
αeαSN
2
c q
2
f
64pi4(N2c − 1)
∫
ηqηp
∫
q⊥p⊥k1⊥k⊥
ϕp(Yp,k1⊥)
k21⊥
× N˜t,Yt(k⊥)N˜t,Yt(kγ⊥ + q⊥ + p⊥ − k1⊥ − k⊥)Θgg→qq¯γ(k⊥,k1⊥)
(1)
where the N˜t,Yt(k⊥) is the target gluon fundamental dipole. The cross section in
the k⊥-factorization approximation is obtained through a replacement
N˜t,Yt(k⊥)N˜t,Yt(k2⊥ − k⊥)→
1
2
(2pi)2
[
δ(k⊥) + δ(2)(k2⊥ − k⊥)
]
Nt,Yt(k2⊥) . (2)
In the actual computation we will be using
ϕp(Yp,k1⊥) = (piR2p)Nck
2
1⊥Np,Yp(k1⊥)/4αS , (3)
a convenient replacement for a number of reasons (Np,Yp(k1⊥) is the adjoint dipole).
By resumming soft gluon radiation from the projectile our result becomes of broader
relevance as it picks up part of the contribution that would be present in a dense-
dense collision. Furthermore, as now k21⊥ ∼ (QpS)2, in addition to k22⊥ ∼ (QtS)2, the
saturation scale tempers the infrared divergences that this process would inherit
from its collinear counterpart, see e. g.10.
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3. Results
We have performed numerical computation of the inclusive photon cross section in
pp by summing up the Born channel with valence quarks only and the NLO channel
(1), see5 for details. Our results show that the NLO channel gives a significant up
to 40% correction to Born cross section at RHIC, dominating by more than a 90%
contribution at LHC, see Fig. 1 (left). The ratio of k⊥-factorized cross section to
CGC cross section is shown on Fig. 1 (right). Shown on Fig. 2 is the prediction for
the inclusive cross section in pp collisions at
√
s = 7 TeV and 13 TeV considering
isolated photons with an isolation cut R = 0.4.
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Fig. 1. Left: Fraction of the NLO gg → qq¯γ channel contribution to pp → γX for different
collision energies. Right: ratio of k⊥-factorized vs CGC cross section per flavor. From5.
2 4 6 8 10 12 14 16 18 20
k (GeV)
10 1
100
101
102
103
104
d
/d
k
(n
b/
Ge
V)
 
0.6 < | | < 1.37
1.57 < | | < 2.1 (× 0.5)
2.1 < | | < 2.5 (× 0.1)
0.6 < | | < 1.37
s = 7 TeV
R = 0.4
ATLAS
2 4 6 8 10 12 14 16 18 20
k (GeV)
10 1
100
101
102
103
104
d
/d
k
(n
b/
Ge
V)
 
0.6 < | | < 1.37
1.57 < | | < 2.1 (× 0.5)
2.1 < | | < 2.5 (× 0.1)
s = 13 TeV
R = 0.4
Fig. 2. Numerical results for inclusive isolated photon production in pp at
√
s = 7 TeV (left) and√
s = 13 TeV (right) with R = 0.4 in several rapidity bins. From5.
4. Conclusions
Violations of k⊥ factorization, found to be 10% already in pp, Fig. 1 (right), are
expected to be enhanced in pA. This will be important for the nuclear modification
factor as a part of our future work. There are promising future upgrades at the
LHC11 aimed at measuring this quantity.
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As a final remark, note that photons are almost always produced in association
with quarks (a rare exception is2) and so, especially in an inclusive process h1h2 →
γX, part of the signature of CGC correlations is always carried away by quarks.
It is therefore interesting to consider photon-jet/hadron correlations. In an almost
back-to-back configuration individual particle momenta can be hard and so we can
place isolation cuts on hard photons. Furthermore, back-to-back configurations
mark the TMD limit in which various gluon TMDs can be explored at small-x.
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1. Background
Quarkonium has been playing a central role in various research grounds to expose
rich QCD dynamics, that yields fundamental properties of visible matters and even
early universe. Specifically, quarkonium could be an invaluable probe into gluon’s
3-dimensional structure inside hadrons 1 and provide us important aspects of an
extreme state of matter created in heavy-ion collisions 2. More profound insights
into quarkonium production mechanisms in elementary processes would make such
expectations more compelling.
Nowadays, numerous precise data of quarkonium production in proton-proton
(p+ p) and proton-nucleus (p+A) collisions make it possible to investigate quarko-
nium production mechanism in a vacuum and nuclear medium. Of particular in-
terest is that quarkonium production of low transverse momentum P⊥ can test the
color-glass-condensate (CGC) framework, incorporating the so-called gluon satura-
tion effect. As an extensive search for the gluon saturation is a likely prospect in
future Electron-Ion-Colliders(EICs), at this time, it should be valuable to recapit-
ulate issues on quarkonium production in the CGC framework. In this article, we
will focus on factorization for quarkonium production in p+ p and p+A collisions
in the CGC framework.
2. Models of quarkonium production at near threshold
Quarkonium transmutation from a heavy quark pair (QQ¯) takes place at long dis-
tance, far from a hard scattering point. Once if we can factorize such a nonper-
turbative part from a hard scattering part in the amplitude level, we may describe
the quarkonium formation with suitable models whatever we want. There are two
useful models in this regard; Color Evaporation Model (CEM) is simple, but the
spin and color of the QQ¯ are blinded there. Nonrelativistic QCD (NRQCD) fac-
torization approach is more sophisticated and allows us to take into account the
May 13, 2020 1:25 ws-procs961x669 WSPC Proceedings - 9.61in x 6.69in book page 312
312
Fψ(q)
|~q|
CEM
NRQCD
Power-low √
M2−4m2
2
0 1 2 3 4 5 6 7 8 9 10
10−3
10−2
10−1
100
pp,
√
s = 7 TeV, |y| < 0.9
p⊥ [GeV]
1 σ
κ
d
σ
κ
d
p
⊥
ICEM
κ = 3S
[1]
1
κ = 3S
[8]
1
κ = 1S
[8]
0
κ = 3P
[8]
J
Fig. 1. (Left): A schematic view of Fψ for different models. (Right): Normalized differential
cross section of cc¯ production for each intermediate channel κ in the CGC+NRQCD and the
CGC+CEM (solid line) 3.
quark pair’s spin and color dependence explicitly. However, as a big issue, there is
no proof of the NRQCD factorization at all order in quark velocity v yet.
The above models can be expressed in a unified form of dσψ ∝∑
κ
∫
dq2Fψ(κ, q)
dσQQ¯[κ]
dq2 with κ and q intermediate states and a relative momentum
between QQ¯. The transition factor Fψ includes nonperturbative information on the
dynamics of the QQ¯ fragmentation into a bound quarkonium ψ. Figure 1(left) shows
a schematic view of Fψ. It depends on the production model. However, the CGC
calculations tell us qualitatively that the model dependence is hardly noticeable for
quarkonium production of low p⊥ as displayed in Fig. 1(right). This may mean that
both of the production models capture an important point about quarkonium pro-
duction at near-threshold; that is, the color octet QQ¯ are important intermediate
states at low P⊥.
3. Low-P⊥ quarkonium production in p+ p collisions
Now we restrict our attention into low P⊥ quarkonium production at forward rapid-
ity. The CGC framework is robust in forward p+p and p+A collisions because the
gluon saturation scale is enhanced. In the far-forward rapidity region, the quantum
interference between the QQ¯ pair and spectators in the direction of the beam proton
can be suppressed by powers in 1/P+ expansions, even if P⊥ = O(ΛQCD). So the
quarkonium formation part can be effectively factorized from the QQ¯ production
part. Nevertheless, in the CGC framework, the gluon distribution function inside
the proton is no longer a leading twist one and cannot be factorized clearly from a
hard part because the saturation effect should inherit infinite twist effects.
The problem we must ask ourselves is whether the saturation effect can be read
from the P⊥ spectrum of quarkonium. This is a delicate issue. If P⊥ is of the order
O(M) with M quarkonium’s mass, a large logarithmic correction like ln2(M2/P 2⊥)
(Sudakov factor) becomes significant and comparable with the saturation effect.
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Fig. 2. Demonstrations of the ln2(M2/p2⊥)-type resummation for forward Υ(1S) production in
p+ p collisions in the CGC framework (left) 4 and collinear factorization framework (right) 5.
Figure 2 (left) presents that the information of the gluon saturation may be covered
with the Sudakov effect for Υ production (M ∼ 10 GeV). As a valuable benchmark,
we show in Fig. 2 (right) forward Υ production in the collinear factorization +
Sudakov factor. These phenomenological results tell us that the search for the
saturation would be obscure unless lighter quarkonium, e.g., J/ψ, is used as a
probe.
4. Quarkonium production and multi-parton dynamics
Some qualitative discussions given above remain unchanged in p+A collisions. How-
ever, the interference between the QQ¯ pair and spectator partons in the final state
may not be so suppressed in p + A collisions because particle multiplicity is high.
Figure 3 (left) demonstrates nuclear modification factor RpA for J/ψ and ψ(2S) pro-
duction in the CGC framework with a final state effect (parton comover effect) 6.
The parton comover effect in p+A collisions can be implemented by implementing
M → M + Λ. Λ denotes the average momentum kick by comover partons moving
along with the QQ¯. The comover partons at forward rapidity partially include the
spectators. The substantial suppression of ψ(2S) can be attributed to the comover
effect on top of the saturation effect. Consequently, the final state factorization for
ψ(2S) production breaks due to the final state effect.
High multiplicity events in p + p/p + A collisions, which are extreme rare phe-
nomena compared to minimum bias events, provide unique opportunities to test
quarkonium production mechanism. It expects that such rare events should be re-
lated to rare parton configurations inside the hadron/nucleus. So, the CGC frame-
work can model that picture naturally by taking into account the initial fluctuation
effect of the saturation scales 3. Figure 3 (right) shows the CGC prediction about
normalized NJ/ψ vs normalized Nch in p+p collisions. Remarkably, one can see the
CGC+CEM framework can describe the LHC data, albeit we must investigate this
problem further and clarify whether the final state factorization breaks. Recently,
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Fig. 3. (Left): p⊥ dependence of nuclear modification factor for J/ψ and ψ(2S) at the LHC 6.
(Right): NJ/ψ vs Nch in p+ p collisions at the LHC
3.
there are very active debates on the existence of the QCD medium at the last stage
in small colliding systems. Quarkonium production potentially provides us with a
hint to pin down what phenomena happen there.
5. Concluding remark
It is interesting to extend our analyses to photoproduction of quarkonia in e + p
collisions as well as ultraperipheral p + A/A + A collisions. Clarifying how much
the factorization for quarkonium production in extensive processes is controllable
would pave the way for resolving the issues we have seen. Such research would help
us to explore the gluon saturation in future EICs.
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